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 This paper proposes a new dispersion-convection-reaction model, which is called 

the gKdV-Fisher equation, to obtain the travelling wave solutions by using the 

Riccati equation method. The proposed equation is a third-order dispersive partial 

differential equation combining the purely nonlinear convective term with the 

purely nonlinear reactive term. The obtained global and blow-up solutions, which 

might be used in the further numerical and analytical analyses of such models, are 

illustrated with suitable parameters. 
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1. Introduction 

This study focuses on the travelling wave solutions of 

a newly introduced dispersion-convection-reaction 

model 

( )1n n

t x xxxu u u u ru u + + = − ,                                (1) 

where 0n  ,   is a parameter for the purely nonlinear 

convection term,   is a parameter for the linear 

dispersion term and r  is a parameter for the purely 

nonlinear reaction term. One can easily obtain the 

talented equations, such as the generalized KdV 

(gKdV) equation [1-9] and the dispersive-Fisher 

equation [10] by taking 0r =  and 0 =  in Eq. (1), 

respectively. There have been many cooperative 

combinations of dispersion with the different terms, 

such as dissipation, convection, diffusion and reaction 

[11-15]. Here, by combining the gKdV equation [2-8] 

with the Fisher-type (or KPP-type) nonlinearity [16-

23], we call Eq. (1) as the gKdV-Fisher equation. 

Recently, Galaktionov has focused on the higher-order 

versions of the KPP (or Fisher) type problem in the 

parabolic, dispersive and hyperbolic equations, see [21-

23] for fruitful discussions. Fortunately, the third-order 

dispersive partial differential equation including the 

Fisher-type nonlinearity 

( )1t xxxu u u u= + − ,                                                    (2) 

with two travelling wave solutions 

( ) ( )
1
3

1 0

1 9 19 1
, tanh 9900

2 4 60 60
u x t t x 

 
= − − + 

 
 

               ( )
1

3 3
0

11 19 1
tanh 9900

4 60 60
t x 

 
+ − + 

 
, 

( ) ( )
2

3
2 0

1 3 19 1
, tanh 30

2 4 60 60
u x t t x 

 
= + + + 

 
 

               ( )
2

3 3
0

1 19 1
tanh 30

4 60 60
t x 

 
− + + 

 
, 

has been proposed in [10]. More recently, the exact 

travelling waves of the KdV-Burgers-Fisher equation 

( )1t x xx xxxu uu u u ru u  + − + = − ,                          (3) 

have been investigated in [24]. 

We would also like to remind the neighbouring 

nonlinear parabolic equation, which is a diffusion-

convection-reaction model and called the generalized 

Burgers-Fisher equation [25,26], 

( )1n n

t x xxu u u vu ru u+ − = − ,                                  (4) 

with the exact solution 

( )
( )

1

tanh 1
,

2

n

u x t
 + 

=  
 

, 

where 

( )

( )( )
( )

22

02

1

2 1 2 1

n r nn
x t

n n

 
 

 

+ +
= − + +

+ +
. 

http://www.ams.org/msc/msc2010.html
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In the next section, we use the Riccati equation method 

[27-36] to reveal the travelling wave solutions of the 

gKdV-Fisher equation, which are the cooperative 

results of the proposed combined model. Here, it is 

reasonable to expect kink and antikink wave solutions 

because of the reaction term in the proposed equation. 

2. Method and application 

Let us first take the wave variable 
0kx wt = + +  and 

( )( , )u x t u =  in Eq. (1) to obtain the reduced 

nonlinear ODE as 

( )3 1 0n nwu ku u k u ru u   + + − − = .                    (5) 

The solution of Eq. (5) is assumed to be expressed as  

0

M
i

i

i

u a z
=

= ,                                                                (6) 

where the parameters, 
0a , , 

Ma  and M , can be 

determined later and ( )z z =  is the solution of the 

following classical Riccati equation [27-35]: 

21z z = − ,                                                                  (7) 

which has the forms 

tanh( )z =  and coth( )z = .                                    (8) 

Here, using the advantage of the Riccati equation, 

higher-order derivatives of Eq. (7) can be obtained as 

32 2z z z = − + ,                                                          (9) 

2 42 8 6z z z = − + − .                                                (10) 

If we next substitute Eq. (6) with Eqs. (7), (9) and (10) 

into Eq. (5) and balance z  with 
nz z , we have 

3 1M nM M+ = + +  resulting in 
2

M
n

= .               (11) 

In order to obtain the positive integer M  values for Eq. 

(6), we use the transformation 

2

nu v=                                                                       (12) 

in Eq. (5), which yields 

2 2 2 4 3 2 2 3 22 2 2 6wn v v kn v v k n v v k n vv v      + + −  

( ) ( )
3 33 3 2 312 4 12k nvv v k n v k n v     + + −  

3 3 3 5 0rn v rn v− + = .                                                  (13) 

If we now apply the same procedure by using the 

expression for v  as 

0

M
i

i

i

v a z
=

=                                                                (14) 

in Eq. (13) with Eqs. (7), (9) and (10), and balancing 

the highest power of z , we have 1M = , which yields 

the solution of Eq. (13) to be in the form 

0 1v a a z= + .  (15) 

Let us next use Eq. (15) in Eq. (13) and collect the 

coefficients for the same powers of z  as follows: 

0 :z  3 3 2 3 2 2 2 4 3 5

1 0 1 0 1 04 4 2a k n k n a a kn a a n ra  − + +  

   3 3 3 3 3 3 2 2

1 1 0 0 112 8 2 0a k n a k n ra n wa a − + − + = , 

1 :z  3 2 2 2 3 2 3 4 2 2

0 1 0 1 0 1 0 14 8 5 4k n a a kn a a n ra a n wa a + + +  

   3 2 3 2

0 1 0 124 3 0k na a n ra a− − = , 

2 :z  3 2 2 3 3 2 2 4 3 3

0 1 1 0 1 116 4 2 24k n a a a k n kn a a a k   − − −  

   2 2 3 3 3 2 3 3 2 3

0 1 0 1 1 112 10 12 2kn a a n ra a a k n n wa + + + +  

        3 2 2 2

0 1 0 13 2 0n ra a n wa a− − = ,                                    (16) 

3 :z  3 2 2 2 3 2 2 4 3 3

0 1 0 1 0 1 18 8 8k n a a kn a a kn a a n ra  − + −  

        3 2 3 3 2 2 2

0 1 0 1 0 110 48 4 0n ra a k na a n wa a+ + − = , 

4 :z  3 3 2 3 2 2 2 4 3 2 3

1 0 1 0 1 14 12 12 2a k n k n a a kn a a n wa  − − −  

        2 5 3 4 3 3 3 3

1 0 1 1 12 5 12 24 0kn a n ra a a k n a k  + + + + = , 

5 :z  3 5 3 2 2 2 4 3 2

1 0 1 0 1 0 112 8 24n ra k n a a kn a a k na a  − − − , 

6 :z  3 3 2 2 5 3 3 3 3

1 1 1 14 2 12 8 0a k n kn a a k n a k   − − − − = . 

As the final step, solving the nonlinear system (16) for 

0a , 
1a  and nonzero k , w ,  ,  , r , n  parameters by 

using Maple, we have the following solutions for 

0  : 

( )
2

0

1,2

tanh 1

2

nkx wt
u

+ +  
=  
 

 (17) 

and 

( )
2

0

3,4

coth 1

2

nkx wt
u

+ +  
=  
 

, (18) 

where 

( ) ( )( )

( ) ( )
2

4 2 1 2

2 1 2

n n n
r

n n

 



+ − + +
=

+ +
, 

( )

( )

1

2 4

r n n
k

n

+
= 

+
,  (19) 

( )
( )( )

2 6 12

4 2 4

r n n n
w

n n

+ +
= 

+ +
. 

Figure 1 exhibits the long-time behaviour for the global 

solution 
1( , )u x t  of the gKdV-Fisher equation in Eq. 

(17) for the different values of the parameters, which 

represent kink and antikink waves. One can easily see 

that the propagations of waves are backward in Figure 

1-(b), i.e. , 0k w  , and forward in Figure 1-(a) and 

Figure 1-(c). Another global solution 
2 ( , )u x t  in Eq. 

(17) is displayed in Figure 2 for the given parameters, 

which also exhibit kink and antikink waves. 

On the other hand, the blow-up solutions 
3( , )u x t  and 

4 ( , )u x t  in Eq. (18) are displayed in Figure 3 and Figure 

4, respectively. 
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(a) 1 = − , 1 = , 5 3 12r = , 1n = , 
0 0 = . 

 

(b) 1 = , 1 = − , 5 3 12r = , 1n = , 
0 0 = . 

 

(c) 1 = − , 1 = , 6 6r = , 2n = , 
0 0 = . 

Figure 1. The solution 
1( , )u x t  of the gKdV-Fisher equation 

for the different suitable parameters. 

Because of the nature of the complex nonlinear 

phenomena, it is reasonable to find the blow-up 

solutions for the mix of the different entities with 

nonlinearity. Fortunately, we can reveal the cooperative 

combinations of dispersion, convection and reaction 

with the parameters in Eq. (19) for the global solutions 

of the gKdV-Fisher equation, which represent kink and 

antikink waves, see Figure 1 and 2. 

 

(a) 1 = − , 1 = , 5 3 12r = − , 1n = , 
0 0 = . 

 

(b) 1 = − , 1 = , 6 6r = − , 2n = , 
0 0 = . 

Figure 2. The solution 
2( , )u x t  of the gKdV-Fisher equation 

for the different suitable parameters. 

 

(a) 1 = − , 1 = , 5 3 12r = , 1n = , 
0 0 = . 

 

(b) 1 = − , 1 = , 6 6r = , 2n = , 
0 0 = . 

Figure 3. The solution 
3( , )u x t  of the gKdV-Fisher equation 

for the different suitable parameters. 
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(a) 1 = − , 1 = , 5 3 12r = − , 1n = , 
0 0 = . 

 

(b) 1 = − , 1 = , 6 6r = − , 2n = , 
0 0 = . 

Figure 4. The solution 
4( , )u x t  of the gKdV-Fisher equation 

for the different suitable parameters. 

3. Conclusion 

A nonlinear dispersion-convection-reaction model, 

called the gKdV-Fisher equation, has been introduced 

to investigate the travelling wave solutions. A classical 

and efficient the Riccati equation method has been used 

to investigate two new global and two new blow-up 

solutions. One can easily see that the reaction term in 

the proposed equation yields kink and antikink wave 

solutions, which can be used in the other various 

numerical and analytical investigations on the 

application of such combined model to scientific 

problems. Further research would be based on 

investigating N-soliton solutions of the third and higher 

odd-order PDEs including Fisher-type nonlinearity. 
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 In recent years, Unmanned Aerial Vehicles (UAVs) are a good alternative for the 

problem of ensuring the security of the borders of the countries. UAVs are 

preferred because of their speed, ease of use, being able to observe many points at 

the same time, and being more cost-effective in total compared to other security 

tools. This study is dealt with the problem of the use of UAVs for the security of 

the Turkey-Syria borderline which becomes sensitive in recent years and the 

problem is modeled as a UAV routing problem. To solve the problem, a Genetic 

Algorithm Based Matheuristic (GABM) approach has been developed and 12 

scenarios have been created covering the departure bases, daily patrol numbers, 

and ranges of UAVs. GABM finds the minimum number of UAVs to use in 

scenarios with the help of a GA run first and tries to find the optimal routes for 

these UAVs. If GABM can find an optimal route for the determined UAV number, 

it decreases the UAV number and tries to solve the problem again. GABM 

proposes a hybrid approach in which a metaheuristic with a mathematical model 

works together and the metaheuristic sets an upper limit for the number of UAVs 

in the model. In computational studies, when compared GA with GABM it is seen 

that GABM has obtained good results and decreased the utilized number of UAVs 

(up to 400%) and their flight distances (up to 85.99%) for the problem in very 

short CPU times (max. 122.17 s. for GA and max. 46.39 s. for GABM in addition 

to GA).  
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1. Introduction 

Ensuring the border security for the countries is one of 

the critical necessities to maintain homeland security. 

Creating smart borders by using intelligence and 

technology with national and international cooperation 

and coordination can increase to achievement 

possibility of the border security missions. Smart 

borders can prevent terrorist attacks, organized crimes, 

cyber-crimes, the passage of illegal drugs, and illegal 

migrants through borders [1]. 

Traditional border security can be maintained by 

fences, barriers, walls, towers, manned, animal and 

vehicle patrols, etc. When technology is added to the 

process in recent years; binoculars, cameras, radars, 

mobile surveillance equipment, radio, and cell phone 

data surveillance equipment, helicopters, zeppelins, 

planes, satellites, wireless sensors, Wireless Sensor 

Networks (WSNs), autonomous ground vehicles and 

robots, and Unmanned Aerial Vehicles (UAVs) are the 

main instruments that are proposed by the literature and 

implemented by the authorities.  

Sensors and WSNs are studied to secure borders. 

“BorderSense”, a hybrid WSN concept is introduced by 

[2]. “OptaSense”, a distributed acoustic sensing system 

that uses acoustic and seismic sensing with fiber optic 

cables is developed for border security missions and 

presented by [3]. Decentralized smart sensor 

scheduling for multiple target tracking for border 

surveillance is studied by [4]. The deployment of the 

sensor is optimized by [5] for border surveillance. 

Large scale border security systems are modeled and 

simulated with “OPNET” by [6]. By [7], a brief survey 

about using WSNs for border security and intruder 

detection is presented and a bi-level exposure-oriented 

sensor location problem for border security missions is 

covered by [8].  

A method for guidance and control of an autonomous 

vehicle in problems of border patrolling and obstacle 

avoidance is proposed by [9]. The “TALOS” project 

mailto:3410kaya@harbiyeli.hho.edu.tr
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aiming to guard European Union borders with 

autonomous robotic vehicles is shared by [10,11]. 

UAVs are proposed for border security, for instance, 

hierarchical control architecture for a system involving 

multiple UAVs is proposed by [12]. A paper [13] is 

published to discuss the implementation of UAVs at 

borders and the navigation of UAVs on borders is 

studied by [14]. A report [15] is examined the strengths 

and limitations of using UAVs along the borders and 

related subjects for USA Congress.  

The study [16] explores the different features when a 

four-rotor UAV is deployed to the USA’s borders and 

territories. The paper [17] examined the threats and 

counter responsibilities that require the utilization of 

UAVs in homeland security. A report [18] is prepared 

to determine the effectiveness and cost of the UAV 

programs for border protection by the U.S. Department 

of Homeland Security. Border surveillance using 

multiple UAVs in coordination with alert stations 

including ground sensors along the borderline/fence is 

proposed by [19]. The usage of UAVs is also examined 

for search and rescue operations by [20]. Especially, the 

hybrid systems that combine some of these instruments 

above with intelligence and data analysis are studied in 

the last decade. 

In the literature, mathematical models [5,8,21], 

simulation models [6,12,19,22,23] and heuristics/ 

metaheuristics [1,5,24] are used to solve border 

security based problems. U.S.-Mexico border is the 

most studied border [13,15,18,25,26]. There are also 

studies about Turkey [22] and Spain [27]. The first and 

the only paper (as we may found) about the border 

security of Turkey is mainly using a simulation 

approach to model the border security system of Turkey 

and including border patrols, ambushes, sentries, 

thermal cameras, and askarad in the simulation model. 

However, in our paper, we tried to integrate the UAVs 

into the border security system as with real-life 

scenarios.  

The usage of UAVs increased in recent years for 

missions in both military and civilian fields; such as 

intelligence, surveillance, reconnaissance, monitoring, 

destruction, communication, search and rescue, 

transportation, etc. The UAVs are chosen for that kind 

of mission because they are reliable, secure, long-

ranged, remote-controlled (if needed), easy to use, and 

cheap. The technological details and the opportunities 

about the UAVs can be found in [28], a literature survey 

on quadrotor UAVs is presented in [29] and two review 

papers about UAVs are summarized in [30,31].   

In this paper, the usage of the UAVs at the borderline 

between Turkey and Syria is studied. The internal 

conflicts in Syria have started in 2011 and since then 

the importance of the border between these countries is 

increased from the perspective of Turkey. Millions of 

civilian immigrants escaping from battles have come to 

the border. This situation forced Turkey to increase the 

security precautions on the border to prevent the 

passage of terrorists hidden in the civilian crowds 

through the border. A concrete wall through the border 

has been built. In addition to these precautions, this 

study is aiming to use UAVs for the security of the 

borderline between Turkey and Syria (i.e. over the 

concrete wall). Therefore, the problem can be thought 

of as an implementation of a UAV routing problem 

(UAVRP) or in general a vehicle routing problem 

(VRP).          

VRP is a well-studied problem in the literature and 

there are optimal and approximate solution methods to 

solve the VRP. The first literature survey about VRP is 

presented by [32] published in 2009 and the second one 

is by [33] in 2016. The collaborative VRP is 

summarized in [34]. Capacitated [35,36], multi-

vehicle, and multi-depot [37] versions are also studied 

in the past years. The traveling salesman problem 

(TSP) and its multiple salesman versions can also be 

examined to understand the simple nature of the 

problem [38,39]. Since the VRP and its versions have 

high-complexity, quite a lot of types of heuristics and 

metaheuristics are proposed to solve the VRPs in the 

literature. 

After the increase of the usage of the UAVs for several 

missions, UAVRP in both 2D and 3D domains has also 

been studied in the literature. Similar to VRPs, UAVRP 

and its versions have complex nature; therefore mainly 

geometric methods, dynamic programming, 

mathematical models, heuristics, metaheuristics, 

artificial neural networks, learning-based methods, 

fuzzy logic, simulation models, etc. are studied in the 

literature [40,41]. Computational-intelligence based 

algorithms [42], evolutionary algorithms including 

differential evolution and genetic algorithm (GA) 

[43,44], particle swarm optimization, ant colony 

optimization, simulated annealing [45], tabu search are 

mainly the proposed metaheuristics to solve the 

UAVRP and its versions [41]. 3-D UAVRP is reviewed 

by [46] and Flying Ad-Hoc Networks are also 

examined by [47]. The first difference between VRP 

and UAVRP is the distance calculation methods (i.e. 

Euclidean distance is preferred in UAVRP since the 

flight between two points can be done directly) and the 

second one is the usage of distance range constraint is 

a binding constraint for UAVRPs (if the UAV has not 

a capability to refuel in the air). Before the fuel of a 

UAV is finished, the UAV should be landed; therefore 

the distance range constraint should be a hard 

constraint. This hard constraint makes the model harder 

to be solved. In VRP on the land, the distance range 

constraint can be increased by refueling, therefore; it 

can be a soft constraint. These differences are 

considered in the model that this paper proposed.    

In summary for the introduction and literature review 

section, there are different systems to secure borders in 

the literature. In addition to the traditional security 

systems, in recent years the usage of unmanned and 

robotic systems on borders is increased. UAVs are very 

good alternatives to be included in the border security 

systems in a hybrid manner but there are not many 

studies in the literature about this topic and we 

summarized the very few existing papers above. 
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Therefore, as a contribution to the literature as far as we 

know this paper is the first paper that proposes a 

matheuristic approach (i.e. Genetic Algorithm Based 

Matheuristic (GABM)) to solve a UAVRP defined for 

real border security missions. The mathematical model 

is inspired by literature and adapted to the border 

security missions. A real UAV is preferred in the case 

study section and its specifications are used in real case 

scenarios. In this manner, this work tries to find optimal 

routes over the borderline of Turkey and Syria for real 

UAVs considering checkpoints, number of UAVs, 

number of daily patrols, flight ranges, and main bases 

that the UAVs take off and land. Generated 12 

scenarios are considering real military airports near the 

border as main bases. The proposed GABM is trying to 

minimize the used number of UAVs and the traveling 

distances of the UAVs simultaneously. 

This paper has been divided into sections as follows. 

The next section gives the problem definition and the 

mathematical model for the problem. The third section 

covers the details about the proposed GABM and the 

used GA in the GABM. The fourth section includes the 

case study part and provides the results of the 

computations on the case scenarios. The final section 

concludes the paper.  

2. The problem definition and the mathematical 

model 

The UAVRP can be described as a graph G=(N,A) with 

a set of nodes (N=1..n) and a set of arcs (A=1..a) with a 

set of UAVs (M=1..m). The UAVRP can be formulated 

as a Mixed Integer Linear Programming (MILP) model, 

it is inspired and revised from [38,39] and presented 

below.  

 

       min.  𝑧 =  𝑐𝑑 ∑ ∑ 𝑑𝑖𝑗 ∑ 𝑥𝑖𝑗𝑘
𝑚
𝑘=1 + 𝑚 𝑐𝑚

𝑛
𝑗=1

𝑛
𝑖=1  (1) 

subject to: 

∑    𝑥1𝑗𝑘 = 1 ;        ∀𝑘;  1 ≤ 𝑘 ≤ 𝑚𝑛
𝑗=2  (2) 

∑    𝑥𝑖1𝑘 = 1 ;        ∀𝑘;  1 ≤ 𝑘 ≤ 𝑚𝑛
𝑖=2  (3) 

∑ ∑    𝑥𝑖𝑗𝑘 = 1𝑚
𝑘=1  ;         ∀𝑖;  2 ≤ 𝑖 ≤ 𝑛𝑛

𝑗=1   (4) 

∑ ∑    𝑥𝑖𝑗𝑘 = 1𝑚
𝑘=1  ;         ∀𝑗;  2 ≤ 𝑗 ≤ 𝑛𝑛

𝑖=1   (5) 

 ∑  𝑥𝑖𝑟𝑘 = ∑  𝑥𝑟𝑗𝑘  ;    ∀𝑟;  2 ≤ 𝑟 ≤ 𝑛𝑛
𝑗=1 ;𝑛

𝑖=1   

 ∀𝑘;  1 ≤ 𝑘 ≤ 𝑚 (6) 

∑ ∑  𝑑𝑖𝑗 𝑥𝑖𝑗𝑘 ≤ 𝑅𝑘
𝑛
𝑗=1  ;   ∀𝑘;  1 ≤ 𝑘 ≤ 𝑚𝑛

𝑖=1  (7) 

 𝑣𝑖 − 𝑣𝑗 + (𝑛 − 𝑚) ∑  𝑥𝑖𝑗𝑘 ≤ 𝑛 − 𝑚 − 1 ;  𝑚
𝑘=1    

 ∀ 𝑖;  ∀ 𝑗;  2 ≤ 𝑖 ≠ 𝑗 ≤ 𝑛                                 (8) 

𝑥𝑖𝑗𝑘 ∈ {0, 1} ;       ∀ 𝑖, 𝑗 ∈ 𝑉; ∀ 𝑘 ∈ 𝑈

 𝑣𝑖  ≥ 0 and ∈ 𝑍;       ∀ 𝑖 ∈ 𝑁   (9) 

In the model, there are “m” numbers of UAVs and “n” 

number of nodes including 1 base station (i.e. first 

numbered node is the base station) and n-1 numbers of 

grid (i.e. check) points on the border. The arcs are the 

flight connection paths between nodes. The dij is the 

Euclidean flight distance between nodes i and j. The 

decision variables xijk are used to represent the used 

route between nodes, that xijk = 1 if the arc between i 

and j is used, otherwise xijk = 0.  The Rk is the distance 

range limit of UAVs to finish the tour. In the model, vi 

and vj are the positions of node i and j in the path that 

is used to prevent the sub-tours.  

The objective function (1) minimizes the total cost. The 

flight cost and the used UAV cost are creating the total 

cost. The cd is the 1-kilometer flight cost for a single 

UAV and cm is the unit UAV cost. Constraint (2) 

ensures that “m” number of UAVs take off from node 

#1 (i.e. base station) and Constraint (3) guarantees the 

UAVs turn back to the departure base. Constraint (4) 

and Constraint (5) ensure that it is necessary to visit all 

checkpoints. Constraint (6) guarantees that if a UAV 

visits a node, it also departures from that node and 

Constraint (7) limits the total tour distance according to 

the flight range of the UAVs. Constraint (8) is essential 

to prevent the sub-tours. Constraint (9) is defining the 

decision variables. 

One of the main assumptions in this model is that the 

UAV(s) takes off from any base station and land at any 

base station. When UAV visits a node that means it can 

visualize and observe the borderline on that point. The 

UAV directly flies from one point to another without 

changing the route in any event that occurs, for 

instance, the detection of an intruder from the 

borderline. The UAV just informs the authorities when 

an event happens. The meteorological effects on the 

flight times are ignored and the regular speed of UAVs 

is assumed as constant. The breakdowns of UAVs on 

the air are also ignored and assumed that the UAVs are 

always operating. It is also assumed that the grid points 

have the same importance weight, since in the border 

security missions even one border violation may cause 

terrorist attacks in the homeland. Therefore, the 

security overall of the border should be maintained. 

However, if there are more difficult areas to be secured 

via UAVs, the precautions can be increased by using 

other traditional security tools (patrols, fences, concrete 

walls, sensors, cameras, etc.).         

In the implementation of scenarios, the proposed model 

has been revised and able to solve multi-base station 

UAVRPs via changes in Constraints (2) and (3). In the 

revised model, there are “o” numbers of base stations, 

and the “m” numbers of UAVs can take off from any of 

these base stations and can land at any of them.    
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3. The proposed genetic algorithm based 

matheuristic 

The GA is a well-known and well-studied 

metaheuristic in the literature. According to the 

literature [41,43], the GA is the most-preferred 

metaheuristic to solve UAV routing-based problems 

and the effectiveness of this algorithm is presented in 

these studies. Therefore the GA is chosen for this study. 

The GABM is starting with running a problem-specific 

GA 30 times and the pseudo-code of the designed GA 

is presented below in Figure 1.  

 

 
Figure 1. Pseudo-code of developed GA. 

 

The designed GA starts searching with a group of 

solutions (i.e. a population) and generates better 

individuals (i.e. solutions) by implementing crossover, 

mutation, and selection operators through generations. 

The details about the GA are described in the following 

subtitles. 

The proposed GA and the proposed mathematical 

model are hybridized in the GABM. The hybridization 

of optimization methods aims to use powerful sides of 

them in a single algorithm. The GA is used in GABM 

to determine the “m” value of the proposed 

mathematical model. Since in the proposed model, if 

the “m” value becomes a decision variable, the model 

becomes more complex. The GA helps the model to use 

the “m” value as a constant parameter. Therefore, the 

GABM is trying to find an optimal solution to the 

UAVRP as described in Figure 2.   

The proposed GABM acts to decrease the complexity 

of the UAVRP, and helps to find a faster solution. The 

used GA and its specifications are described in the 

following subtitles. 

3.1. Representation and fitness function 

In the GA, a problem-specific permutation-based 

representation is used to indicate the solutions. A 

simple example of the representation is presented in 

Figure 3.  

 

 

 

Figure 2. The flowchart of the proposed GABM. 

 

 

Figure 3. Permutation-based representation. 

 

The permutation of the visited grid (i.e. check) points 

is showing the routes of the “m” number of UAVs. As 

seen in the example, the first UAV is taking off from a 

base station, visiting the grid points #25,#8,…,#15 (i.e. 

the yellow points) in order and turning back to a base 

station. The first UAV cannot exceed its flight range; 

therefore it cannot visit grid point #78 and turns back to 

a base station. The second UAV continues to fly in a 

route from the grid points #78,#11,…,#65 (i.e. the blue 

points) in order similarly. The UAVs always take off 

from or land to the nearest active base station. The order 

of the grid points indicates the routes of the all “m” 

number of UAVs. The total cost (i.e. objective 

function) described in Eq.(1) is used as a fitness 

function for the solutions. The individuals with lower 

costs mean that they are better solutions.    
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3.2. Initial population and parental selection 

While generating µ number of solutions as initial 

population, five different strategies are used in GA. In 

the first strategy, when a UAV is monitoring the border 

on the field it is logical to fly from one grid point to its 

one of two neighbor points, therefore one individual of 

the initial population is simply starting from the first 

grid point and the route follows forward through the 

nearest neighbor points. The second solution is 

beginning from the last grid point and the route 

continues backward through the nearest neighbor 

points. The third strategy is to generate random 

individuals. For fourth and fifth strategies, random 

initial grid points are selected and the route continues 

forward or backward till the end or beginning points, 

respectively as type-1 and 2 heuristics. The sample 

initial solutions are presented in Figure 4 when µ=20.      

 

 
Figure 4. Sample initial population. 

 

The tournament selection operator is used to determine 

parents in the proposed GA. In the tournament 

selection, the operator selects k number of individuals 

randomly from the current population, and the solution 

with the lowest fitness wins the tournament and 

becomes a parent. The µ and k parameters are tuned 

before the case study.    

3.3. Crossover and mutation 

The crossover probability (Pc) is used to determine 

whether the selected parent can be a candidate in the 

crossover. The order-1 crossover operator is selected to 

generate new children as seen in Figure 5.  

The operator uses two parents and it selects two random 

breakpoints in the representation of the parents (i.e. 

yellow parts). The operator copies the grid points in the 

interval of selected breakpoints from the first parent to 

the child. The copying process continues with the 

second parent from the outside of the last breakpoint. 

The operator prevents generating infeasible children 

according to the permutation-based solution type and 

copies only the uncovered grid points in the current 

child from the second parent. When the last grid point 

of the second parent is reached, the operator turns back 

to the beginning point of the second parent. The process 

finishes when all grid points are covered in the child.    

 

 

Figure 5. Order-1 crossover. 

 

The swap mutation is used as the mutation operator as 

seen in Figure 6 and mutation probability (Pm) is used 

to determine whether the generated new child can be 

mutated. The operator selects two random points from 

the child and swaps their positions. The Pc and Pm are 

tuned before the case study.   

 

 

Figure 6. Swap mutation. 

3.4. Environmental selection and stopping 

condition 

The GA generates μ-e=λ number of new children and 

with an elitist strategy; the best e number of individuals 

of the previous population is added to the new 

generation. The μ stays constant through generations in 

the environmental selection. The GA stops when it 

reaches to gmax number of generations. The parameters 

are tuned before the case study.  

4. The case study and the results 

The border between Turkey and Syria is selected 

because the conflicts started in 2011 and not ended till 

2021 in Syria. Millions of refugees migrated from Syria 

through Turkey. It is critical to observe the border to 

prevent the passage of terrorists hidden in the civilian 

crowds through the border. The borderline between 
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Turkey and Syria is 910 km as seen in Figure 7.  

 

 

Figure 7. The borderline between Turkey and Syria 

(910km). 

 

The borderline is not a straight line and there are 

indentations and protrusions. Therefore 152 grid (i.e. 

check) points and 4 base stations nearest through the 

borderline (Adana, Diyarbakır, Batman, and Muş) are 

selected conveniently to the selected UAV. The 

Euclidean distance between the grid points is five 

kilometers and the grid points are covering the overall 

Turkey-Syria borderline. The base stations are 

representing the military airports in those cities. The 

selected bases and grid points are presented in Figure 

8. 

 

 

Figure 8. The selected 152 grid points and 4 main bases 

(Adana, Diyarbakır, Batman, and Muş). 

 

The Bayraktar UAV [48,49] is selected for the case 

study because it is already using in these missions in 

real life. The Bayraktar is a long-ranged (3000 

kilometers) Turkish made tactical UAV that is 

convenient for that kind of missions. We assumed that 

the unit cost of one UAV is $4,000,000 and the unit cost 

of the 1-kilometer flight is $20 to be used in the model. 

The Bayraktar can get the desired images and videos 

from that visited grid points by flying at a proper 

altitude. A sample figure for the coverage of the zones 

by visiting the grid points (i.e. red signs are 

representing the grid points in the borderline) in the 

center of the grid zones via a Bayraktar UAV is 

presented in Figure 9. 

The 152 grid points (can be seen in Figure 8) are located 

based on the observing capabilities of UAV as in Figure 

9 and covering all borderline from beginning to end. 

The scenarios in the case study section are generated 

according to the real-life necessities. 12 scenarios are 

considered covering active base station(s) and the 

number of daily patrols can be made by UAVs. The 

number of daily patrols is affecting the flight range of 

UAVs as seen in Table 1.   

 

 

 

Figure 9. The usage of Bayraktar UAV for a border security 

mission. 

 

 
Table 1. The scenarios. 

Sce. 

# 

Active main 

base(s) 

# of 

daily patrols 

Flight range 

(km.) 

1 Adana 1 3000 

2 Batman 1 3000 

3 Diyarbakır 1 3000 

4 Muş 1 3000 

5 Adana 2 1500 

6 Batman 2 1500 

7 Diyarbakır 2 1500 

8 Muş 2 1500 

9 All bases 3 1000 

10 All bases 4 750 

11 All bases 5 600 

12 All bases 6 500 

 

In eight of twelve scenarios, it is considered that just 

one base station is active which means the UAVs can 

only be settled in those base stations. For the remaining 

four scenarios, all bases are thought of as active. 

Therefore, the UAVs can take off from one base station 

and can land at another base.   

The parameters of the GA are tuned with experiments. 

30 runs are done for each combination of the 

parameters by running with the candidate values in a 

selected scenario. The best-resulted values in 30 runs 

are used to determine the values for the parameters as 

seen in Table 2. The µ and gmax parameters are 

considered as pairs to make a fair comparison. Pc is 

assumed as 1. 
The GA is coded in MATLAB, the MILP model is 

developed in ILOG and solved in CPLEX. The runs of 

GA and the MILP model are made on the same 

computer that has Intel Core I7-7700HQ CPU, 2.80 

GHz, and 16 GB RAM specifications. The scenarios 

are solved 30 times with GA and GABM used the best 

solution of GA to determine the “m” value. 

The summary results are presented in Table 3. 

According to the results with the one active based initial 

eight scenarios, for six solutions the GABM found the 

same optimal solutions with the GA. But for two 
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scenarios (i.e. scenario #5 and #8), the GABM 

improved the GA solutions and found the optimal 

solutions. Especially for scenario #8, the GABM 

solution is using much less UAV than GA, since Muş 

is the furthest base station to the borderline. However, 

for the last four more complex scenarios, the GABM 

outperformed and improved the GA results much more. 

The used UAVs and the flown distances in GA results 

are extremely decreased in GABM results. The flight 

distances are reduced by more than near 1000 

kilometers in some scenarios and at least one UAV is 

saved. According to the used active bases that are listed 

in the last four results; mostly Adana, Diyarbakır, and 

Batman bases are preferred to take off and land by the 

UAVs. Since Muş is the furthest base station to the 

borderline, it is not used in optimal routes. 

Since the range distance is the most effective constraint 

in the results, the details about the flight distances, 

remaining flight ranges, and flight routes of each UAV 

for the results of the GABM are provided in Table 4 

with the details about the scenarios (i.e. the # of 

variables and the # of constraints) are also covered. In 

scenarios, the # of variables is changing for 1 to 4 

UAVs as 23562, 46971, 48825, and 97497, 

respectively. The # of constraints is also ranging 23411 

to 23876 for 1 to 4 UAVs. According to the detailed 

results of GABM, when the # of daily patrols increases 

and the flight range of UAVs decreases, the utilization 

based on flight distances of UAVs also increases as 

seen that the remaining flight ranges are smaller in the 

last scenarios (i.e. especially scenarios #10, #11, and 

#12). For scenarios with long flight ranges the 

Bayraktar UAV can accomplish missions with smaller 

utilization ratios based on flight distances.     

The CPU times of the algorithms are presented in Table 

5. The CPU times seem very reasonable for a UAVRP. 

The CPU times for GA are ranging between 71.89 to 

122.17 seconds. The CPU times of GABM is varying 

from 2.92 to 46.39 seconds. The CPU times of the GA 

should be added to the GABM times in reality since the 

GABM is firstly using the GA results.  

The optimal solution found by GABM for the 12th 

scenario is presented in Figure 10. The used active 

bases and the routes of used four UAVs can be seen in 

the figure. The first UAV is taking off from Adana, 

monitoring the west side of the border, and turning back 

to Adana. The second UAV is also taking off from 

Adana, monitoring the remaining west side of the 

border, and landing to Diyarbakır. The third UAV is 

departing from Diyarbakır and landing at Batman. The 

last UAV is taking off and landing to Batman with 

covering the east side of the border. As seen all grid 

points are visited by one of the four UAVs. 

  

 

Table 2. The tuning results. 

Parameters 
 

Fitness values for 30 runs 

µ gmax e Pm k Min. Mean Max. Std.dev. 

80 125 0.1 0.1 3  8019991.1 8022027.8 8025389.9 1091.3 

80 125 0.1 0.1 5  8019097.6 8021529.4 8023435.9 896.5 

80 125 0.1 0.2 3  8019434.1 8021719.4 8023313.1 808.1 

80 125 0.1 0.2 5  8019113.8 8021858.7 8023700.7 1163.1 

80 125 0.2 0.1 3  8016928.8 8020533.4 8023854.4 1998.4 

80 125 0.2 0.1 5  8016608.8 8021417.1 8024069.0 1629.1 

80 125 0.2 0.2 3  8019478.7 8021155.0 8023131.7 718.9 

80 125 0.2 0.2 5  8016845.3 8021317.1 8025543.3 1024.2 

40 250 0.1 0.1 3  8020456.5 8022085.3 8024880.2 1000.4 

40 250 0.1 0.1 5  8019328.7 8021403.9 8023808.3 899.1 

40 250 0.1 0.2 3  8019150.8 8023526.2 8027532.6 2387.7 

40 250 0.1 0.2 5  8019166.4 8022191.1 8024364.9 1320.9 

40 250 0.2 0.1 3  8019137.3 8021383.1 8023118.5 758.2 

40 250 0.2 0.1 5  8018223.7 8021876.6 8025219.9 1169.1 

40 250 0.2 0.2 3  8017936.9 8021321.2 8024272.5 1584.4 

40 250 0.2 0.2 5  8017811.6 8021217.6 8023878.5 1442.1 

20 500 0.1 0.1 3  8016797.7 8023057.7 8026972.6 2276.1 

20 500 0.1 0.1 5  8016518.3* 8022263.2 8025954.5 1872.1 

20 500 0.1 0.2 3  8017019.3 8023629.8 8027532.6 3046.1 

20 500 0.1 0.2 5  8017472.8 8023218.3 8026627.4 2299.4 

20 500 0.2 0.1 3  8019458.8 8023270.7 8027532.6 2575.1 

20 500 0.2 0.1 5  8017343.7 8021898.6 8024866.8 2096.1 

20 500 0.2 0.2 3  8017324.2 8021759.5 8025381.9 2080.7 

20 500 0.2 0.2 5  8017885.9 8021795.8 8026330.2 1916.3 

* In the best solution according to the fitness value calculation 2 UAVs are flying 825.9 km. 
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Table 3. The results. 

Sce. 

# 

GA 

GABM 

Improvement 

(%) Best Mean Worst 

# of 

UAV(s) 

Total 

flight dist. 

(km.) 

# of 

UAV(s) 

Total 

flight 

dist. 

(km.) 

# of 

UAV(s) 

Total 

flight 

dist. 

(km.) 

# of 

UAV(s) 

Flight 

dist. 

(km.) 

# of 

UAV(s) 

Total 

flight 

dist. 

(km.) 

1 1 1504.9 1 1504.9 1 1504.9 1 1504.9 - - 

2 1 1419.3 1 1419.3 1 1419.3 1 1419.3 - - 

3 1 1415.7 1 1415.7 1 1415.7 1 1415.7 - - 

4 1 1554.4 1 1554.4 1 1554.4 1 1554.4 - - 

5 2 3618.8 2 3618.8 2 3618.8 2 1718.4 - 52.51 

6 1 1419.3 1 1419.3 1 1419.3 1 1419.3 - - 

7 1 1415.7 1 1415.7 1 1415.7 1 1415.7 - - 

8 8 13474.8 8 13474.8 8 13474.8 2 1887.5 400 85.99 

9 2* 1710.3* 2 1919.4 2 1986.6 2** 1204.5** - 29.57 

10 3*** 2126.6*** 3 2184.6 3 2234.4 2*** 1298.7*** 33 38.93 

11 4*** 2406.8*** 4 2567.1 4 2718.8 3*** 1444.1*** 25 39.99 

12 5*** 2840.2*** 5 2900.1 5 2955.5 4*** 1793.9*** 20 36.83 

      * The used bases through active bases are Adana and Diyarbakır 

      ** The used bases through active bases are Adana and Batman 

      *** The used bases through active bases are Adana, Diyarbakır, and Batman 

 
Table 4. The details about the GABM results and the scenarios. 

Sce. 

# 

  

Flight range 

(km.) 

GABM 

# of 

variables 

# of 

constraints 

# of 

UAV(s) 

Singular 

flight dist. 

(km.) 

Singular 

remaining 

flight range 

(km.)  

Singular 

flight 

route 

1 23562 23411 3000 1 1504.9 1495.1 1-…-152 

2 23562 23411 3000 1 1419.3 1580.7 1-…-152 

3 23562 23411 3000 1 1415.7 1584.3 1-…-152 

4 23562 23411 3000 1 1554.4 1445.6 1-…-152 

5 46971 23566 1500 2 390.9 

1327.5 

1109.1 

172.4 

33-34-…-152 

32-31-…-1 

6 23562 23411 1500 1 1419.3 1580.7 1-…-152 

7 23562 23411 1500 1 1415.7 1584.3 1-…-152 

8 46971 23566 1500 2 1490.7 

396.8 

9.3 

1103.2 

144-143-…-1 

145-146-…-152 

9 48825 23566 1000 2 820.8 

383.7 

179.2 

616.3 

121-120-…-1 

122-123-…-152 

10 48825 23566 750 2 747.4 

551.3 

2.6 

198.7 

1-…-96-97 

152-…-99-98 

11 73161 23721 600 3 599.5 

441.6 

403.0 

0.5 

158.4 

197.0 

112-111-…-36-35 

152-…-114-113 

34-33-…-1 

12 97497 23876 500 4 499.2 

497.2 

403.0 

394.5 

0.8 

2.8 

97.0 

105.5 

120-121-…-152 

35-36-…-74-75 

76-77-…-118-119 

34-33-…-1 

 

5. Conclusion 

In this study, the UAVRP is adapted for border security 

missions. A new mathematical model is developed 

inspired by literature. The model is combined with a 

problem-specific GA to solve the UAVRP. The 

designed GABM is trying to solve the problem by 

initializing GA 30 times in the beginning. Then the 

model is using the “m” value of the best GA result as a 

constant. If the model solves the problem with the 

determined “m” value, then the algorithm decreases the 

“m=m-1” and rerun the model. If the model cannot find 

a solution with the determined “m” value, then GABM 

presents the previous solution as optimal. As far as 

known, GA and GABM algorithms are used for the first 

time in the literature in a UAVRP defined for border 

monitoring missions.    
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Table 5. The CPU times. 

Sce. # 

GA (s.) GABM 

(s.) Best Mean Worst 

1 79.39 91.39 111.86 3.23 

2 74.65 88.17 98.47 3.78 

3 71.89 82.94 97.49 3.11 

4 74.90 82.04 92.51 2.92 

5 82.61 91.57 100.99 4.44 

6 80.84 91.51 105.95 3.78 

7 81.61 95.75 111.58 3.11 

8 81.76 88.97 96.19 3.16 

9 89.55 100.71 116.73 5.04 

10 92.64 101.32 114.92 5.65 

11 98.87 106.29 122.17 24.60 

12 91.81 104.87 121.09 46.39 

 

 
Figure 10. The optimal route for scenario #12 with 4 UAVs 

 

The borderline between Turkey and Syria is selected 

for the case study. Bayraktar UAV is chosen 

considering the usage of it in real life. 12 realistic 

scenarios are generated covering four airbases and 152 

grid points on the borderline. While considering 

scenarios, the usage of active bases and the number of 

daily patrols done by UAVs are changed. The scenarios 

are solved with GA and GABM. In half of the 

scenarios, GABM improved the GA results and 

decreased the used number of UAVs and the total travel 

distances. Especially for more complex scenarios, 

GABM developed the results much effectively in 

reasonable CPU times. 

For future research, more realistic 3-D scenarios can be 

tried. Simulation models can be integrated with 

proposed hybrid algorithms to simulate the intruder 

detections in the border with a more dynamic 

perspective.      
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1. Introduction

Decision making under uncertainty is one of the
most challenging tasks in operations research.
Two paradigms are predominantly used in the
literature to address uncertainty: stochastic pro-
gramming and robust optimization. In the clas-
sical stochastic programming [1, 2], a predefined
set of scenarios (or samples) are determined, ei-
ther taken directly from observed data or after
fitting an appropriate distribution. Then, the ob-
jective function is replaced with an expectation
taken with respect to the random elements, and
constraints are copied for each scenario. In addi-
tion to the assumption about knowing the under-
lying distribution, this basic stochastic program-
ming approach has some limitations: Firstly, the

size of the resulting deterministic equivalent for-
mulation grows larger with the size of the sce-
narios. Secondly, an expectation may not be an
appropriate performance measure for risk-averse
decision makers. Thirdly, satisfying constraints
for each scenario might be too restrictive. The re-
spective remedies for these shortcomings are pro-
posed such as sample average approximation to
limit the problem size, risk-averse objective func-
tion for a more appropriate performance measure
and chance constraints to allow constraint satis-
faction with high probability. However, the im-
plicit assumption of stochastic programming re-
mains, which is the need to assume a distribution
by analyzing the data or fitting one. Unfortu-
nately, this step may not be performed satisfac-
torily in all cases.
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In robust optimization [3–5], a predefined uncer-
tainty set, which includes all possible values of the
uncertain elements, is used. Then, the optimiza-
tion is performed with the aim of optimizing with
respect to the worst possible realization from the
uncertainty set. There are two main advantages
of using robust optimization. Firstly, the decision
maker does not need to make any assumptions
about the distribution of the uncertain elements
in the problem as opposed to the stochastic pro-
gramming approach. Secondly, the deterministic
equivalent (or so-called the robust counterpart)
formulation of the robust optimization problem
typically has the same computational complex-
ity as the deterministic version of the problem
under reasonable assumptions on the uncertainty
sets. On the other hand, the main disadvantage of
the robust optimization approach is that depend-
ing on the construction of the uncertainty set, it
might lead to overly conservative solutions, which
might have poor performance in central tendency
such as expectation.

Distributionally robust optimization (DRO) is a
relatively new paradigm that aims to combine sto-
chastic programming and robust optimization ap-
proaches. The main modeling assumption of DRO
is that some partial information about the dis-
tribution governing the underlying uncertainty is
available, and the optimization is performed with
respect to the worst distribution from an ambigu-
ity set, which contains all distributions consistent
with this partial information. There are mainly
two streams in the DRO literature based on how
the ambiguity set is defined: moment-based and
distance-based.

In moment-based DRO, ambiguity sets are de-
fined as the set of distributions whose first few mo-
ments are assumed to be known or constrained to
lie in certain subsets. If certain structural proper-
ties hold for the ambiguity sets such as convexity
(or conic representability), then tractable convex
(or conic reformulations) can be obtained [6–8].
In distance-based DRO, ambiguity sets are de-
fined as the set of distributions whose distance
(or divergence) from a reference distribution is
constrained. For Wasserstein distance [9–12] and
φ−divergence [13–17] constrained DRO, tractable
convex reformulations have been proposed. Re-
cently, chance constrained DRO problems have
also drawn attention [18–21].

As summarized above, in many cases, tractable
convex robust counterparts or reformulations can
be obtained for robust and distributionally ro-
bust (DR) optimization problems. However, an
even more special structure such as conic repre-
sentability can be preferred whenever available.

Especially, if the robust counterpart can be ex-
pressed as a conic program for which the under-
lying cone admits a self-concordant barrier, then
efficient polynomial-time interior point methods
can be applied directly [22]. This desired prop-
erty holds for linear programs, second-order cone
programs and semidefinite programs, which ap-
pear extensively in both robust and DR optimiza-
tion literature. We note that the efficiency of
the conic programming solvers specialized in these
three problem classes has improved considerably.

There is some recent interest in conic programs for
which the underlying cone is not self-dual, such as
exponential cone. There are two main reasons: i)
exponential cone has extensive expressive power
that is useful to model optimization problems in-
volving the exponential and logarithm functions
(see e.g. [23]), and ii) a practical implementation
of a primal-dual interior point method is devel-
oped [24] although its polynomial-time complex-
ity has not been proven yet. Our paper will ex-
ploit both the expressive power of the exponen-
tial cone and the practical implementation that
can be used to solve the resulting optimization
problem, as detailed below.

The Kullback-Leibler (KL) divergence [25] is a
popular divergence measure in information the-
ory that can be used to quantify the divergence
of one distribution from another (see Definition 8)
and we prove that it is exponential cone repre-
sentable (see Definitions 3 and 6, and Proposi-
tion 2). Although the robust counterpart of KL
divergence constrained DRO is proven to be a
tractable convex program [26], to the best of our
knowledge, its exponential cone representability
has not been exploited in the literature before.
Also, its practical performance against stochas-
tic programming has not been analyzed in detail
except for a limited number of applications from
power systems [27, 28].

In this paper, we consider KL divergence con-
strained DRO problems and propose their dual
exponential cone constrained reformulation un-
der the mild assumption of conic representabil-
ity. This allows us to solve the corresponding
robust counterpart using a conic programming
solver such as MOSEK [29]. We also present
how the generic formulation can be specialized
for two classical problems: Newsvendor and Un-
capacitated Facility Location. Although the DRO
methodology has been applied to variations of
these problems [30–35], to the best of our knowl-
edge, their KL divergence constrained versions
have not been studied in detail. Our computa-
tional results suggest that solutions obtained via
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a DR approach give slightly higher cost realiza-
tions when central tendencies such as mean and
median are considered compared to solutions ob-
tained via stochastic programming in an out-of-
sample analysis. However, the dispersion (mea-
sured by the standard deviation and range of the
cost realizations) and the risk (measured by the
average of worst cost realizations and the third
quartile) metrics improve significantly with solu-
tions obtained via a DR approach.

Our main contribution in this paper is to exploit
the exponential cone representation of the KL-
divergence to solve DRO problems with ambigu-
ity sets defined using this measure1. Unlike the
previous literature, which treats such problems
as “general convex programs” (see, for instance,
[13]), we utilize the general-purpose conic pro-
gramming solver MOSEK in our computations.
The conic representability property can be quite
useful in practice since one can then include other
(mixed-integer) conic representable sets and func-
tions to the underlying optimization problem and,
hence, model a wide variety of real-life situations.

Although we carry out the computational ex-
periments for two classical problems, we remark
that our approach is rather general and it can be
adapted to various settings. To give a few exam-
ples, one can use our framework in applications
from portfolio optimization [7,10], image process-
ing [9, 16], asset pricing [13], multidimensional
knapsack problem [12,20] and logistics [35, 36].

The rest of the paper is organized as follows: In
Section 2, we review basic concepts from convex
analysis and probability theory which serve as the
basis of our main result about conic reformula-
tion of KL divergence constrained DRO problems
in Section 3. Then, we analyze two applications,
namely, the Newsvendor Problem in Section 4 and
the Uncapacitated Facility Location Problem in
Section 5, and present the results of our compu-
tational study. Finally, we conclude our paper in
Section 6.

2. Preliminaries

Before stating our main result in Section 3, we will
first review some important concepts from convex
analysis in Section 2.1 and probability theory in
Section 2.2.

2.1. Convex analysis

For a set X ⊆ R
m, we denote its interior as

int(X), its relative interior as ri(X) and its clo-
sure as cl(S). We use the shorthand notation [n]
for the set {1, . . . , n}.

We will first review some basic concepts from con-
vex analysis related to cones.

Definition 1 (Regular cone). A cone K ⊆ R
m is

called regular if it is closed, convex, pointed and
full-dimensional.

Examples of regular cones include the nonnega-
tive orthant, Lorentz (or second-order) cone and
the cone of positive semidefinite matrices. We
will refer to these cones as canonical cones in this
paper.

Definition 2 (Dual cone). The dual cone to a
cone K ⊆ R

m is defined as K∗ = {y ∈ R
m :

xT y ≥ 0, ∀x ∈ K}.

It is well-known that the dual cone to a regular
cone is also regular. In addition, the three canon-
ical cones mentioned above are self-dual.

We will now define the exponential cone, which is
the key ingredient of this paper.

Definition 3 (Exponential cone). The exponen-
tial cone, denoted as Kexp, is defined as

Kexp = cl
(

{x ∈ R
3 : x1 ≥ x2e

x3/x2 , x2 > 0}
)

.

As opposed to the three canonical cones men-
tioned above, the exponential cone is not self-dual
although it is a regular cone.

Proposition 1 (See e.g. [23]). The dual cone to
the exponential cone (or simply the dual exponen-
tial cone) is given as

(Kexp )∗ =

cl
(

{s ∈ R
3 : s1 ≥ −s3e

(s2−s3)/s3 , s3 < 0}
)

.

The following definitions are instrumental in the
description of conic programming problems:

Definition 4 (Conic inequality). A conic in-
equality with respect to a regular cone K is de-
fined as x �K y, meaning that x − y ∈ K. We
will denote the relation x ∈ int(K) alternatively
as x ≻K 0.

Definition 5 (Conic representability of a set). A
set X ⊆ R

n is called conic representable if it can
be expressed as

X = {x ∈ R
n : ∃y ∈ R

k : Ax+By �K b},

for some appropriately chosen regular cone K.

1We also note that two other φ−divergence measures called Burg entropy and J−divergence have the same representation
property.
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If any of the variables in this representation is in-
teger, then X is called a mixed-integer conic rep-
resentable set.

Definition 6 (Conic representability of a func-
tion). A function is called conic representable if
its epigraph is a conic representable set.

In this paper, when we say that “a set or function
is conic representable”, we will implicitly assume
that the cone used in its representation is either
one of the three canonical cones or the (dual) ex-
ponential cone.

2.2. Probability theory

Definition 7 (Probability simplex). The proba-
bility simplex in dimension S is denoted as

∆S :=
{

p ∈ R
S
+ :

S
∑

s=1

ps = 1
}

.

The following function can be used to measure the
“divergence” of one distribution from another.

Definition 8 (KL Divergence). For two discrete
probability distributions p ∈ ∆S and q ∈ ri(∆S),
the KL divergence from p to q is defined as

DKL(p||q) :=
S
∑

s=1

ps log(ps/qs).

We note that the KL Divergence does not define
a distance metric between two probability distri-
butions since it is not symmetric. However, it has
the following useful property.

Proposition 2. Let p ∈ ∆S and q ∈ ri(∆S).
Then, the function DKL(p||q) is exponential cone
representable.

Proof. Due to Definition 6, it suffices to show
that the epigraph of the function DKL(p||q) is an
exponential cone representable set. Since the set
{(x, y, t) ∈ R

3 : t ≥ x log(x/y)} has the exponen-
tial cone representation (y, x,−t) ∈ Kexp [37], we
obtain an exponential cone representation for the
function DKL(p||q) as follows:

{(p, q, ǫ) ∈ ∆S × ri(∆S)× R : DKL(p||q) ≤ ǫ}

=
{

(p, q, ǫ) : ∃δ ∈ R
S :

S
∑

s=1

δs ≤ ǫ,

(qs, ps,−δs) ∈ Kexp, s ∈ [S]
}

.

�

The following proposition gives an upper bound
on the KL-divergence of a given distribution from
any other distribution.

Proposition 3. Let q ∈ ri(∆S). Then,

ǫ(q) := sup
p∈∆S

{DKL(p||q)} = log(1/min
s∈[S]

{qs}).

Proof. Notice that the objective function of
the optimization problem supp∈∆S{DKL(p||q)}
is convex and its feasible region is a polytope.
Therefore, there exists an optimal solution which
is an extreme point of ∆S . Observe that the ex-
treme points of ∆S are the unit vectors in R

S ,
denoted by ẽs for s ∈ [S] (note that ẽss′ = 1 for
s = s′, and ẽss′ = 0 otherwise).

Let us now compute DKL(ẽ
s||q) for some s ∈ [S].

In fact, we have

DKL(ẽ
s||q) =

S
∑

s′=1

ẽss′ log(ẽ
s
s′/qs)

= ẽss log(ẽ
s
s/qs) +

S
∑

s′=1
s′ 6=s

ẽss′ log(ẽ
s
s′/qs)

= log(1/qs).

Here, we use the fact that limx→0+ x log(x/y) = 0
for y > 0 in the last equality (recall that q ∈
ri(∆S), which implies that qs > 0, s ∈ [S]).

Finally, we have

ǫ(q) = sup
p∈∆S

{DKL(p||q)}

= max
s∈[S]

{DKL(ẽ
s||q)}

= max
s∈[S]

{log(1/qs)}

= log(1/min
s∈[S]

{qs}).

�

Proposition 3 is useful to quantify the ambiguity
sets in KL divergence constrained DRO problems
as we will see later.

3. Main results

In this section, we present our main result about
the reformulation of a KL divergence constrained
DRO problem as a conic program under mild con-
ditions.

3.1. Generic problem formulation

We first give the generic problem setting consid-
ered in this paper. Suppose that there are m ran-
dom variables ξi ∈ R, i ∈ [m], each with a discrete
distribution qi ∈ ri(∆Si) estimated from the his-
torical data as

Pr(ξi = dis) = qis s ∈ [Si],

where {dis : s ∈ [Si]} is the set of observed real-
izations of ξi, i ∈ [m]. Under this probabilistic
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setting, we define the ambiguity set

P i(qi, ǫi) := {pi ∈ ∆Si : DKL(p
i||qi) ≤ ǫi},

for i ∈ [m], where ǫi ∈ R+ controls the divergence
from the historical data (or robustness level).

Then, we consider the following KL divergence
constrained DRO problem,

min
y∈Y

{

h(y) +
m
∑

i=1

max
pi∈Pi(qi,ǫi)

Eξi [H
i(y, ξi)]

}

, (1)

where each expectation is taken with respect to an
ambiguous distribution pi ∈ P i(qi, ǫi). In prob-
lem (1), h is a real-valued function defined on R

n;
H i is a real-valued function defined on R

n × R;
and Y is a subset of Rn. Observe that given y
decisions, the inner maximization problem is de-
composable over the random elements ξi, i ∈ [m].

Although we are assuming discrete probability
distributions in this paper, our framework can be
used to solve problems involving continuous dis-
tributions via a finite support approximation.

3.2. Robust counterpart and conic

reformulation

We will now obtain the robust counterpart [4] of
problem (1) utilizing Conic Duality under mild
conditions.

Theorem 1. Consider the KL divergence con-
strained DRO problem (1) as described in Sec-
tion 3.1, and assume that ǫi > 0, i ∈ [m]. Then,
the robust counterpart is given as follows:

min h(y) +
m
∑

i=1

[

αi + ǫiβi +

Si
∑

s=1

qisu
i
s

]

(2a)

s.t. αi − vis ≥ H i(y, dis) i ∈ [m]; s ∈ [Si] (2b)

βi + wi
s = 0 i ∈ [m]; s ∈ [Si] (2c)

αi ∈ R, βi ∈ R+ i ∈ [m] (2d)

(uis, v
i
s, w

i
s) ∈ (Kexp )∗ i ∈ [m]; s ∈ [Si] (2e)

y ∈ Y. (2f)

Proof. We will start the proof by analyzing the
inner maximization problems. Given a vector
y ∈ Y, let us write the i-th inner maximization
problem explicitly as the following exponential
cone constrained program:

max

Si
∑

s=1

H i(y, dis)p
i
s (3a)

s.t.

Si
∑

s=1

pis = 1 (3b)

Si
∑

s=1

δis ≤ ǫi (3c)





0 0
−1 0
0 1





[

pis
δis

]

�Kexp





qis
0
0



 s ∈ [Si] (3d)

pis ∈ R+, δis ∈ R s ∈ [Si]. (3e)

Here, constraints (3b)-(3e) model the relation
pi ∈ P i(qi, ǫi), as stated in Proposition 2.

Recall that ǫi > 0 for each i ∈ [m]. Then, each
inner maximization problem (3) satisfies essential
strict feasibility [38] (e.g. consider pis = qis and
δsi = ǫi/|Si| for s ∈ [Si]), and its optimal value
is bounded above (e.g. by maxs∈[Si]H

i(y, dis)).
Therefore, strong duality holds between prob-
lem (3) and its conic dual given as follows:

min αi + ǫiβi +

Si
∑

s=1

qisu
i
s (4a)

s.t. αi − vis ≥ H i(y, dis) s ∈ [Si] (4b)

βi + wi
s = 0 s ∈ [Si] (4c)

αi ∈ R, βi ∈ R+ (4d)

(uis, v
i
s, w

i
s) ∈ (Kexp)∗ s ∈ [Si]. (4e)

Here, αi, βi and (uis, v
i
s, w

i
s) are the dual variables

associated with the primal constraints (3b), (3c)
and (3d), respectively. Notice that problem (4) is
a dual exponential cone constrained program.

As the final step in the proof, we write the dual
of each inner maximization problem and obtain
the robust counterpart of problem (1) as prob-
lem (2). �

We will now discuss the consequences of Theo-
rem 1 under additional structural properties such
as convexity and conic representability.

Corollary 1. Consider the KL divergence con-
strained DRO problem (1) as described in Theo-
rem 1. In addition, let us assume that Y is a con-
vex set, h(y) and H i(y, ξi) are convex functions
in y, i ∈ [m]. Then, the robust counterpart (2) is
a convex program.

Corollary 2. Consider the KL divergence con-
strained DRO problem (1) as described in The-
orem 1. In addition, let us assume that Y is
a (mixed-integer) conic representable set, h(y)
and H i(y, ξi) are conic representable functions,
i ∈ [m]. Then, the robust counterpart (2) is a
dual exponential cone constrained (mixed-integer)
program.

As an application of Corollary 2, we will consider
the Newsvendor Problem in Section 4 and the
Uncapacitated Facility Location Problem in Sec-
tion 5. The common characteristic of these two
problems is that the set Y is a mixed-integer lin-
ear set, the function h is a linear function and the
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functions H i are the maxima of linear functions
(hence, they are polyhedrally representable).

3.3. Extension to joint discrete

probability distributions

We will now extend our analysis to the case of
joint discrete probability distributions with a fi-
nite support. Suppose that we have a vector of
random variables Ξ ∈ R

m with a joint probability
distribution q ∈ ri(∆S) estimated from the his-
torical data as

Pr(Ξ = D̃s) = qs s ∈ [S],

where {D̃s : s ∈ [S]} ⊆ R
m is the set of observed

realizations of Ξ.

Consider the ambiguity set

P(q, ǫ) := {p ∈ ∆S : DKL(p||q) ≤ ǫ},

where ǫ ∈ R+, and the following KL divergence
constrained DRO problem:

min
y∈Y

{

h(y) + max
p∈P(q,ǫ)

EΞ[H(y,Ξ)]
}

. (5)

Here, h is a real-valued function defined on R
n; H

is a real-valued function defined on R
n×R

m; and
Y is a subset of Rn. Then, we have the following
result:

Theorem 2. Consider the KL divergence con-
strained DRO problem (5) as described above, and
assume that ǫ > 0. Then, the robust counterpart
is given as follows:

min h(y) +

[

α+ ǫβ +

S
∑

s=1

qsus

]

s.t. α− vs ≥ H(y, D̃s) s ∈ [S]

β + ws = 0 s ∈ [S]

α ∈ R, β ∈ R+

(us, vs, ws) ∈ (Kexp )∗ s ∈ [S]

y ∈ Y.

We will omit the proof of Theorem 2 due to its
similarity to the proof of Theorem 1. We remark
that results similar to Corollaries 1 and 2 can be
also obtained in this case under the assumptions
of convexity and conic representability, respec-
tively.

4. Application to the Newsvendor

problem

In this section, we analyze a toy example, the KL
divergence constrained DR version of the single-
period, single-product Newsvendor Problem. In
this case, since there is only one random variable

ξ (that is, m = 1), representing the unknown de-
mand, we will omit the superscript i for conve-
nience.

4.1. Problem formulation

Consider the generic formulation (1) with the fol-
lowing specifications: We let y ∈ Y := Z+ be the
order quantity, and consider functions

h(y) := cy,

where c is the variable order cost, and

H(y, ξ) := cbmax{ξ − y, 0}+ chmax{y − ξ, 0},

where cb is the back-order penalty for unsatisfied
demand and ch is the inventory cost. Notice that
H(y, ξ) is a piecewise linear convex function in y
and can be rewritten as

H(y, ξ) = max{−cby + cbξ, chy − chξ}.

This observation will be useful to linearize con-
straint (2c).

By omitting i indices and simplifying the notation
of problem (2) by taking into account the special
structure of the newsvendor problem, we obtain
the following dual exponential cone constrained
MIP as its robust counterpart:

min cy +

[

α+ ǫβ +
S
∑

s=1

qsus

]

(6a)

s.t. α− vs ≥ −cby + cbds s ∈ [S] (6b)

α− vs ≥ chy − chds s ∈ [S] (6c)

β + ws = 0 s ∈ [S] (6d)

y ∈ Z+, α ∈ R, β ∈ R+ (6e)

(us, vs, ws) ∈ (Kexp)∗ s ∈ [S]. (6f)

4.2. Computations

4.2.1. Experimental setup

To compare the effect of robustness level of KL di-
vergence constrained DR version of the Newsven-
dor Problem, we propose Algorithm 1. Note that
setting ǫ = 0 in problem (6) reduces it to the sto-
chastic programming approach while larger values
of ǫ lead to more robustness (and conservative-
ness) in solutions.

Algorithm 1. Input: A probability distribution
D, the number of samples R, the set of ro-
bustness levels T .

1: Sample R random variates from D for train-
ing, and obtain the empirical distribution q
and the maximum KL divergence ǫ(q) as com-
puted in Proposition 3.

2: Solve problem (6) with ǫ := θǫ(q) for each
θ ∈ T to obtain a decision y∗(θ).
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3: Sample R random variates from D for test-
ing, and then compute the cost realizations for
each realization under the decision y∗(θ).

We implement Algorithm 1 in the Python pro-
gramming language and use MOSEK 9.2 [29] to
solve the dual exponential cone constrained MIP
problem (6).

4.2.2. Results

For this illustration, we choose the following cost
coefficients:

c = 1, cb = 2, ch = 1.

We will now specify the parameters of Algo-
rithm 1. Firstly, we experiment with three dif-
ferent discrete distributions:

• Discrete Uniform Distribution with
parameters 0 and 10, denoted as
Uniform(0, 10).

• Binomial Distribution with parameters 10
and 0.5, denoted as Binomial(10, 0.5).

• Poisson Distribution with parameter 5,
denoted as Poisson(5).

We sample R = 100 random variates separately
to obtain “training” and “test” datasets. Then,
we repeat the experiments for the following “ro-
bustness” levels:

T := {0.00, 0.05, 0.10, 0.15, 0.20, 0.25}.

The summary statistics of our experiments are
reported in Tables 1-3 for Uniform, Binomial and
Poisson distributions, respectively. In particular,
we report the average and standard deviation of
the cost realizations, abbreviated as “Avg.” and
“St. Dev.”, respectively. In addition, we compute
the average of the worst 10% of the realizations,
abbreviated as “Worst 10%”, to quantify the risk.

We observe that as the robustness level θ in-
creases, the optimal order quantity y∗ increases
(recall that θ = 0.00 corresponds to the stochas-
tic programming approach). Moreover, with in-
creasing θ, the average cost increases while the
standard deviation and the average of worst re-
alizations decrease for each distribution. This is
an expected behavior when robust optimization
is utilized. We note that Binomial distribution
is the least sensitive with respect to θ as the or-
der quantity (and performance measures) do not
change after θ ≥ 0.05. On the other hand, Uni-
form and Poisson distributions are more sensitive
with respect to this parameter.

We also repeat the experiments with even higher
values of θ and observe that only the results cor-
responding to the Poisson distribution changes,

which we attribute to its right-skewness. How-
ever, the order quantities in those cases are very
high, which result in overly conservative policies
and deteriorated performance measures.

Table 1. Summary results for
the Newsvendor Problem with
Uniform(0, 10) and R = 100.

θ y∗ Avg. St. Dev. Worst 10%
0.00 4 8.08 2.92 13.80
0.05 4 8.08 2.92 13.80
0.10 5 8.67 2.22 12.80
0.15 5 8.67 2.22 12.80
0.20 5 8.67 2.22 12.80
0.25 6 9.53 1.94 12.00

Table 2. Summary results for
the Newsvendor Problem with
Binomial(10, 0.5) and R = 100.

θ y∗ Avg. St. Dev. Worst 10%
0.00 4 6.76 2.38 11.40
0.05 5 7.02 1.67 10.40
0.10 5 7.02 1.67 10.40
0.15 5 7.02 1.67 10.40
0.20 5 7.02 1.67 10.40
0.25 5 7.02 1.67 10.40

Table 3. Summary results for
the Newsvendor Problem with
Poisson(5) and R = 100.

θ y∗ Avg. St. Dev. Worst 10%
0.00 4 7.59 3.04 13.60
0.05 5 7.73 2.40 12.60
0.10 5 7.73 2.40 12.60
0.15 5 7.73 2.40 12.60
0.20 6 8.44 1.86 12.00
0.25 6 8.44 1.86 12.00

In addition to the summary statistics, we also
provide the box plots of the cost realizations in
Figures 1-3 for Uniform, Binomial and Poisson
distributions, respectively. We observe that as
the robustness level θ increases, the median of
the cost realizations increases while the range
shrinks for each distribution. We also note that
the maximum and upper quartile values decrease
for θ ∈ [0.05, 0.15]. This is a desired property
since it implies that the risk of the stochastic pro-
gramming approach (θ = 0.00) can be lowered.
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Figure 1. Box plot of the results
for the Newsvendor Problem with
Uniform(0, 10) and R = 100.

Figure 2. Box plot of the results
for the Newsvendor Problem with
Binomial(10, 0.5) and R = 100.

Figure 3. Box plot of the results
for the Newsvendor Problem with
Poisson(5) and R = 100.

As a final comparison, we formulate the DR ver-
sion of the Newsvendor Problem assuming that
the first and second moments are known (in our
case, estimated from the training data) following
[39]. We observe that the optimal order quantity
y∗ obtained from this approach turns out to be
identical to the optimal order quantity obtained
from the stochastic programming approach in our
experimental setting.

5. Application to the uncapacitated

facility location Problem

In this section, we analyze the KL divergence con-
strained DR version of the Uncapacitated Facility
Location (UFL) Problem.

5.1. Deterministic version

We first remind the reader the deterministic ver-
sion of the well-known UFL Problem. Suppose
that we have m customers, each with demand di,
i ∈ [m]. The demand must be satisfied by open-
ing new facilities. There are n potential facilities,
each with a fixed cost of fj , j ∈ [n]. The unit
transportation cost between each customer i and
facility j is given as tij , i ∈ [m], j ∈ [n]. The
objective is to minimize the total fixed cost and
transportation cost.

The UFL Problem can be modeled as an integer
program by defining two sets of binary decision
variables. The first set of decision variables, de-
noted as yj , represent the status of each facility j,
and the second set of decision variables, denoted
as xij , represents the assignment of a customer i
to a facility j. The complete model is given as
follows:

min

n
∑

j=1

[

fjyj +

m
∑

i=1

ditijxij

]

(7a)

s.t.
n
∑

j=1

xij = 1 i ∈ [m] (7b)

xij ≤ yj i ∈ [m]; j ∈ [n] (7c)

xij ∈ {0, 1} i ∈ [m]; j ∈ [n] (7d)

yj ∈ {0, 1} i ∈ [m]; j ∈ [n]. (7e)

Here, constraint (7b) guarantees that each cus-
tomer is served by exactly one facility while con-
straint (7c) ensures that each customer is served
by an open facility.

We point out two useful observations about the
UFL Problem. Firstly, in any feasible solution to
problem (7), at least one facility must be opened.
Therefore, we must have

n
∑

j=1

yj ≥ 1. (8)

Secondly, given any optimal y∗ vector, the opti-
mal objective function value can be computed as

n
∑

j=1

fjy
∗
j +

m
∑

i=1

di min
j:y∗j=1

{tij}, (9)

since each customer can be served by the closest
open facility.
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5.2. Distributionally robust version

Now, suppose that we replace the deterministic
demand di with a random variable ξi having an
empirical distribution qi ∈ ri(∆Si), with realiza-
tions dis, s ∈ [Si]. Then, the DR version of the
UFL Problem can be modeled as an instance of
the generic model (1) with Y := {y ∈ {0, 1}n :
(8)} as follows: We choose functions

h(y) :=
n
∑

j=1

fjyj

and

H i(y, ξi) := ξi min
j:yj=1

{tij}, i = 1, . . . ,m,

due to (9). In the remainder of this subsection, we
will obtain the robust counterpart of the KL di-
vergence constrained DR UFL Problem as a dual
exponential cone constrained MIP by the help of
Lemma 1.

5.2.1. A lemma

The following lemma will be critical to linearize
constraint (2c).

Lemma 1. Let t ∈ R
n
+ be a given vector and

consider the function g(y) : {0, 1}n → R defined
as g(y) := min{tj : yj = 1}. Then, for any
y ∈ {0, 1}n satisfying (8), we have

g(y) = max
l=1,...,n

{

tl −
n
∑

j=1

yj max{tl − tj , 0}
}

. (10)

Proof. Let y ∈ {0, 1}n satisfying (8) be given.
We define the following nonempty sets T := {j :
yj = 1} and T ∗ := argmin{tj : j ∈ T}. Notice
that g(y) = tl for l ∈ T ∗. Also, let us define the
quantity

zl := tl −
n
∑

j=1

yj max{tl − tj , 0}, l ∈ [n],

for convenience. Notice that we have

yj max{tl−tj , 0} =










0 if j 6∈ T

0 if j ∈ T and til ≤ tij

til − tij if j ∈ T and til > tij

.

This observation helps us to rewrite zl as

zl = tl −
∑

j∈T :tl>tj

(tl − tj), l ∈ [n].

Now, we will look at the following cases to com-
pute or bound zl:

Case 1: Let l∗ ∈ T ∗. Then, we have zl∗ = tl∗ .

Case 2: Let l 6∈ T ∗, and choose any j∗ ∈ T ∗.
Then, we have

zl = tl − (tl − tj∗)−
∑

j∈T\{j∗}:til>tij

(tl − tj)

= tj∗ −
∑

j∈T\{j∗}:til>tij

(tl − tj)

≤ tj∗ .

This analysis indicates that

max
l∈[n]

{

tl −
n
∑

j=1

yj max{tl − tj , 0}
}

= max
l∈[n]

zl = tl∗ ,

where l∗ ∈ T ∗. Hence, we conclude that equa-
tion (10) holds true. �

An alternative proof of Lemma 1 can be obtained
via LP duality: First, one would write the prob-
lem min{tj : yj = 1} as an IP by introducing ad-
ditional binary variables xj . Secondly, this IP can
be relaxed as an LP due to the totally unimodular
structure. Then, the extreme points of the feasi-
ble region of the dual LP can be characterized,
enabling the dual LP to be solved in closed form
(see dual based arguments in [40, 41]).

5.2.2. The final formulation

Taking into account the special structure of the
UFL Problem and utilizing Lemma 1 by setting
g := H i for each i ∈ [m], we obtain the following
dual exponential cone constrained MIP:

min
n
∑

j=1

fjyj +
m
∑

i=1

[

αi + ǫiβi +

Si
∑

s=1

qisu
i
s

]

(11a)

s.t. αi − vis ≥ dis
(

til −
n
∑

j=1

yj max{til − tij , 0}
)

i ∈ [m]; s ∈ [Si]; l ∈ [n] (11b)

(2c)− (2e), (7e), (8).

5.3. Computations

5.3.1. Experimental setup

We utilize Algorithm 2 to compare the effect of ro-
bustness level to KL divergence constrained DR
version of the UFL Problem. This algorithm is
quite similar to Algorithm 1 used for the analysis
of the Newsvendor Problem.

Algorithm 2. Input: A probability distribution
D, the number of samples R, the set of ro-
bustness levels T .

1: Sample R random variates from D for each
customer i ∈ [m] for training, and obtain the
empirical distribution qi and the maximum
KL divergence ǫ(qi) for each i ∈ [m].



148 B. Kocuk / IJOCTA, Vol.11, No.2, pp.139-151 (2021)

2: Solve problem (11) with ǫi := θǫ(qi) for each
i ∈ [m] and θ ∈ T to obtain a decision vector
y∗(θ).

3: Sample R random variates from D for each
i ∈ [m] for testing, and then compute the cost
realizations for each realization under the de-
cision vector y∗(θ).

5.3.2. Results

For this illustration, we assume that there are 12
customers and three potential facilities located in
the unit interval. Their precise locations are given
as

{

2ω − 1

36
: ω ∈ [6]

}

∪

{

35− 2ω

36
: ω ∈ [6]

}

,

and
{

2Ω− 1

6
: Ω ∈ [3]

}

,

respectively, and are shown in Figure 4.

Figure 4. Locations of the cus-
tomers (circles) and potential facili-
ties (diamonds).

As evident from the figure, potential facilities
are located evenly across the unit interval and
there are two clusters of customers which are
also distributed evenly in their respective regions.
The fixed cost of opening facilities are given as
f1 = f3 = 10 for the two facilities in the middle of
these clusters (marked by a large diamond), and
f2 = 5 for the other facility (marked by a small
diamond). Finally, the unit transportation cost
between a facility-customer pair is assumed to be
equal to the their distance from each other.

We specify the parameters of Algorithm 2 regard-
ing the generation of random variates similar to
that of Algorithm 1 as described in Section 4.2.2.

The summary statistics of our experiments are
reported in Tables 4-6 for Uniform, Binomial and
Poisson distributions, respectively. We first ob-
serve that the optimal solutions and the perfor-
mance measures are similar for every distribution,
therefore, we will summarize our observations to-
gether. Due to the choice of parameters and the
locations of the facilities and customers as can be
seen from Figure 4, there is a fundamental trade-
off in this instance: We can i) either open a single
facility at the middle of the line segment with the
lower fixed cost and serve customers via longer
distances, or ii) open two facilities at the middle
of two customer clusters with higher fixed cost
and serve customers via shorter distances. In the

stochastic programming approach (θ = 0.00), the
first policy becomes optimal whereas in the DR
approach (θ ≥ 0.05), the second policy becomes
optimal. We note that considering the ambiguity
of the demand distributions increases the average
cost only slightly whereas both the standard de-
viation and the average of the worst 10% of the
realizations decrease significantly. We remind the
reader that the total fixed cost of the stochastic
programming approach is only 5 while the fixed
cost of the DR approach is 20. This also shows
that the corresponding transportation cost, which
is affected by the random uncertainty, is signifi-
cantly smaller in the DR approach.

Table 4. Summary results for the
UFL Problem with Uniform(0, 10)

and R = 100.

θ y∗ Avg. St. Dev. Worst 10%
0.00 0,1,0 23.11 3.47 29.19
0.05 1,0,1 24.52 0.92 26.10
0.10 1,0,1 24.52 0.92 26.10
0.15 1,0,1 24.52 0.92 26.10
0.20 1,0,1 24.52 0.92 26.10
0.25 1,0,1 24.52 0.92 26.10

Table 5. Summary results for the
UFL Problem with Binomial(10,

0.5) and R = 100.

θ y∗ Avg. St. Dev. Worst 10%
0.00 0,1,0 24.87 1.88 28.15
0.05 1,0,1 24.97 0.52 25.86
0.10 1,0,1 24.97 0.52 25.86
0.15 1,0,1 24.97 0.52 25.86
0.20 1,0,1 24.97 0.52 25.86
0.25 1,0,1 24.97 0.52 25.86

Table 6. Summary results for the
UFL Problem with Poisson(5) and
R = 100.

θ y∗ Avg. St. Dev. Worst 10%
0.00 0,1,0 24.96 2.67 29.89
0.05 1,0,1 24.99 0.74 26.34
0.10 1,0,1 24.99 0.74 26.34
0.15 1,0,1 24.99 0.74 26.34
0.20 1,0,1 24.99 0.74 26.34
0.25 1,0,1 24.99 0.74 26.34

In addition to the summary statistics, we also pro-
vide the box plots of the cost realizations in Fig-
ures 5-7 for Uniform, Binomial and Poisson dis-
tributions, respectively. We observe that the me-
dian of the cost realizations either stays the same
or increases slightly in the DR approach while
the range shrinks significantly compared to the
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stochastic programming approach for each distri-
bution. We also note that the maximum and up-
per quartile values decrease considerably with the
DR approach (especially for Binomial and Poisson
distributions).

Figure 5. Box plot of the results for
the UFL Problem with Uniform(0,

10) and R = 100.

Figure 6. Box plot of the results for
the UFL Problem with Binomial(10,

0.5) and R = 100.

Figure 7. Box plot of the results for
the UFL Problem with Poisson(5)

and R = 100.

6. Conclusion

In this paper, we analyzed the KL divergence con-
strained DRO problems and proposed their dual

exponential cone constrained reformulations uti-
lizing the exponential cone representability prop-
erty of KL divergence and Conic Duality. The
resulting robust counterpart can be solved by
a commercial conic programming solver directly.
We specialized our results to the Newsvendor
and UFL Problems by providing problem spe-
cific reformulations, and conducted a computa-
tional analysis comparing the performance of the
solutions obtained via DR approach and stochas-
tic programming from different aspects. We ob-
served that although the mean and median of the
cost realizations deteriorate slightly when the DR
approach is preferred; the range, standard devia-
tion and worst case values of the cost realizations
improve significantly compared to stochastic pro-
gramming approach.

Some future research directions seem promising.
Firstly, by utilizing the semidefinite programming
approximations of the matrix logarithm [42], we
can try to formulate and solve KL-divergence con-
strained DRO problems that involve multivariate
normal distributions. Secondly, we would like to
test the success of the proposed method on differ-
ent problems with real datasets. Lastly, we may
adapt our results to the decision-dependent set-
ting, which is a recent active research area in the
DRO literature [35, 36, 43].
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 The objective of this work is to investigate the process parameters which influence 

the fracture toughness of aluminum-silicon carbide particulate composite prepared 

using the stir casting technique. The Taguchi’s design of experiments is conducted 

to analyze the process parameters. Three parameters considered are composition 

of material, grain size and a/W ratio. From the Taguchi’s analysis, on compact 

tension specimens, aluminum 6061 reinforced with 9 wt% of the silicon carbide 

particles composite and a/W ratio of 0.45 are considered to be optimized 

parameters. Taguchi's technique result shows that the increment in the a/W ratio 

causes decrement in the load carrying capacity of the composite. Whereas the fine 

grain size of silicon carbide have better toughness values. From the ANOVA 

outcomes it is clear that the composition and a/W ratio of the geometry has more 

influence on the fracture toughness than the grain size of reinforcement.  
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1. Introduction 

A common expression for measurement of materials 

ability to resist the crack propagation is generally 

referred as fracture toughness. Estimation and 

examination of fracture toughness has been a serious 

problem being the growth for the fracture mechanics 

approach and their applications in engineering. The 

concept of fracture mechanics [1] consists of some of 

the significant parameters like stress intensity factor 

(K), energy release rate (G), the crack-tip opening 

displacement (CTOD) and the J integral. The resistance 

to the crack growth is known as fracture toughness 

which can be determined experimentally using many 

testing methods.  American society for testing and 

materials (ASTM) [2] proposed many standard testing 

methods to test the fracture toughness of the metallic 

materials in E399-17. As per ASTM many standard 

specimens [3] were utilized for KIc testing such as 

compact tension (CT) specimen, single edge notch 

bend (SENB) specimens etc.  

These specimens, now a days, widely used to test the 

metallic composites such as metal matrix composites 

(MMCs). These composites have been utilized when it 

required in the application of weight reduction, wear 

and corrosion resistance and thermal management. 

Aluminum as a matrix and silicon carbide, alumina etc 

as reinforcements are widely used, present day, metal 

matrix composites [4]. The properties of the particulate 

type metal matrix composites were influenced by the 

many factors like particle size, weight/volume fraction, 

inter particle spacing etc.  

To prepare these metal matrix composites, among 

many methods, stir casting technique is widely utilized. 

Literature shows that the Al-SiC [5], Al-graphite [6,7] 

and also aluminum based hybrid [8-10] composites 

were prepared from the stir casting technique. 

Mechanical properties of the particulate reinforced with 

aluminum for varying weight/mass fractions has been 

carried out using Universal Testing Machine [5,6] 

(UTM). Fracture toughness [5], Indentation Fracture 

Toughness [11,12] tensile fracture behaviour on 

circumferential notched tensile (CNT) specimens [5, 

13] and Compact Tension (CT) test [14] specimen and 

single edge notch bend (SENB) specimen [15] of 

aluminum alloy with different reinforcements were 

studied by different researchers. 

Also the effect of reinforcement addition on the base 

metal [16], effect of specimen thickness [17], aging 

[18] and fatigue crack growth behavior [19] on the 

fracture toughness using CT specimens has been 

http://www.ams.org/msc/msc2010.html


Taguchi’s method of optimization of fracture toughness parameters of Al-SiCp composite              153 

examined. The different fracture toughness testing 

methods were compared [20] and found that the results 

obtained from all the testing techniques agree with each 

other. The researchers also conducted different tensile 

[21], fracture toughness [5,22,23] investigation using 

CT specimens on aluminum silicon carbide 

composites.  

Literature review reveals that the mechanical 

characterization of the aluminum silicon carbide has 

been studied extensively. In this background, there is a 

scope for the study of aluminum-silicon carbide 

particulate composite in the area of fracture mechanics. 

Through this investigation, an attempt has been made 

to investigate impact of process parameters on the 

fracture toughness of the aluminum-silicon carbide 

particulate (Al-SiCp) composite. The Taguchi’s design 

of experiments and ANOVA are intended to use to 

analyze the process parameters such as composition of 

the material, a/W ratio of the geometry and the grain 

size of the reinforcement.  

2. Materials and processing 

In the present work aluminum 6061 is used as a matrix 

and silicon carbide particles are used as reinforcement. 

A precipitation-hardened aluminium (Al6061) alloy 

has its main alloying elements as magnesium (0.81 

wt%) and silicon (0.70 wt%). Some general 

chrestersitcs of Al6061 are mentioned in the Table 1. 

Table 1. General charecterstics of Al6061 

Sl no Charecterstics Value 

1 Hardness 95 BHN 

2 Yield Strength 275MPa 

3 Elastic modulus 68.9GPa 

4 Tensile Stength 315MPa 

5 Elongation 17% 

6 Density 2.65g/cc 

7 Melting Temp 650oC 

 

Silicon carbide (SiC), a form of carborundum, is a 

ceramic material. It is a combination of silicon and 

carbon. SiC is one of exceptional abrasive materials 

used to manufacture abrasive wheels. Now a days the 

SiC available is of high quality technical grade ceramic 

with excellent physical properties. Density = 3.1g/cc, 

melting point – 2730°C, Appearance –Black in color, 

Hardness = 45.8 GPa [21] were some of the key 

properties of silicon carbide. 

The aluminum silicon carbide particulate (Al-SiCp) 

composites demonstrate isotropic properties [5] as well 

as exceptional combination of structural and physical 

properties. The particle size of the silicon carbide, 

among many factors, is the most significant variable 

considered which will influence the microstructure of 

the composite. The particle sizes of silicon carbide 

utilized in this work are 44 µm, 75 µm and 150 µm. 

Stir casting method [6-20] is used to cast the Al-SiCp 

MMCs at 6, 9 and 12% weight fractions of SiC. The 

aluminum super heated above its melting point 

(i.e.720°C) and predetermined quantity of 

reinforcement particles and degassifiers are added 

while stirring at speed of 500 rpm [6-10, 24]. The 

molten Al-SiC is poured to the graphite mold and it is 

allows for solidification. The block took from the mold 

were machined to the required size of the specimen. 

3. Design of experimentation  

Taguchi strategy of optimization is one of the best 

strategies in view of its straightforwardness to do the 

design of experiments [24]. The objective of the design 

of experiments is to determine the significant factors 

which influence the fracture toughness to optimize the 

process parameters from which can increase the 

toughness, minimise the crack initiation and 

propagation. The procedure given in the Taguchi’s 

design of experiments is to examine the various 

parameters and their effect on the mean and variance. 

From the results of the Taguchi’s design of 

experiments, ANOVA (analysis of variance) [25] has 

been carried out, to optimize the performance behavior, 

and to choose the new process parameter. 

In the current work, optimizing the parameters of the 

fracture toughness tests is done utilizing the Taguchi’s 

technique. Three factors and three levels for each are 

considered to analyze their performance behaviour. 

Factors considered are composition of material, grain 

size of reinforcement and a/W ratio. Levels considered 

are composition of materials considered are 6, 9 and 12 

wt% of SiC reinforcement,  grain size of reinforcement 

considered are 44µm, 75µm and 150µm and a/W ratio 

= 0.45, 0.47 and 0.50, and. The Taguchi’s L9 

orthogonal array has been given in Table 1.  

4. Experimentation  

The CT specimen’s geometry used, as given in the 

Figure 1, is as per the standard testing procedures for 

fracture toughness of metallic materials as prescribed 

by the ASTM. Fracture toughness testing for Al-SiCp is 

conducted using the standard universal testing machine 

(UTM) as per the available testing procedure. Some of 

the standard specifications are mentioned in the Table 

2. 

The servo-hydraulic testing machine is used to carry 

out, in the room temperature, the fracture toughness 

experiments. The crack length developed, for a/W 

ratios varied from 0.45 to 0.50, is measured using visual 

method. By this way the specimens are fatigue pre-

cracked under the mode 1 (tensile) loading. Below 

equation (Eq.1) [3] is utilized to determine the fracture 

toughness of Al-SiCp composites using the load at 

fracture (Pf). The plot of load applied versus crack 

opening displacement gives the type III curve [2,3,14]. 

Hence the load at fracture, for type III curve, is itself is 

critical load (PQ). 
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Table 2. Standard specifications of UTM 

Sl no Charecterstics Value 

1 Capacity, Ton 20 

2 Test Speed, mm/min 0.01 to 500  

3 Test Temperature oC Room Temp 

4 Display Digital 

5 Testing Standard ASTM E83 

6 Accuracy 0.5m 

7 Transmission Hydraulic 

8  Loading frequency 5 Hz 

 Calibration standard  

9 Crosshead speed ASTM E2658  

10 Crosshead displacement ASTM E2309 

11 Strain and load rate  ASTM E2309 

12 Measurement of tension ASTM E4 

 

 

 

 

Figure 1. CT Specimen with geometry  
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5. Results and discussions 

5.1. Experimental results  

In the Table 3, the results of the fracture toughness 

testing as per the Taguchi’s design of experiments 

(DOE) are listed. From the results, it might be 

uncovered that with an addition in substance of the SiC 

in Al-SiC composite the increment in the value of 

fracture toughness. The improvement in the fracture 

toughness is a direct result of the impact of the 

additional SiC particulates which goes about as an 

inward blockade to the internal microstructural cracks. 

The values in the Table 3 shows, the decrement in the 

fracture toughness with the increase in the a/W ratio.  

Table 3. Taguchi’s DOE and fracture toughness of Al-SiCp 

composite 

Sl 

no 

Composition 

% of SiCp 

a/W 

ratio 

Grain 

Size 

m 

Load at 

Fracture 

(PQ) kN 

Fracture 

Toughness 

MPam 

1 6 0.45 44 2.260 9.42 

2 6 0.47 75 2.013 8.89 

3 6 0.50 150 1.786 8.62 

4 9 0.45 75 2.367 9.87 

5 9 0.47 150 2.114 9.33 

6 9 0.50 44 1.839 8.87 

7 12 0.45 150 2.148 8.96 

8 12 0.47 44 2.084 9.20 

9 12 0.50 75 1.725 8.32 

  

From the Table 3 it is seen that as a/W proportion 

increases there is a decrement in the value of the 

fracture toughness. Also it is observed that the 

increment in the fracture toughness for the fine sized 

grains of the silicon carbide reinforcement. Taguchi’s 

design has been used to analyze the two input functions 

viz., values of the experimental fracture toughness and 

the load carrying capacity which were the major input 

functions. The results of the examination are appeared 

in Figure 2(a) and (b). 

Taguchi's technique result shows that the increment in 

the a/W proportion causes decrement in composite’s 

load carrying capacity. As the addition in the SiC 

reinforcement in Al6061 matrix the load carrying 

capacity increases up to 9 wt% of SiC and reduces for 

12 wt% of SiC. Also from Figure 2(a) it is also apparent 

that as the grain size of the SiC increases, load carrying 

capacity decreases. It is obvious that the bigger particle 

size of reinforcement causes weak bonding between the 

matrix and reinforcement hence reduces its load 

carrying capacity.  

Figure 2(b) shows the performance of Al-SiCp 

composite for different process parameters. For the 

increment in the parameter a/W ratio, there is the 

reduction in fracture toughness of material. The 

increment in a/W ratio is nothing but the increase of 

crack length for the given width, which causes the 

decrease of load carrying capacity, hence reduces the 

fracture toughness. The fine grain size of the 

reinforcement enhances the matrix and reinforcement 

bonding and acts as the barrier to the crack initiation 

and propagation which in turn increases the fracture 

toughness. 
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Figure 2(a). Taguchi’s design results for load carrying 

capacity 

 

 

Figure 2(b). Taguchi’s design results for fracture toughness 

 

In view of fracture toughness and load carrying 

capacity the optimized composition is considered as 

Al6061-9 wt% of SiC, a/W ratio = 0.45 and finer grain 

size of reinforcement.  

5.2. ANOVA (analysis of varience) 

Statistical tool utilized to examine the level of 

individual contribution of the process parameter on the 

responses is ANOVA. Example: the toughness and load 

carrying capacity and moreover it gives exact plan of 

the process parameters. Using ANOVA technique one 

can analyze and optimize the individual process 

parameters and their influence on the process.  The 

results of the analysis of the parameters toughness and 

load carrying capacity are displayed in the Table 4 (a) 

and (b).  

Table 4(a). Analysis of variance for Load carrying capacity 

Source DF Seq.SS Adj.MS P.Value 

% 

contri 

bution 

Composition 2 0.0234 0.011 0.288 6.16 

a/W ratio 2 0.3433 0.171 0.027 90.54 

Grain Size 2 0.0031 0.001 0.755 0.81 

Error 2 0.0094 0.004    2.49 

Total 8 0.3792        

 

Table 4(b). Analysis of variance for Fracture Toughness 

Source DF Seq.SS Adj.MS P.Value 

% 

contri 

bution 

Composition 2 0.447 0.223 0.264 26.43 

a/W ratio 2 1.026 0.513 0.136 60.57 

Grain Size 2 0.059 0.029 0.731 3.50 

Error 2 0.160 0.080  9.50 

Total 8 1.694    

 

From the Table 4(a-b), the it is observed that the 

P_value for the a/W ratio is 0.027 which is less than the 

0.05. Thus the parameter a/W ratio is considered to be 

statistically significant. It is also true that, as the a/W 

ratio increases, crack length (a) increases, thus the load 

carrying capacity of the material decreases. However, 

for the fracture toughness, the P_value is slightly higher 

for the a/W ratio, still affect more on the fracture 

behaviour of the material.  

From the Table 4(a), it is observed that the crack length 

to width (a/W) ratio majorly effect the load carrying 

capacity by 90.54% whereas grain size and 

composition of SiC have a little impact. It is obvious 

that as crack length (a) increases load carrying capacity 

decreases.  

Also, factors influencing fracture toughness is a/W 

ratio (60.57%) followed by the composition (26.43%) 

whereas the grain size of the reinforcement has the least 

influence on the fracture toughness. This might be due 

to the use of fine grained reinforcement. The bigger size 

of the particles (i.e. >150µm) may gives comparably 

lesser fracture toughness values.  

6. Conclusion 

From the outcomes of the study, the following 

conclusions are made: The improvement in the fracture 

toughness is a direct result of the impact of the addition 

of fine sized SiC particulates which goes about as an 

inward blockade to the internal microstructural cracks 

[16]. Taguchi's technique result shows that the 

increment in the a/W ratio causes decrement in the 

composite’s load carrying capacity [20,24]. It is 

obvious that the bigger particle size of reinforcement 

causes weak bonding between matrix and 

reinforcement hence reduces the load carrying capacity 

which in turn decreases fracture toughness of the 

material. The ANOVA analysis reveals that the a/W 

ratio [25] followed by the material composition will 

influence more on the fracture toughness than grain size 

of the SiC. 
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 Optimization for all disciplines is very important and applicable. Optimization has 

played a key role in practical engineering problems. A novel hybrid meta-heuristic 

optimization algorithm that is based on Differential Evolution (DE), Gradient 

Evolution (GE) and Jumping Technique named Differential Gradient Evolution 

Plus (DGE+) are presented in this paper. The proposed algorithm hybridizes the 

above-mentioned algorithms with the help of an improvised dynamic probability 

distribution, additionally provides a new shake off method to avoid premature 

convergence towards local minima. To evaluate the efficiency, robustness, and 

reliability of DGE+ it has been applied on seven benchmark constraint problems, 

the results of comparison revealed that the proposed algorithm can provide very 

compact, competitive and promising performance. 

 

 

Keywords: 
Meta-heuristic algorithms  

Hybridization 

Differential evolution 

Gradient evolution 

Constraint optimization problems 

 

AMS Classification 2010:  
90C15, 90C26, 90C30, 90C59, 90C90 

 

 
1. Introduction 

Optimization is the best fit solution for all possible 

solutions to a given problem. Many modern optimization 

approaches fail to solve complex problems. Several 

researchers then started proposing new approaches to 

solve complex optimization problems in reasonable time 

and cost. There are two groups for optimizing methods: 

deterministic algorithms and stochastic algorithms [2]. If 

the same initial values are used, Deterministic methods 

may obtain the same results. Such algorithms have good 

efficacy for certain problems, but for all forms of 

optimization problems, it is difficult to generalize them 

[3]. One disadvantage of these search algorithms, they 

can simply be trapped in the local optimum [4]. For their 

strategies, stochastic algorithms usually use some 

randomness and avoid striking at a local optimum. 

Although they can have high-quality solutions in a 

reasonable amount of time for hard optimization 

problems, they do not ensure that the best solution will be 

found always. 

The complexity of real-world problems has risen over the 

last few decades. To resolve these problems, a new meta-

heuristic technique needs to be developed that is used to 

achieve optimal solutions with a low computational cost. 

Meta-heuristics are broadly divided into three categories: 

algorithms based on evolution theory, physical 

phenomena and swarm intelligence. A population-based 

meta-heuristic, inspired by the biological evolution based 

on mutation, reproduction, selection, and recombination. 
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Algorithms derived from physical phenomena are the 

second category. In these algorithms, search agents will 

move around the search space according to the rules of 

gravity, inertia, and electromagnetism.  The final class is 

swarming intelligence algorithms that are based on social 

creatures' collective behavior. There are also other meta-

heuristic approaches influenced by human behavior. 

Modern meta-heuristic algorithms having two main 

components, exploration and exploitation [5, 6]. 

Exploration makes sure the algorithm hits various 

promising search space regions while exploitation 

concentrating on the local area's search [7]. To achieve 

optimal solutions, both components must be optimized. 

Schematic view of the classification of the meta-heuristic 

algorithms is as follows: 

Evolutionary Algorithms: Biogeography Based 

Optimizer [8], Differential Evolution [9], Evolution 

Strategy [10], Genetic Algorithms [11], Genetic 

Programming [12]. 

Physics-Based Algorithms: Artificial Chemical Reaction 

Optimization Algorithm [13], Big-Bang Big Crunch [14], 

Gravitational Search Algorithm [15], Ray Optimization 

Algorithm [16], Simulated Annealing [17], Small-World 

Optimization Algorithm [18], Nonlinear Optimization 

Algorithm [19,20], Constrained Optimization Problem 

[21], Fractional Gradient Based Algorithm [22], 

Optimization Problems Based on Hyperbolic Penalty 

Dynamic Framework [23], Jaya Optimization Algorithm 

[24,25], Feedback Controller Algorithm [26]. 

Swarm-Based Algorithms: Ant Colony Optimization 

[27], Bat-Inspired Algorithm [28], Bee Collecting Pollen 

Algorithm [29], Cuckoo Search [30], Particle Swarm 

Optimization [31]. 

Human Behaviors-Based Algorithms: Colliding Bodies 

Optimization [32], Mine Blast Algorithm [33], Seeker 

Optimization Algorithm [34], Soccer League 

Competition Algorithm [35], Social-Based Algorithm 

[36]. 

Differential Evolution (DE) is one of Price and Storn's 

most suitable and commonly used evolutionary 

algorithms [9]. Several methodologies were suggested 

and used to solve the various optimization problems in 

literature with the classic DE algorithm, such as Adaptive 

Chaotic DE [37], Adaptive Hybrid DE [38], DE with Ant 

Colony Optimization [39], DE with Firefly Algorithm 

[40], Modified Teaching–Learning Algorithm [41], 

Hybrid differential evolution with biogeography-based 

optimization [42]. 

The system for gradient evolution uses a series of vectors 

and consists of three main steps: updating, jumping and 

refreshing the search space. The major rule for gradient 

evolution is vector updating. Using the Newton–Raphson 

method search direction has been determined. The 

jumping and refreshing vector system allows local optima 

to be avoided [43]. This concept is based on gradient-

based methods of search, such as the newton method, the 

conjugate direction and the Quasi-Newton method [44].  

This paper introduces a new metaheuristic algorithm to 

optimize unconstrained and chemical design problems. 

The main characteristic of this paper are as follows: 1) A 

novel hybrid meta-heuristic optimization algorithm based 

on local and global search. This algorithm is the best 

combination of exploration and exploitation. 2) The 

proposed hybridized algorithm works with the help of an 

improvised dynamic probability distribution. 3) 

Additionally, it provides a novel shake off method to 

avoid premature convergence towards local minima. 4) It 

has been applied on several benchmark unconstraint 

problems and four complex practical engineering 

problems to evaluate the efficiency of proposed 

algorithm. The remaining of this paper is organized as 

follows: in section 2, the comprehensive detail of 

Differential Evolution and Gradient Evolution. In section 

3, the proposed DGE+ and the concepts behind it are 

introduced in details. In section 4, the performance of the 

proposed optimizer is validated on different constrained 

optimization problems. Finally, conclusions and future 

directions are given in section 5. 

2. Conventional algorithms 

2.1. Differential evolution algorithm 

Differential evolution is a relatively efficient meta-

heuristic technique designed to optimize existing 

problems. Through applying mutation, crossover and 

selection operators, the population is successively 

improved over generations to achieve an optimal solution 

[45, 46]. The comprehensive detail of DE is present in [9, 

47] and the main steps of the DE algorithm are given 

below in the form of a self-explanatory flow diagram 

shown in Figure 1. 

2.2. Gradient evolution algorithm 

Gradient evolution (GE) is an optimization algorithm 

based on the concept of gradients. The vector updating 

operator was driven from the Tylor series expansion and 

transforms the updating law for population-based search. 

The vector jumping operator prevents local optima and 

the vector refreshing operator is implemented in multiple 

iterations when a vector cannot move to a different 

location. The detail of this idea and the mathematical 

formulation of the GE algorithm is in [43, 48] the main 

steps of the GE algorithm are given below in the form of 

the self-explanatory flow diagram shown in Figure 2. 

 

 

 

 



 

 

 

 
160                                          Tabassum et al. / IJOCTA, Vol.11, No.2, pp.158-177 (2021) 

 

 

 
Figure 1. Flowchart for differential evolution 

 

3. Differential gradient evolution plus 

Differential Evolution is a powerful search technique to 

solve optimization problems with non-discreet variables. 

Differential Evolution is known for its excellent coverage 

of global search space and its tendency to find optimum 

solutions in higher dimensional optimization problems. 

On the other hand Gradient Evolution (GE) is a well-

known technique that converges towards local minima by 

the use of instantaneous gradient information. In this way, 

GE is an effective method to explore local search space. 

The proposed algorithm hybridizes the above-mentioned 

algorithms with the help of an improvised dynamic 

probability distribution. The proposed algorithm 

additionally provides a new shake off' method to avoid 

premature convergence towards local minima. In this 

proposed method, the best solution of the last generation 

is maintained as a solution vector 𝑌, this vector 𝑌 is used 

in the differential algorithm to generate new solutions. 

The proposed algorithm constantly monitors the best 

solution produced in each completed generation and if no 

significant improvement against best solution 𝑌 of 

previous generations is observed over a specified number 

of generations then a shake-off sequence is initiated 

which slightly changes the position of 𝑌 in solution space. 

In this way, the search direction of all individual members 

of the population is changed which results in an increased 

probability of escaping local minima and finding the 

optimum solution. During the search, best solution found 

in any iteration is preserved and reported after the search. 

Combination of these three above mentioned techniques 

resulted in a novel algorithm, named DGE+ (𝐷𝐸 =
𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝐸𝑣𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝐺𝐸 = 𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝐸𝑣𝑜𝑙𝑢𝑡𝑖𝑜𝑛  

and + =  𝐽𝑢𝑚𝑝𝑖𝑛𝑔 𝑇𝑒𝑐ℎ𝑛𝑖𝑞𝑢𝑒), to solve unconstrained 

and constrained problems of any size and complexity. 

Each solution is represented with the symbol 𝑋𝑖
𝑡 , where 

𝑡 = 1, 2, 3, . . . , 𝐺𝑁 and 𝑖 = 1, 2, 3, . . . , 𝑃𝑠 denotes 

generation and iteration respectively. Here 𝐺𝑁 and 𝑃𝑠 are 

user parameters which specify the total number of 

generation to be run and population size respectively.  

𝑋𝑖
𝑡 = 𝑥𝑚, where 𝑚 = 1, 2, 3, . . . , 𝐷.            (1) 

In the above equation, 𝑥 represents values of variables 

and 𝐷 is the dimensions of search space and it is equal to 

the numbers of independent variables of the problem to 

Set values of the  𝐷𝐸 control parameters 

Start 

No 

Generate the initial random population for 𝐷𝐸 

Evaluate the fitness the initial population 

Yes 

Move the population typical mutation operator  

Apply the crossover operator  

Swap the positions of that previous best and new best 

Is there a new population which has 
less cost than that of 𝑥𝑏𝑒𝑠𝑡? 

Stop condition satisfied 

Yes 

Select the best vector  

Stop 

No 

 𝑁𝑃, 𝐷, 𝐹 (= 𝑟𝑎𝑛𝑑(0,1)), 𝐶𝑟, 𝐼𝑡𝑒𝑟𝑚𝑎𝑥 

  𝑥𝑗,𝑖,0 = 𝑥𝑗,𝑚𝑖𝑛 + 𝑟𝑎𝑛𝑑𝑖,𝑗[0, 1] ∙ ൫𝑥𝑗,𝑚𝑎𝑥 − 𝑥𝑗,𝑚𝑖𝑛൯ 

 𝑉ሬሬሬԦ𝑖,𝐺 = 𝑋Ԧ𝑟1𝑖 ,𝐺 + 𝐹 ቀ𝑋
Ԧ
𝑟2
𝑖 ,𝐺 −𝑋Ԧ𝑟3𝑖 ,𝐺ቁ 

 𝑓൫ 𝑥𝑗,𝑖,0൯ 

 𝑢𝑗,𝑖,𝐺 = ቊ
𝑣𝑗,𝑖,𝐺            𝑖𝑓൫𝑟𝑎𝑛𝑑𝑖,𝑗[0, 1] ≤ 𝐶𝑟൯

𝑥𝑗,𝑖,𝐺             𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                      
 

 𝑋Ԧ𝑖,𝐺+1 = ቊ
𝑈ሬሬԦ𝑖,𝐺                𝑖𝑓     𝑓൫𝑈ሬሬԦ𝑖,𝐺 ൯ ≤ 𝑓൫𝑋Ԧ𝑖,𝐺൯

𝑋Ԧ𝑖,𝐺            𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒               
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be solved. The proposed algorithm starts with the 

initialization of the population with random values of 

independent variables. Each solution vector is initialized 

randomly by using the following formula;  

𝑋 = {𝐿𝐵 + 𝑟𝑎𝑛𝑑𝑜𝑚(0⋯1)  ×  (𝑈𝐵 —  𝐿𝐵)},        (2) 

where 𝐿𝐵 and 𝑈𝐵 are lower and upper bounds of the 

particular variable in specified problem and 𝑟𝑎𝑛𝑑𝑜𝑚 

number is generated between 0 and 1. This formula 

ensures uniform distribution of initial values of variables 

within upper and lower bounds which results in no need 

for any repair strategy.  

 

 

 

 

 
Figure 2. Flowchart for gradient evolution 

 

After initialization, the complete population is evaluated 

for objective and constraints functions. At this stage, a 

solution vector 𝑌 is selected which is currently the best 

solution of this initial population. This initial population 

is then fed to the main body of the search loops. The new 

solutions are built using 𝐷𝐸 or 𝐺𝐸, the selection of the 

algorithm to be used is dependent upon the following 

formula given in Eq. (3).  In the following equation 𝑈𝑖
𝑡  

the new solution generated by the application of 𝐷𝐸 or 

𝐺𝐸 at 𝑖𝑡ℎ iteration of 𝑡𝑡ℎ generation. 

𝑈𝑖
𝑡 = {

𝐷𝐸൫ 𝑃𝑡 ൯, 𝑖𝑓 𝑟𝑎𝑛𝑑𝑜𝑚 (0⋯1) >
𝑆𝑃

𝐺𝑁
× 𝑡

𝐺𝐸൫ 𝑃𝑡 ൯,                                    𝑒𝑙𝑠𝑒            
  (3) 

Algorithm selection probability of user parameter is 

represented by 𝑆𝑃. If differential evolution is to be used 

for the generation of new solutions then the following 

formula is used:  

𝑈𝑖
𝑡 = 𝐷𝐸൫ 𝑃𝑡 ൯ = 𝑌 + 𝑆𝐹൫𝑋𝑟1 − 𝑋𝑟2൯

 

+𝑆𝐹൫𝑋𝑟3 − 𝑋𝑟4൯,
     (4) 

where 𝑆𝐹  is scaling factor and  𝑟1, 𝑟2, 𝑟3 & 𝑟4 are random 

integer numbers and their values range between 1 to 𝑃𝑠, 

No 

Yes 

Set values of the GE parameters 

Start 

Generate the initial population for 𝐺𝐸 

Vector updating 

Yes 

Calculate 𝑓(𝑈𝑖
𝑡) 

Stop condition satisfied 

Stop 

No 

  𝑇, 𝑁, 𝛾, 𝐽𝑟, 𝑆𝑟, 𝜀 

Yes 

 𝑋𝑖
𝑡 = ൛𝑥𝑖𝑗

𝑡 |𝑖 = 1,2,⋯ ,𝑁; 𝑗 = 1,2,⋯ , 𝐷ൟ 

  𝑢𝑖𝑗
𝑡 = −𝑢𝑖𝑗

𝑡 + 𝑟𝑚 ∙ ൫𝑢𝑖𝑗
𝑡 − 𝑥𝑖𝑗

𝑡 ൯ 

 𝑢𝑖𝑗
𝑡 = 𝑥𝑖𝑗

𝑡 − ቆ𝑟𝑔 ∙
∆𝑥𝑖𝑗

𝑡

2
ቇ ∙ ቆ

𝑥𝑖𝑗
𝑊 − 𝑥𝑖𝑗

𝐵

𝑥𝑖𝑗
𝑊 − 𝑥𝑖𝑗

𝑡 + 𝑥𝑖𝑗
𝐵ቇ + 𝑟𝑎 ∙ ൫𝑗𝑗 − 𝑥𝑖𝑗

𝑡 ൯ 

No 

𝑟𝑗 ≤ 𝐽𝑟 

𝑈𝑖
𝑡 = 𝑉𝑒𝑐𝑡𝑜𝑟 𝑗𝑢𝑚𝑝𝑖𝑛𝑔  

𝑓(𝑈𝑖
𝑡) ≤ 𝑓(𝑋𝑖

𝑡−1) 

𝑋𝑖
𝑡 = 𝑋𝑖

𝑡−1 

Yes 

𝑋𝑖
𝑡 = 𝑈𝑖

𝑡  

No 

𝑖 = 𝑖 + 1 𝑉𝑒𝑐𝑡𝑜𝑟 𝑟𝑒𝑓𝑟𝑒𝑠ℎ𝑖𝑛𝑔 

𝑠𝑖 = 𝑆𝑟   

 𝑠𝑖 = 𝑠𝑖 − 𝜀 ∙ 𝑠𝑖 
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such that 𝑟1 ≠ 𝑟2 ≠ 𝑟3 ≠ 𝑟4. In case when a new solution 

is to be generated by the use of gradient evolution 

following formula is used:  

𝛿𝑥 =
𝛾+| 𝑋𝑖

𝑡 − 𝑋𝑖−1
𝑡 |

2
    (5) 

𝑏 = 𝑋𝑖
𝑡 − 𝛿𝑥     (6) 

𝑤 = 𝑋𝑖
𝑡 + 𝛿𝑥     (7) 

𝑈𝑖
𝑡 =

{
  
 

  
 𝑋𝑖

𝑡 −
(𝑟𝑎𝑛𝑑×𝛿𝑥)

2
(

𝑋𝑖+1
𝑡 −𝑏

𝑋𝑖+1
𝑡 − 𝑋𝑖

𝑡 +𝑏
) ,       𝑖𝑓 𝑖 = 1

𝑋𝑖
𝑡 −

(𝑟𝑎𝑛𝑑×𝛿𝑥)

2
(

𝑤− 𝑋𝑖−1
𝑡

𝑤− 𝑋𝑖
𝑡 + 𝑋𝑖−1

𝑡 ) ,       𝑖𝑓 𝑖 =  𝑃𝑆

𝑋𝑖
𝑡 −

(𝑟𝑎𝑛𝑑×𝛿𝑥)

2
(

𝑋𝑖+1
𝑡 − 𝑋𝑖−1

𝑡

𝑋𝑖+1
𝑡 − 𝑋𝑖

𝑡 + 𝑋𝑖−1
𝑡 ) , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (8) 

In the above expressions, gamma 𝛾 is a gradient evolution 

user parameter. The newly generated solution 𝑈𝑖
𝑡  is 

compared with the available solution at 𝑖𝑡ℎ location of the 

current population, if this solution is found better then this 

solution is inserted into the population at 𝑖𝑡ℎ  location. 

Additionally, this algorithm allows acceptance of 

solutions with poorer performance into the main 

population to maintain diversity. This insertion 

probability of poorer solution is depended on a user 

control parameter 𝐴𝑅. A random number is generated 

between 0 and 1 if this number is less than  𝐴𝑅 then the 

poorer solution is accepted in the main population.  

To maintain diversity in population, fresh vectors are 

regularly inserted into the main population. The rate of 

insertion of a new random vector in population is 

dependent upon a parameter 𝑅𝑅. After scanning all the 

members of the population, existing solution vector 𝑌 is 

compared with the best solution of the current population, 

if this new best solution is better than 𝑌 then this new 

solution is selected as 𝑌 and a variable which track 

changes in 𝑌 is reset to 0. For every failed attempt to 

update 𝑌, this variable is incremented by 1 and if its count 

becomes equal to user control parameter 𝑆𝑇 then the value 

of current 𝑌 is shaken off randomly as per following 

equations; 

𝑑 = 𝑀𝑖𝑛൫| 𝑋𝑖
𝑡 − 𝑈𝐵|, | 𝑋𝑖

𝑡 − 𝐿𝐵|൯,  (9) 

𝑌 = 𝑌 + 𝑑 × 𝑟𝑎𝑛𝑑(−1⋯+ 1) ×
𝐺𝑁−𝑡

𝐺𝑁
.              (10) 

The above-mentioned cycles are repeated continuously 

for all generations and in the end, the best solution, which 

is preserved during the whole search, is reported as the 

solution to the given optimization problem.  

3.1. Parameter selection 

A wrong selection of algorithm parameters may result in 

a higher tendency to diverge, pre-mature convergence to 

a local minimum value, or undesired solutions. Therefore, 

the following considerations should be taken into account 

to fine-tune the algorithm parameters.  

3.1.1. Population size 𝐏𝐬  

Optimization problems of low to medium complexity 

may require a population size of 30 to 50 individual 

solutions which are sufficient enough to solve the 

problem optimally. For the problem with a higher number 

of dimensions more individual members may be required 

to maintain diversity and room to explore global solution 

space. But on the other hand, larger population size 

results in higher computation time and increased number 

function evaluations. The benchmark problem set, 

selected for this study, of constrained and unconstrained 

problems contain optimization problems from low to high 

complexity. The experiments on the proposed algorithm 

show that 𝑃𝑠 = 50 is sufficient enough to solve the entire 

problem set with excellent solution quality and in 

reasonable computational time. 

3.1.2. Number of generations 𝐆𝐍  

The number of generations required to solve a problem 

optimally is directly proportional to the number of 

independent variables of the optimization problem. A 

lower value of the 𝐺𝑁 produces non-optimal solutions and 

an unrealistically high value of 𝐺𝑁 results in unnecessary 

high computational cost. The experiments on the 

proposed algorithm show that for unconstraint problems 

with up to 10 variables 𝐺𝑁 = 6000, up to 20 

variables 𝐺𝑁 = 12000 and up to 30 variables  𝐺𝑁 =
20000 is sufficient to produce optimal results. For 

constrained problems  𝐺𝑁 = 600 is sufficient to solve all 

the selected Problems with excellent optimal values of 

objective functions.  

3.1.3. Gradient evolution parameter gamma 𝛄 

This parameter is used to control the performance of the 

gradient evolution part of the proposed algorithm. This 

number ensures that the value of change in any variable 

is non-zero; a zero value may lead to stagnation at the 

same point in solution space. The experiments on the 

proposed algorithm show that the complexity of the 

problem does not affect the value of this variable and for 

the chosen set of constrained and unconstrained problems 

𝛾 = 0.4 has produced optimal results.  

3.1.4. Differential evolution parameter scale factor 𝐒𝐅  

This parameter acts as a control of acceleration of 

convergence and has the most prominent effect on the 

performance of the differential evolution algorithm. The 

value of this parameter is dependent on the complexity of 

objective and constraint functions, a lower value of 𝑆𝐹 , 

may result in non-optimal solutions due to the slower rate 

of convergence and conversely a higher value of 𝑆𝐹 may 

cause 𝐷𝐸 to jump over optimal solutions in search space. 

The experiments with the proposed algorithm suggest 
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that for constrained problems  𝑆𝐹 = 0.5 and for 

unconstrained problems  𝑆𝐹 = 0.48 𝑡𝑜 0.62 has produced 

optimal results for all selected benchmark problems.  

3.1.5. Differential evolution parameter crossover 

rate 𝐂𝐑 

This parameter controls how much change, produced by 

𝐷𝐸 should be passed on to the next generations. If the 

value of this parameter is set to a lower value then the 

convergence rate of the algorithm drops and vice versa. 

The value of this parameter should be set at a higher value 

to pass on the effect of 𝐷𝐸 to the next generations. The 

experiments on the proposed algorithm show that a value 

of 𝐶𝑅 = 0.91 is good enough to produce optimal results 

for all selected benchmark constrained and unconstrained 

optimization problems. 

3.1.6. Selection probability 𝐒𝐏 

The proposed algorithm uses a differential evolution 

algorithm to explore (global search) and gradient 

evolution to exploit (local search) the given search space 

of the optimization problem. The decision when to use 

𝐷𝐸 or 𝐺𝐸 is made by a dynamic probability function. At 

the start of the search, the probability of usage of 𝐷𝐸 is 

maximum and as the generations go the probability of 𝐷𝐸 

usage drops and the probability of 𝐺𝐸 usage increases. In 

other words, in the beginning, more resources are utilized 

to perform a global search and in the end, relatively more 

computation is performed for local search. This dynamic 

probability distribution is controlled by the parameter 𝑆𝑃. 

A un-optimized low value of 𝑆𝑃 usually causes less 

exploitation of local search space which results in poorer 

solution quality and a un-optimized higher value of 𝑆𝑃 

causes less exploration of global search space which in 

turn results in premature convergence to local minima. As 

both of these scenarios are undesirable therefore the value 

of this variable should be chosen carefully. The 

experiments conducted on all the constrained and 

unconstrained problems shows that 𝑆𝑃 = 0.2 is good 

value to solve the entire set of benchmark problems 

optimally. This value 𝑆𝑃 = 0.2 results in usage 

probability 𝐺𝐸 to increase from 0 to 20%, and 

consequentially the usage of 𝐷𝐸 drops from 100% to 

80% during execution.  

3.1.7. Sub-optimal solution acceptance rate 𝐀𝐑 

All the new solutions which are produced either by 𝐷𝐸 or 

𝐺𝐸 are tested for fitness against the corresponding 

member of the current population. If this new solution is 

better than the existing solution in the current population 

then this member of the population is killed and replaced 

by the newly generated solution. The proposed algorithm 

additionally allows for the acceptance of poorer solutions 

with a probability of  𝐴𝑅. This additional feature of the 

proposed algorithm maintains diversity in future 

populations and increases the probability of escaping 

local minima. The value of this parameter should be 

chosen carefully, in the case when the value of this 

parameter is set too high then the quality of search 

degrade and algorithm does not converge to the optimal 

values. The experiments on the proposed algorithm 

suggest that  𝐴𝑅 between 0.01 and 0.05 is a good value to 

produce statistically better results in comparison to  𝐴𝑅 =
0 for the given set of constrained and unconstrained 

problems.   

3.1.8. Refresh rate 𝐑𝐑  

For all population base algorithms regular supply of new 

individual solutions is essential to preserve diversity 

which in turn results in better solution quality. This fresh 

supply of new random solutions is controlled by 𝑅𝑅. A 

lower value of this parameter  𝑅𝑅 causes the loss of 

diversity and poorer solution quality and a higher value 

of this parameter results in loss of better solutions and 

divergence of the optimization algorithm. The 

experiments with the proposed algorithm demonstrate 

that  𝑅𝑅 = 0.02 is a decent value to solve the entire 

benchmark set of constrained and unconstrained 

problems.  

3.1.9. Shake off threshold 𝐒𝐓 

As an attempt to escape from local minima this proposed 

algorithm provides a shake off technique. The algorithm 

keeps monitoring the best solution of every subsequent 

generation and if no new improvement is observed then a 

counter is incremented by one. If the value of this variable 

becomes equal to shake off threshold  𝑆𝑇  then shake off 

is initiated. A un-optimized high value of this threshold 

 𝑆𝑇  will make this shake off ineffective and in contrast a 

low value of this parameter will result in poorer solution 

quality. The experiments conducted on our proposed 

algorithm indicates that the value of  𝑆𝑇 = 500 and  𝑆𝑇 =
60 for all unconstrained and constrained problems 

respectively can provide optimal results.  

3.2. Constraint handling 

Constraint handling of the problem is done as per rules 

given by Mottos & Coello [49]. The following four rules 

are used:  

3.2.1. Rule 1 

Whatever the value of the objective function is any 

feasible solution will always be preferred over infeasible 

solutions.  

3.2.2. Rule 2  

Infeasible solutions having a slight violation of 0.001 are 

considered as feasible solutions.   
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3.2.3. Rule 3  

If two solutions are feasible then the one with better 

objective function value will be preferred.  

3.2.4. Rule 4  

If two solutions are infeasible then the one with less 

violation of feasibility will be preferred.  

By incorporating first and fourth rules, the search is 

guided towards feasible regions rather than wasting 

resources by exploring infeasible regions of search space, 

the third rule forces the algorithm to both keep the search 

within the feasible regions and attempt to find a solution 

with a better value of objective function [49]. If the 

optimal solution lies near the boundary of the feasible 

region then the second rule facilitates the search of 

boundaries of the feasible region [50]. The algorithm of 

DGE+ is as follows: 

 

Algorithm: Differential Gradient Evolution Plus 

Step 1:   Initialize population  

Step 2:   Calculate objective and constraint functions  

Step 3:   Select 𝑌 which is the best solution in the 

current population  

Step 4:   Check the current generation is equal to 𝐺𝑁 if 

yes then go to step 11. Otherwise, go to step 

5  

Step 5:   Check current iteration is equal to 𝑃𝑠 if yes 

then go to step 9. Otherwise, go to step 6  

Step 6:   Calculate 𝑈 by using equations 3-8  

Step 7:   Evaluate 𝑈 if it is acceptable then replace 

current solution of the population with this 

new solution 𝑈  

Step 8:   Go to step 5  

Step 9:   Check for shake off conditions, if true then 

change 𝑌 as per equations 9 and10 

Step 10: Go to step 4  

Step 11: Report the best solution and stop 

 

The detail of the idea and the mathematical formulation 

of the DGE+ algorithm is in the last section, the main 

steps of the DGE+ algorithm are given below in the form 

of the self-explanatory flow diagram shown in Figure 3. 

4. Experiments on constrained optimization 

problems 

The comparison of the results produced by each 

constraint problem has been reported and listed in Table 

1 which provided the comparative methods with 

references.  
 

 

 

 

4.1. Experimental setup 

The performance of the proposed novel and dynamic 

algorithm (DGE+) is exhibited by solving several 

optimization problems that are widely used to test 

optimization methods and considered as the benchmark 

problems in the literature. These test cases consist of 

seven benchmark constraint test problems [33]. All 

analyses are implemented in Matlab® environment on the 

computer equipped with the Intel CORE i5 @ 1.8 GHz 

CPU and 4 GB of RAM. The parameter settings of the 

proposed algorithm are: 

Number of runs are 30, population size is 50, generations 

are 600, gamma value is 0.4, scale factor is 0.5 and cross 

over is 0.91. In the following subsections, DGE+ is 

implemented on seven benchmark constraint problems 

and eight complex practical engineering problems.  

4.2. Constrained optimization problems 

4.2.1. Constrained problem 1 

Braken and McCormick [84] originally introduced this 

problem which is a relatively simple constrained problem 

of minimization, having two variables and two 

constraints, one is equality constraint and the other is 

inequality constraint. 

min 𝑓(𝑥) = (𝑥1 − 2)
2 + (𝑥2 − 1)

2  

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 {

ℎ1(𝑥) = 𝑥1 − 2𝑥2 + 1 = 0

ℎ2(𝑥) =  −ቆ
𝑥1
2

4
ቇ − 𝑥2

2 + 1 ≥ 0
 

−10 ≤  𝑥1,𝑥2  ≤ 10    
Table 2 demonstrates the comparison of the best solution 

among the different optimizers and the corresponding 

design variables. The results obtained by DGE+ are 

compared with 4 state-of-the-art algorithms that are 

abbreviated and listed in Table 1.  

Evolutionary programming violets both the constraints 

and remaining methods violet first constraint for the final 

solution but DGE+ satisfies all constraints for the final 

solution. It is evident from Table 2 that the proposed 

DGE+ algorithm performed better and superior to all the 

state-of-the-art methods without any violation.  

The convergence curve shows the function values versus 

the number of generations for the constrained problem 1. 

The 30 trials of the best solution obtained from the DGE+ 

algorithm are given in Figure 4.   
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Figure 3. Flowchart for differential gradient evolution plus 

 

Figure 4. Convergence curve and 30 best solutions for constraint problem 1 

 

𝐺𝑁 = 𝑇𝑜𝑡𝑎𝑙 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠, 𝑃𝑠 = 𝑇𝑜𝑡𝑎𝑙 𝑉𝑒𝑐𝑡𝑜𝑟𝑠 𝑖𝑛 𝑃𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 
𝑆𝐶 = 𝑆𝑡𝑎𝑔𝑛𝑎𝑡𝑖𝑜𝑛 𝐶𝑜𝑢𝑛𝑡𝑒𝑟, 𝑡 & 𝑖 = 𝐿𝑜𝑜𝑝 𝑉𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 
𝑆𝑃 =  𝑆𝑒𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦, 𝐴𝑅 =  𝐴𝑐𝑐𝑒𝑝𝑡𝑎𝑛𝑐𝑒 𝑅𝑎𝑡𝑒, 

 𝑅𝑅 =  𝑅𝑒𝑓𝑟𝑒𝑠ℎ 𝑅𝑎𝑡𝑒, 𝑆𝑇 =  𝑆ℎ𝑎𝑘𝑒 𝑜𝑓𝑓 𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 

Start 

 𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝐷𝐺𝐸 +  𝑅𝑎𝑛𝑑𝑜𝑚𝑙𝑦  

Yes 

No 

No Yes 

𝐼𝑠 𝑡 = 𝐺𝑁? 

 𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛,  𝑌 = 𝐵𝑒𝑠𝑡 𝑜𝑓 (𝑃𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛)  

𝑃 = 𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝐺𝐸 𝑈𝑠𝑎𝑔𝑒, 𝑃 = 𝑆𝑝/𝐺𝑁 

𝑆𝑒𝑡 𝑡 = 1 

Yes No 

𝑅𝑒𝑝𝑜𝑟𝑡 𝐵𝑒𝑠𝑡 𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝐹𝑜𝑢𝑛𝑑 

𝑆𝑒𝑡 𝑖 = 1 

Replace population 
ith vector with U 

𝑈 = 𝐺𝐸(𝑃𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛) 

𝐷 = 𝐵𝑒𝑠𝑡 𝑜𝑓 𝑃𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛 

𝑈 = 𝐷𝐸(𝑃𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛) 
 

Yes No 

𝐼𝑠 𝑖 = 𝑃𝑠? 

Is Rand 𝑟 >
𝑡 × 𝑃? 

Yes 

Yes 

No 

No 

𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 𝑈 
  

If U’s fitness is better 
than Population’s ith 

Solution or rand r <AR 

IsRandom
 𝑟 < 𝑅𝑅? 

Replace population i
th

 vector 
with fresh random vector 

𝑖 = 𝑖 + 1 
  

𝑖𝑓 𝐷 𝑖𝑠 𝐵𝑒𝑡𝑡𝑒𝑟 𝑡ℎ𝑎𝑛 𝑌 𝑡ℎ𝑒𝑛 𝑌 = 𝐷 

Y=Slight random 
modification in current Y 

𝑖𝑓 |𝑓(𝑌) − 𝑓(𝐷)| < 0.01|𝑓(𝑌)| 
𝑇ℎ𝑒𝑛 𝑆𝐶 = 𝑆𝐶 + 1 𝑒𝑙𝑠𝑒 𝑆𝐶 = 0 

Is 𝑆𝐶 > 𝑆𝑇? 𝑡 = 𝑡 + 1 
  

Stop 
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Table 1. Comparative algorithms with references 

Key Algorithm Name Key Algorithm Name 

MBA [33] Mine Blast Algorithm HM [51] Homomorphous Mappings 

ISR [52] Improved Stochastic Ranking HPSO [53] Hybrid Particle Swarm Optimization 

ABC [54, 55] Artificial Bee Colony HS [56, 57] Harmony Search 

IGA [58] Interactive Genetic Algorithm CRGA [59] Changing Range Genetic Algorithm 

ASCHEA [60] 
Adaptive Segregational Constraint Handling 
Evolutionary Algorithm 

CPSO-GD 
[61] 

Co-evolutionary Particle Swarm Optimization 
Using Gaussian Distribution 

CAEP [62] 
Cultural Algorithm using Evolutionary 

Programming 
Co-DE [63] Effective Co-Evolutionary Differential Evolution 

NM-PSO [64] Nelder-Mead Particle Swarm Optimization PSO [53] Particle Swarm Optimization 

CULDE [65] Cultured Differential Evolution PESO [66] Particle Evolutionary Swarm Optimization 

SAPF [67] Self-Adaptive Penalty Function EP [67] Evolutionary Programming 

DE [68] Differential Evolution GA [69-71] Genetic Algorithms 

DEDS [73] Differential Evolution with Dynamic Stochastic DELC [74] Differential Evolution with Level Comparison 

FSA [75] Filter Simulated Annealing SR [52] Stochastic Ranking 

GA with TS, PS 

[75] 

Efficient Constraint Handling Method For 

Genetic Algorithms 

α-Simples 

[77] 
Α Constrained Method 

GA1 [76] Genetic Algorithms 1 SMES [78] Simple Multi-membered Evolution Strategy 

GA2 [79] Genetic Algorithms 2 TLBO [80] Teaching-Learning-Based Optimization 

HEAA [81] 
Hybrid Evolutionary Algorithm and Adaptive 
technique 

PSO-DE [82] 
[83] 

Particle Swarm Optimization with Differential 
Evolution 

Table 2. Reported results for constrained problem 1 from different optimizers 

𝑴𝒆𝒕𝒉𝒐𝒅𝒔 
𝑫𝒆𝒔𝒊𝒈𝒏 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆𝒔 

𝒇(𝒙) 
𝑪𝒐𝒏𝒔𝒕𝒓𝒂𝒊𝒏𝒕𝒔 

𝒙𝟏 𝒙𝟐 𝒉𝟏(𝒙) 𝒉𝟐(𝒙) 
𝐻𝑆 0.8343 0.9121 1.3770 5𝐸 − 03 5.4𝐸 − 03 
𝐺𝐴 0.8080 0.8854 1.4339 3.7𝐸 − 02 5.2𝐸 − 02 
𝑀𝐵𝐴 0.822875 0.911437 1.3934649 1.11𝐸 − 06 0 
𝐸𝑃 0.8350 0.9125 1.3772 1.0𝐸 − 02 −7.0𝐸 − 02 
𝐷𝐺𝐸 + 𝟎. 𝟖𝟐𝟐𝟖𝟕𝟓𝟔𝟓𝟔 𝟎. 𝟗𝟏𝟏𝟒𝟑𝟕𝟖𝟐𝟖 𝟏. 𝟑𝟗𝟑𝟒𝟔𝟒𝟗𝟖𝟏 𝟎 𝟎 

 

4.2.2. Constrained problem 2 

This problem is taken from [33] which is a relatively 

simple constrained problem of minimization having two 

variables and one equality constraint. 

min 𝑓(𝑥) =  𝑥1
2 + (𝑥2 − 1)

2 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 {ℎ(𝑥) = 𝑥2 − 𝑥1
2  = 0, 

−1 ≤  𝑥1, 𝑥2  ≤  1. 
Table 3 demonstrates the comparison of the best solution 

among the different optimizers and the corresponding 

design variables. CULDE, SAPF, PSO-DE, and MBA 

violates the constraint but DGE+ satisfies constraint for 

the final solution. The results obtained by 𝐷𝐺𝐸 + are also 

compared with 10 state-of-the-art algorithms that are 

abbreviated and listed in Table 1. The comparison of 

statistical results for constrained problem 2 is given in 

Table 4. It is evident from Tables 3 and 4 that the 

proposed DGE+ algorithm performed better and superior 

to all the state-of-the-art methods without any violation.

Table 3. Reported results for constrained problem 2 from different optimizers 

𝑴𝒆𝒕𝒉𝒐𝒅𝒔 
𝑫𝒆𝒔𝒊𝒈𝒏 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆𝒔 

𝒇(𝒙) 
𝑪𝒐𝒏𝒔𝒕𝒓𝒂𝒊𝒏𝒕 

𝒙𝟏 𝒙𝟐 𝒉(𝒙) 
𝑃𝑆𝑂 − 𝐷𝐸 −0.7069 0.49975 0.749957673 4.2𝐸 − 05 
𝐶𝑈𝐿𝐷𝐸 −0.707036 0.5 0.749899905 0.0001 
𝑆𝐴𝑃𝐹 −0.706 0.4996 0.74883616 0.00116 
𝑀𝐵𝐴 −0.706958 0.49979 0.749999658 3.9𝐸 − 07 
𝑫𝑮𝑬 + −𝟎. 𝟕𝟎𝟕𝟏𝟎𝟔𝟕𝟖𝟐 𝟎. 𝟓 𝟎. 𝟕𝟓 𝟎 
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Table 4. Statistical comparison of results for constrained problem 2 of various algorithms  

𝑴𝒆𝒕𝒉𝒐𝒅 𝑾𝒐𝒓𝒔𝒕 𝑴𝒆𝒂𝒏 𝑩𝒆𝒔𝒕 𝑺𝑫 
𝐻𝑀 0.75 0.75 0.75 𝑁. 𝐴 

𝐴𝑆𝐶𝐻𝐸𝐴 𝑁. 𝐴 0.75 0.75 𝑁. 𝐴 
𝐶𝑅𝐺𝐴 0.757 0.752 0.750 2.5𝐸 − 03 
𝑆𝑀𝐸𝑆 0.75 0.75 0.75 1.52𝐸 − 04 
𝑃𝑆𝑂 0.998823 0.860530 0.750000 8.4𝐸 − 02 
𝑆𝑅 0.750 0.750 0.750 8𝐸 − 05 
𝐷𝐸𝐿𝐶 0.750 0.750 0.750 0 
𝐻𝐸𝐴𝐴 0.750 0.750 0.750 3.4𝐸 − 16 
𝐼𝑆𝑅 0.750 0.750 0.750 1.1𝐸 − 16 
𝐴𝐵𝐶 0.75 0.75 0.75 0 
𝑫𝑮𝑬 + 𝟎. 𝟕𝟓 𝟎. 𝟕𝟓 𝟎. 𝟕𝟓 𝟎 

“N.A” means not available. 

The convergence curve shows the function values versus 

the number of generations for the constrained problem 2. 

The 30 trials of the best solution obtained from the DGE+ 

algorithm are given in Figure 5.   

 

 

Figure 5. Convergence curve and 30 best solutions for 

constraint problem 2 

4.2.3. Constrained problem 3  

This problem is taken from [33] which is a relatively 

simple constrained problem of minimization having two 

variables and two inequality constraints. 
𝑚𝑖𝑛 𝑓(𝑥) = (𝑥1

2 + 𝑥2 − 11)
2 + (𝑥1 + 𝑥2

2 − 7)2 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 {
ℎ1(𝑥) = 4.84 − (𝑥1 − 0.05)

2 − (𝑥2 − 2.5)
2   ≥  0

ℎ2(𝑥) = 𝑥1
2 + (𝑥2 − 2.5)

2  −  4.84 ≥  0
 

0 ≤  𝑥1, 𝑥2  ≤  6. 

 

Table 5 demonstrates the comparison of the best solution 

among the different optimizers and the corresponding 

design variables. The results obtained by DGE+ are 

compared with 5 state-of-the-art algorithms that are 

abbreviated and listed in Table 1. Harmony search violets 

both the constraints and mine blast algorithm violet 

second constraint for the final solution but DGE+ 

satisfies all constraints for the final solution.

Table 5. Reported results for constrained problem 3 from different optimizers 

𝑴𝒆𝒕𝒉𝒐𝒅𝒔 
𝑫𝒆𝒔𝒊𝒈𝒏 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆𝒔 

𝒇(𝒙) 
𝑪𝒐𝒏𝒔𝒕𝒓𝒂𝒊𝒏𝒕𝒔 

𝒙𝟏 𝒙𝟐 𝒉𝟏(𝒙) 𝒉𝟐(𝒙) 
𝐺𝐴 𝑤𝑖𝑡ℎ 𝑃𝑆 (𝑅 
=  0.01) 

𝑁. 𝐴 𝑁. 𝐴 13.58958 𝑁. 𝐴 𝑁. 𝐴 

𝐺𝐴 𝑤𝑖𝑡ℎ 𝑃𝑆 (𝑅 
=  1) 

𝑁. 𝐴 𝑁. 𝐴 13.59108 𝑁. 𝐴 𝑁. 𝐴 

𝐺𝐴 𝑤𝑖𝑡ℎ 𝑇𝑆 2.246826 2.381865 13.59085 𝑁. 𝐴 𝑁. 𝐴 
𝐻𝑆 2.24684 2.382136 13.590845 −2.09𝐸 − 06 −0.222181 
𝑀𝐵𝐴 2.246833 2.381997 13.590842 0 −0.222183 
𝑫𝑮𝑬 + 𝟐. 𝟐𝟒𝟔𝟖𝟐𝟓𝟖𝟑𝟕 𝟐. 𝟑𝟖𝟏𝟖𝟔𝟑𝟒𝟓𝟓 𝟏𝟑. 𝟓𝟗𝟎𝟖𝟒𝟏𝟔𝟗 𝟎. 𝟎𝟐𝟕𝟗𝟏𝟐𝟒𝟖𝟔 𝟎. 𝟐𝟐𝟐𝟏𝟖𝟐𝟓𝟖𝟒 

     
 

It is evident from Table 5 that the proposed DGE+ 

algorithm performed better and superior to all the state-

of-the-art methods without any violation.  

 

 

 

 

 

 

The convergence curve shows the function values versus 

the number of generations for the constrained problem 3. 

The 30 trials of the best solution obtained from the DGE+ 

algorithm are given in Figure 6. 
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Figure 6. Convergence curve and 30 best solutions for 

constraint problem 3 

4.2.4. Constrained problem 4 

This problem taken from  [33] which is a relatively simple 

constrained problem of minimization having two 

variables and two inequality constraints. 

min 𝑓(𝑥) = −
𝑆𝑖𝑛3(2𝜋𝑥1)𝑆𝑖𝑛(2𝜋𝑥2)

𝑥1
3(𝑥1 + 𝑥2)

 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 {
ℎ1(𝑥) = 𝑥1

2 − 𝑥2  +  1 ≤  0

ℎ2(𝑥) = 1 − 𝑥1 + (𝑥2 − 4)
2  ≤  0

 

0 ≤  𝑥1, 𝑥2  ≤  10

Table 6. Reported result for constrained problem 4 from DGE+ 

𝑴𝒆𝒕𝒉𝒐𝒅𝒔 
𝑫𝒆𝒔𝒊𝒈𝒏 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆𝒔 

𝒇(𝒙) 
𝑪𝒐𝒏𝒔𝒕𝒓𝒂𝒊𝒏𝒕𝒔 

𝒙𝟏 𝒙𝟐 𝒉𝟏(𝒙) 𝒉𝟐(𝒙) 
𝑫𝑮𝑬 + 1.227971353 4.245373367 −0.0958250 −1.737459724 −0.167763263 

Table 7. Statistical comparison of results for constrained problem 4 of various algorithms 

𝑴𝒆𝒕𝒉𝒐𝒅 𝑾𝒐𝒓𝒔𝒕 𝑴𝒆𝒂𝒏 𝑩𝒆𝒔𝒕 𝑺𝑫 
𝐻𝑀 −0.0291438 −0.0891568 −0.0958250 𝑁. 𝐴 

𝐴𝑆𝐶𝐻𝐸𝐴 𝑁. 𝐴 −0.095825 −0.095825 𝑁. 𝐴 
𝑆𝑅 −0.0958250 −0.0958250 −0.0958250 2.6𝐸 − 17 
𝐶𝐴𝐸𝑃 −0.0958250 −0.0958250 −0.0958250 0 
𝐷𝐸 −0.0958250 −0.0958250 −0.0958250 𝑁. 𝐴 
𝐻𝑃𝑆𝑂 −0.0958250 −0.0958250 −0.0958250 1.2𝐸 − 10 

𝑁𝑀 − 𝑃𝑆𝑂 −0.0958250 −0.0958250 −0.0958250 3.5𝐸 − 08 
𝐶𝑅𝐺𝐴 −0.095808 −0.095819 −0.095825 4.40𝐸 − 06 
𝑆𝐴𝑃𝐹 −0.092697 −0.095635 −0.095825 1.055𝐸 − 03 
𝐺𝐴 −0.0958250 −0.0958250 −0.0958250 2.70𝐸 − 09 
𝑆𝑀𝐸𝑆 −0.095825 −0.095825 −0.095825 0 
𝐶𝑈𝐿𝐷𝐸 −0.095825 −0.095825 −0.095825 1𝐸 − 07 
𝐷𝐸𝐿𝐶 −0.095825 −0.095825 −0.095825 1.0𝐸 − 17 
𝐷𝐸𝐷𝑆 −0.095825 −0.095825 −0.095825 4.0𝐸 − 17 
𝐻𝐸𝐴𝐴 −0.095825 −0.095825 −0.095825 2.8𝐸 − 17 
𝐼𝑆𝑅 −0.095825 −0.095825 −0.095825 2.7𝐸 − 17 

𝑆𝑖𝑚𝑝𝑙𝑒𝑥 −0.095825 −0.095825 −0.095825 3.8𝐸 − 13 
𝐴𝐵𝐶 −0.0958250 −0.095825 −0.095825 0 
𝑀𝐵𝐴 −0.0958250 −0.0958250 −0.0958250 0 
𝑫𝑮𝑬 + −𝟎. 𝟎𝟗𝟑𝟕𝟒𝟑𝟔𝟎𝟓 −𝟎. 𝟎𝟗𝟓𝟕𝟒𝟖𝟐𝟎𝟐 −𝟎. 𝟎𝟗𝟓𝟖𝟐𝟓𝟎 𝟎. 𝟎𝟎𝟎𝟑𝟕𝟑𝟑𝟒 

 
Table 6 represents the best solution and the value of 

corresponding design variables by using the DGE+ 

algorithm. The results obtained by DGE+ satisfies all 

constraints for the final solution, also compared with 19 

state-of-the-art algorithms which are abbreviated and 

listed in Table 1. 

It is evident from Table 7 that the proposed DGE+ 

algorithm performed better and superior to all the state-

of-the-art methods without any violation. The 

convergence curve shows the function values versus the 

number of generations for the constrained problem 4. The 

30 trials of the best solution obtained from the DGE+ 

algorithm are given in Figure 7. 

 

 

Figure 7. Convergence curve and 30 best solutions for 

constraint problem 4 
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4.2.5. Constrained problem 5  

This problem is taken from  [33] which is a relatively 

simple constrained problem of minimization having two 

variables and two inequality constraints. 

min 𝑓(𝑥) = (𝑥1 − 10)
3 + (𝑥2 − 20)

3  

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 {
ℎ1(𝑥) = −(𝑥1 − 5)

2 − (𝑥2 − 5)
2 + 100 ≥ 0

ℎ2(𝑥) = (𝑥1 − 6)
2 + (𝑥2 − 5)

2  − 82.81 ≤ 0
 

13 ≤ 𝑥1 ≤ 100, 0 ≤ 𝑥2 ≤ 100.

Table 8.  Reported result for constrained problem 5 from DEG+ 

𝑴𝒆𝒕𝒉𝒐𝒅𝒔 
𝑫𝒆𝒔𝒊𝒈𝒏 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆𝒔 

𝒇(𝒙) 
𝑪𝒐𝒏𝒔𝒕𝒓𝒂𝒊𝒏𝒕𝒔 

𝒙𝟏 𝒙𝟐 𝒉𝟏(𝒙) 𝒉𝟐(𝒙) 

𝑫𝑮𝑬 + 14.095 0.842961 −6961.813644 165.4380518 
−1.75248𝐸
− 06 

Table 9. Statistical comparison of results for constrained problem 5 of various algorithms 

𝑴𝒆𝒕𝒉𝒐𝒅 𝑾𝒐𝒓𝒔𝒕 𝑴𝒆𝒂𝒏 𝑩𝒆𝒔𝒕 𝑺𝑫 
𝐻𝑀 −5473.9 −6342.6 −6952.1 𝑁. 𝐴 

𝑃𝑆𝑂 − 𝐷𝐸 −6961.81388 −6961.81388 −6961.81388 2.3𝐸 − 09 
𝐼𝑆𝑅 −6961.814 −6961.814 −6961.814 1.9𝐸 − 12 
𝐻𝐸𝐴𝐴 −6961.814 −6961.814 −6961.814 4.6𝐸 − 12 
𝐴𝐵𝐶 −6961.805 −6961.813 −6961.814 2𝐸 − 03 
𝐹𝑆𝐴 −6961.8139 −6961.8139 −6961.8139 0 
𝑃𝑆𝑂 −6961.81381 −6961.81387 −6961.81388 6.5𝐸 − 06 
𝐶𝑅𝐺𝐴 −6077.123 −6740.288 −6956.251 2.70𝐸 + 2 
𝐷𝐸𝐷𝑆 −6961.814 −6961.814 −6961.814 0 
𝑀𝐵𝐴 −6961.813875 −6961.813875 −6961.813875 0 

𝐴𝑆𝐶𝐻𝐸𝐴 𝑁. 𝐴 −6961.81 −6961.81 𝑁. 𝐴 
𝑆𝑅 −6350.262 −6875.940 −6961.814 160 
𝑆𝑀𝐸𝑆 −6962.482 −6961.284 −6961.814 1.85 
𝐷𝐸𝐿𝐶 −6961.814 −6961.814 −6961.814 7.3𝐸 − 10 
𝑆𝐴𝑃𝐹 −6943.304 −6953.061 −6961.046 5.876 
𝐺𝐴 −6961.8139 −6961.8139 −6961.8139 0 
𝐷𝐸 −6961.814 −6961.814 −6961.81 𝑁. 𝐴 

𝐶𝑈𝐿𝐷𝐸 −6961.813876 −6961.813876 −6961.813876 1𝐸 − 07 
𝑁𝑀 − 𝑃𝑆𝑂 −6961.8240 −6961.8240 −6961.8240 0 
𝑆𝑖𝑚𝑝𝑙𝑒𝑥 −6961.814 −6961.814 −6961.814 1.3𝐸 − 10 
𝑫𝑮𝑬 + −𝟔𝟗𝟔𝟏. 𝟖𝟏𝟑𝟖𝟗𝟒 −𝟔𝟗𝟔𝟏. 𝟖𝟏𝟑𝟖𝟗𝟒 −𝟔𝟗𝟔𝟏. 𝟖𝟏𝟑𝟖𝟗𝟒 𝟎 

 
Table 8 represents the best solution and the value of 

corresponding design variables by using the DGE+ 

algorithm. The results obtained by DGE+ satisfies all 

constraints for the final solution, also compared with 21 

state-of-the-art algorithms which are abbreviated and 

listed in Table 1.  

It is evident from Table 9 that the proposed DGE+ 

algorithm performed better and superior to all the state-

of-the-art methods without any violation. The 

convergence curve shows the function values versus the 

number of generations for the constrained problem 4. The 

30 trials of the best solution obtained from the DGE+ 

algorithm are given in Figure 8. 

4.2.6. Constrained problem 6 

This problem is taken from [33] which is a relatively 

complex constrained problem of minimization having 

seven variables and four inequality constraints. 

𝑚𝑖𝑛𝑓(𝑥) = (𝑥1 − 10)
2 + 5(𝑥2 − 12)

2 + 𝑥3
4 +

3(𝑥4 − 11)
2 + 10𝑥5

6 + 7𝑥6
2 + 𝑥7

4 − 4𝑥6𝑥7 − 10𝑥6 −
8𝑥7, 

 

 

Figure 8. Convergence curve and 30 best solutions for 

constraint problem 5 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 

{
 

 
ℎ1(𝑥) = 127 − 2𝑥1

2 − 3𝑥2
4 − 𝑥3 − 4𝑥4

2 − 5𝑥5 ≥ 0,

ℎ2(𝑥) = 282 − 7𝑥1 − 3𝑥2 − 10𝑥3
2 − 𝑥4 + 𝑥5 ≥ 0,

ℎ3(𝑥) = 196 − 23𝑥1 − 𝑥2
2 − 6𝑥6

2 + 8𝑥7  ≥ 0,

ℎ4(𝑥) = −4𝑥1
2 − 𝑥2

2 + 3𝑥1𝑥2 − 2𝑥3
2 − 5𝑥6 + 11𝑥7 ≥ 0,

 

−10 ≤  𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥6, 𝑥7 ≤ 10. 
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Table 10 demonstrates the comparison of the best 

solution among the different optimizers and the 

corresponding design variables. The results obtained by 

DGE+satisfies all constraints for the final solution are 

compared with 25 state-of-the-art algorithms that are 

abbreviated and listed in Table 1.

Table 10. Reported results for constrained problem 6 from different optimizers 

𝑴𝒆𝒕𝒉𝒐𝒅𝒔 
𝑫𝒆𝒔𝒊𝒈𝒏 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆𝒔 

𝒇(𝒙) 
𝒙𝟏 𝒙𝟐 𝒙𝟑 𝒙𝟒 𝒙𝟓 𝒙𝟔 𝒙𝟕 

𝐼𝐺𝐴 2.330499 1.951372 −0.477541 4.365726 −0.624487 1.038131 1.594227 680.63006 
𝐻𝑆 2.323456 1.951242 −0.448467 4.361919 −0.630075 1.03866 1.605348 680.6413574 
𝑀𝐵𝐴 2.326585 1.950973 −0.497446 4.367508 −0.618578 1.043839 1.595928 680.6322202 
𝑫𝑮𝑬 + 𝟐. 𝟑𝟑𝟎𝟒𝟎𝟒 𝟏. 𝟗𝟓𝟏𝟑𝟓 −𝟎.𝟒𝟕𝟕𝟕𝟗 𝟒. 𝟑𝟔𝟓𝟕𝟖𝟔 −𝟎.𝟔𝟐𝟒𝟐𝟕 𝟏. 𝟎𝟑𝟖𝟐𝟏𝟓 𝟏. 𝟓𝟗𝟒𝟐𝟎𝟒 𝟔𝟖𝟎. 𝟔𝟑 

Table 11. Reported results for constrained problem 6 from different optimizers (continued) 

𝑴𝒆𝒕𝒉𝒐𝒅𝒔 𝒇(𝒙) 
𝑪𝒐𝒏𝒔𝒕𝒓𝒂𝒊𝒏𝒕𝒔 

𝒉𝟏(𝒙) 𝒉𝟐(𝒙) 𝒉𝟑(𝒙) 𝒉𝟒(𝒙) 
𝐼𝐺𝐴 680.63006 4.46𝐸 − 05 252.561723 144.878190 7.63𝐸 − 06 
𝐻𝑆 680.6413574 0.208928 252.878859 145.123347 0.263414 
𝑀𝐵𝐴 680.6322202 1.17𝐸 − 04 252.400363 144.912069 1.39𝐸 − 04 
𝑫𝑮𝑬 + 𝟔𝟖𝟎. 𝟔𝟑 𝟕. 𝟗𝟎𝑬 − 𝟖 𝟐𝟓𝟐. 𝟓𝟔𝟎𝟑 𝟏𝟒𝟒. 𝟖𝟕𝟗𝟐 𝟐. 𝟒𝟐𝑬 − 𝟎𝟕 

 

Table 12. Statistical comparison of results for constrained problem 6 of various algorithms 

𝑴𝒆𝒕𝒉𝒐𝒅 𝑾𝒐𝒓𝒔𝒕 𝑴𝒆𝒂𝒏 𝑩𝒆𝒔𝒕 𝑺𝑫 
𝐺𝐴 680.6538 680.6381 680.6303 6.61𝐸 − 03 

𝐴𝑆𝐶𝐻𝐸𝐴 𝑁. 𝐴 680.641 680.630 𝑁. 𝐴 
𝐶𝑈𝐿𝐷𝐸 680.630057 680.630057 680.630057 1𝐸 − 07 
𝐶𝑅𝐺𝐴 682.965 681.347 680.726 5.70𝐸 − 01 
𝑆𝑖𝑚𝑝𝑙𝑒𝑥 680.630 680.630 680.630 2.9𝐸 − 10 
𝐻𝑀 683.1800 681.1600 680.9100 4.11𝐸 − 02 
𝐺𝐴1 680.6508 680.6417 680.6344 𝑁. 𝐴 
𝑀𝐵𝐴 680.7882 680.6620 680.6322 3.30𝐸 − 02 
𝐺𝐴2 𝑁. 𝐴 𝑁. 𝐴 680.642 𝑁. 𝐴 
𝑆𝐴𝑃𝐹 682.081 681.246 680.773 0.322 
𝑆𝑅 680.763 680.656 680.63 0.034 
𝐻𝑆 𝑁. 𝐴 𝑁. 𝐴 680.6413 𝑁. 𝐴 
𝐷𝐸 680.144 680.503 680.771 0.67098 
𝐼𝐺𝐴 680.6304 680.6302 680.6301 1.00𝐸 − 05 
𝑃𝑆𝑂 684.5289146 680.9710606 680.6345517 5.1𝐸 − 01 
𝐶𝑃𝑆𝑂
− 𝐺𝐷 

681.371 680.7810 680.678 0.1484 

𝑆𝑀𝐸𝑆 680.719 680.643 680.632 1.55𝐸 − 02 
𝐷𝐸𝐿𝐶 680.630 680.630 680.630 3.2𝐸 − 12 
𝐷𝐸𝐷𝑆 680.630 680.630 680.630 2.9𝐸 − 13 
𝐻𝐸𝐴𝐴 680.630 680.630 680.630 5.8𝐸 − 13 
𝐼𝑆𝑅 680.630 680.630 680.630 3.2𝐸 − 13 
𝑃𝐸𝑆𝑂 680.630 680.630 680.631 𝑁. 𝐴 
𝐶𝑜𝐷𝐸 685.144 681.503 680.771 𝑁. 𝐴 
𝐴𝐵𝐶 680.638 680.640 680.634 4𝐸 − 03 
𝑇𝐿𝐵𝑂 680.638 680.633 680.630 𝑁. 𝐴 
𝑫𝑮𝑬 + 𝟔𝟖𝟎. 𝟔𝟗𝟕𝟒𝟗𝟓𝟏 𝟔𝟖𝟎. 𝟔𝟑𝟒𝟎𝟏𝟖𝟏 𝟔𝟖𝟎. 𝟔𝟑 𝟎. 𝟎𝟏𝟐𝟎𝟔𝟓𝟏𝟎𝟐 

 
It is evident from Tables 10 & 11 that the proposed DGE+ 

algorithm performed better and superior to all the state-

of-the-art methods without any violation. The 

convergence curve shows the function values versus the 

number of generations for the constrained problem 1. The 

30 trials of the best solution obtained from the DGE+ 

algorithm are given in Figure 9. 



 

 

 

 

Differential gradient evolution plus algorithm for constraint optimization problems                    171 

 

Figure 9. Convergence curve and 30 best solutions for 

constraint problem 6 

4.2.7. Constrained problem 7 

This problem is taken from  [33] which is a relatively 

complex constrained problem of minimization having 

five variables and six inequality constraints. Table 12 

demonstrates the comparison of the best solution among 

the different optimizers and the corresponding design 

variables. The results obtained by DGE+ are compared 

with 5 state-of-the-art algorithms that are abbreviated and 

listed in Table 1. CULDE, Harmony search and GA2 

violet two constraints and remaining methods violet first 

constraint for the final solution but DGE+ satisfies all 

constraints for the final solution.

 
min 𝑓(𝑥) = 5.3578547𝑥3

3 +  0.8356891 𝑥1𝑥5 + 37.293239𝑥1 + 40729.141, 

𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜

{
  
 

  
 
 ℎ1(𝑥) = 85.334407 + 0.0056858𝑥2𝑥5 + 0.0006262𝑥1𝑥4 − 0.0022053𝑥3𝑥5 − 92 ≤ 0,

ℎ2(𝑥) = −85.334407 − 0.0056858𝑥2𝑥5 − 0.0006262𝑥1𝑥4 − 0.0022053𝑥3𝑥5  ≤ 0,

ℎ3(𝑥) = 80.51249 + 0.0071317𝑥2𝑥5 + 0.0029955𝑥1𝑥2 + 0.0021813𝑥3
2 − 110 ≤ 0,

ℎ4(𝑥) = −80.51249 − 0.0071317𝑥2𝑥5 − 0.0029955𝑥1𝑥2 − 0.0021813𝑥3
2 + 90 ≤ 0,

ℎ5(𝑥) = 9.300961 + 0.0047026𝑥3𝑥5 + 0.0012547𝑥1𝑥3 + 0.0019085𝑥3𝑥4 − 25 ≤ 0,

ℎ6{𝑥} = −9.300961 − 0.0047026𝑥3𝑥5 − 0.0012547𝑥1𝑥3 − 0.0019085𝑥3𝑥4 + 20 ≤ 0,

 

78 ≤ 𝑥1 ≤ 102, 33 ≤ 𝑥2 ≤ 45, 27 ≤ 𝑥3, 𝑥4, 𝑥5 ≤ 45. 

Table 13. Reported results for constrained problem 7 from different optimizers 

𝑴𝒆𝒕𝒉𝒐𝒅𝒔 
𝑫𝒆𝒔𝒊𝒈𝒏 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆𝒔 

𝒇(𝒙) 
𝒙𝟏 𝒙𝟐 𝒙𝟑 𝒙𝟒 𝒙𝟓 

𝐶𝑈𝐿𝐷𝐸 78.000000 33.000000 29.995256 45.000000 36.775813 −30665.5386 
𝐻𝑆 78.0 33.0 29.995 45.0 36.776 −30665.500 
𝐺𝐴1 80.39 35.07 32.05 40.33 33.34 −30005.700 
𝐺𝐴2 78.0495 33.007 27.081 45.00 44.94 −31020.859 
𝑀𝐵𝐴 78.00000 33.00000 29.99526 44.99999 36.77581 −30665.5386 
𝑫𝑮𝑬 + 𝟕𝟖 𝟑𝟑 𝟐𝟗. 𝟗𝟗𝟓𝟐𝟓𝟔𝟎𝟑 𝟒𝟓 𝟑𝟔. 𝟕𝟕𝟓𝟖𝟏 −𝟑𝟎𝟔𝟔𝟓. 𝟓𝟑𝟖𝟔 

Table 14. Reported results for constrained problem 7 from different optimizers (continued) 

𝑴𝒆𝒕𝒉𝒐𝒅𝒔 𝒇(𝒙) 
𝑪𝒐𝒏𝒔𝒕𝒓𝒂𝒊𝒏𝒕𝒔 

𝒉𝟏(𝒙) 𝒉𝟐(𝒙) 𝒉𝟑(𝒙) 𝒉𝟒(𝒙) 𝒉𝟓(𝒙) 𝒉𝟔(𝒙) 
𝐶𝑈𝐿𝐷𝐸 −30665.5386 1.35𝐸 − 08 −92.00000001 −11.15945 −8.840500 −4.999999 4.12𝐸 − 09 
𝐻𝑆 −30665.500 4.34𝐸 − 05 −92.000043 −11.15949 −8.840510 −5.000064 6.49𝐸 − 05 
𝐺𝐴1 −30005.700 −0.343809 −91.656190 −10.463103 −9.536896 −4.974473 −0.025526 
𝐺𝐴2 −31020.859 1.283813 −93.283813 −9.592143 −10.407856 −4.998088 1.91𝐸 − 03 

𝑀𝐵𝐴 −30665.5386 
1.33𝐸 − 08 −91.99999 −11.159499 

−8.84050 
−4.99999 −3.06𝐸

− 09 
𝑫𝑮𝑬 + −𝟑𝟎𝟔𝟔𝟓. 𝟓𝟑𝟖𝟔 𝟎 −𝟗𝟐 −𝟏𝟏. 𝟏𝟓𝟗𝟒𝟗𝟗𝟔𝟗 −𝟖. 𝟖𝟒𝟎𝟓𝟎𝟎𝟑𝟎𝟗 −𝟓 𝟎 

 

The results obtained by DGE+ are also compared with 

20 state-of-the-art algorithms, the comparison of 

statistical results for constrained problem 7 is given in 

Table 13. 

It is evident from Table 12 & 13 that the proposed 

DGE+ algorithm performed better and superior to all 

the state-of-the-art methods without any violation. The 

convergence curve shows the function values versus 

the number of generations for the constrained problem 

1. The 30 trials of the best solution obtained from the 

DGE+ algorithm are given in Figure 10. 

 

 



 

 

 

 
172                                          Tabassum et al. / IJOCTA, Vol.11, No.2, pp.158-177 (2021) 

 
Table 15. Statistical comparison of results for constrained problem 7 of various algorithms 

𝑴𝒆𝒕𝒉𝒐𝒅 𝑾𝒐𝒓𝒔𝒕 𝑴𝒆𝒂𝒏 𝑩𝒆𝒔𝒕 𝑺𝑫 
𝑀𝐵𝐴 −30665.3300 −30665.5182 −30665.5386 5.08𝐸 − 02 

𝐴𝑆𝐶𝐻𝐸𝐴 𝑁. 𝐴 −30665.5 −30665.5 𝑁. 𝐴 
𝑆𝑅 −30665.539 −30665.539 −30665.539 2𝐸 − 05 
𝐼𝑆𝑅 −30665.539 −30665.539 −30665.539 1.1𝐸 − 11 
𝐶𝐴𝐸𝑃 −30662.200 −30662.500 −30665.500 9.3 
𝐻𝐸𝐴𝐴 −30665.539 −30665.539 −30665.539 7.4𝐸 − 12 
𝑆𝐴𝑃𝐹 −30656.471 −30655.92 −30665.401 2.043 
𝐻𝑃𝑆𝑂 −30665.539 −30665.539 −30665.539 1.7𝐸 − 06 
𝐻𝑆 𝑁. 𝐴 𝑁. 𝐴 −30665.500 𝑁. 𝐴 
𝐷𝐸 −30665.509 −30665.536 −30665.539 5.067𝐸 − 03 
𝑆𝑀𝐸𝑆 −30665.539 −30665.539 −30665.539 0 
𝐶𝑅𝐺𝐴 −30660.313 −30664.398 −30665.520 1.6 
𝐴𝐵𝐶 −30665.539 −30665.539 −30665.539 0 
𝐶𝑈𝐿𝐷𝐸 −30665.5386 −30665.5386 −30665.5386 1𝐸 − 07 
𝐷𝐸𝐷𝑆 −30665.539 −30665.539 −30665.539 2.7𝐸 − 11 
𝑃𝑆𝑂
− 𝐷𝐸 

−30665.5387 −30665.5387 −30665.5387 8.3𝐸 − 10 

𝐻𝑀 −30645.900 −30665.300 −30664.500 𝑁. 𝐴 
𝐷𝐸𝐿𝐶 −30665.539 −30665.539 −30665.539 1.0𝐸 − 11 
𝑆𝑖𝑚𝑝𝑙𝑒𝑥 −30665.539 −30665.539 −30665.539 4.2𝐸 − 11 
𝑃𝑆𝑂 −30252.3258 −30570.9286 −30663.8563 81 
𝑫𝑮𝑬 + −𝟑𝟎𝟔𝟔𝟓. 𝟓𝟑𝟖𝟐𝟑 −𝟑𝟎𝟔𝟔𝟓. 𝟓𝟑𝟗 −𝟑𝟎𝟔𝟔𝟓. 𝟓𝟑𝟖𝟔𝟕 𝟗. 𝟐𝟔𝑬 − 𝟎𝟓 

 

 

 

Figure 10. Convergence curve and 30 best solutions for 

constraint problem 7 

5. Conclusions 

A new hybrid meta-heuristic has been presented in this 

paper, called DGE+, for dealing with seven benchmark 

constraint optimization problems. The main motivation 

behind the present study is to combine the desirable 

explorative features of DE with exploitative features of 

GE algorithms. The proposed method is mainly based on 

Differential Evolution, Gradient Evolution, and novel 

jumping technique. The proposed algorithm hybridizes 

the above-mentioned algorithms with the help of an 

improvised dynamic probability distribution, additionally 

provides a new shake off method to avoid premature 

convergence towards local minima. To evaluate the 

efficiency and robustness of DGE+ it has been applied on 

seven benchmark constraint optimization problems, the 

results of comparison revealed that DGE+ can provide 

very compact, competitive and promising results. As 

future works, various research directions can be followed. 

Based on certain preliminary observations, the parameter 

values for DGE+ are modified. A full sensitivity analysis 

on the impact of parameters may, therefore, be a guideline 

for future research. The implementation of the proposed 

algorithm to several real-world problems is also 

extremely valuable.   
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1. Introduction

Approximate dynamic programming (ADP) is a
method to solve large-scale Markov decision pro-
cesses (MDPs), which are used to model systems
that evolve stochastically over time. The term
approximate refers to the fact that the solution
obtained by the underlying ADP technique is an
approximate to the optimal solution. ADPs have
been used to solve problems arising in diverse
fields such as healthcare, manufacturing, trans-
portation, and revenue management.

In the last few decades, various ADP techniques
have been proposed to approximately solve com-
putationally intractable MDPs. The state-of-the-
art ADP techniques include the Lagrangian-based
ADP ( [1], [2]), the linear programming-based
ADP ( [3], [4]), and the direct search-based ADP
techniques ( [5], [6]). However, the performances
of those techniques have not been evaluated in the
literature.

To this end, we evaluate the performances of the
aforementioned ADP techniques through a class
of dynamic stochastic scheduling problems. These

problems have the following main features: 1)
Jobs arrive dynamically and stochastically at the
system over time; 2) Arriving jobs from differ-
ent types must be scheduled to future time slots
such as days. These problems are termed as dy-
namic stochastic advanced scheduling problems
(DSASPs) and arise in various fields such as man-
ufacturing, healthcare, and transportation. We
perform a comparison analysis, considering di-
verse scenarios obtained by different levels of cru-
cial problem parameters. In particular, we ap-
proximately solve various problem sets generated
for a class of DSASPs introduced in [3] using the
aforementioned ADP techniques. The way we im-
plement the direct search-based ADP is unique in
that we use new basis functions for value function
approximation.

The rest of the paper is structured as follows. Sec-
tion 2 discusses the relevant literature. In Sec-
tion 3, we introduce a class of dynamic stochastic
advanced scheduling problems, describe the ADP
techniques to be compared, and present our com-
putational work. Section 4 includes concluding
remarks.

*Corresponding author
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2. Literature review

We review the literature on both approximate
dynamic programming (ADP) and dynamic sto-
chastic advanced scheduling. A summary of work
done on ADP is given first.

2.1. Literature review on approximate

dynamic programming

There are many studies focusing approximate dy-
namic programming (ADP). Powell [7] provides
a good review on ADP-based techniques. We
briefly review prominent work on ADP below.

Farias and Roy [8] addressed the curse of dimen-
sionality of large-sized stochastic control prob-
lems by developing linear programming (LP)-
based ADP for solving such problems. In the
heart of their approach, a linear combination of
basis functions is fitted to cost-to-go function.
The authors developed error bounds that ensure
performance guarantees. In another study, Farias
and Van Roy [9] improved linear programming ap-
proach to ADP through the development of con-
straint sampling. They showed that a subset of
constraints can be chosen independently of total
number of constraints the problem contains under
certain conditions.

Maxwell et al. [5] proposed ADP-based algo-
rithms for ambulance redeployment. In partic-
ular, the authors introduced direct search based
ADP for solving the underlying problem. Ow-
ing to the computationally intensive nature of di-
rect search, they utilized a “post-decision state
dynamic programming formulation of ambulance
redeployment”.

Shechter et al. [10] studied an optimal search
problem where the location of a target is only
known probabilistically. The authors aimed to
minimize the probability of having a failed search
and considered the “unconstrained search” and
the “constrained search”. They developed ADP
approaches for larger instances of their problem.
Numerical results showed that ADP-based algo-
rithms perform well. In a follow-up study, Goc-
gun [11] worked on a class of optimal search prob-
lems that contain a target and an obstacle. The
author provided Markov decision process (MDP)
formulations of these problems and proposed a di-
rect search-based ADP for obtaining approximate
solutions.

Gocgun and Ghate [12] studied a class of dynamic
resource allocation problems where“multiple re-
newable resources must be dynamically allocated
to different types of jobs arriving randomly”. The
objective is to select “which jobs to service in

each time-period so as to maximize total infinite-
horizon discounted expected profit.” The authors
developed a Lagrangian relaxation-based ADP
method for obtaining approximate solutions to
those problems. In a follow-up study, Gocgun
and Ghate [1] proposed an ADP approach based
on Lagrangian relaxation for dynamic stochas-
tic scheduling problems. Their computational re-
sults demonstrated that the ADP approach out-
performs myopic decision rules.

Yin et al. [13] studied a class of metro train sched-
uling problems, considering performance metrics
such as time delay of passengers and operational
costs. They proposed a stochastic programming
model for this problem and approximately solved
it through an ADP-based algorithm.

Wang et al. [14] introduced ADP-based meth-
ods through iterated Bellman inequalities. Their
methods solve linear and semidefinite programs
and provide a bound on optimal value as well as
a reasonably good suboptimal policy.

Li and Womer [15] studied a class of project
scheduling problems that contain resource con-
straints and task durations that are uncertain.
Differing from the existing research, the authors
found a dynamic and adaptive policy through
ADP-based algorithms. Specifically, they devel-
oped a hybrid ADP framework that makes use of
the rollout policy as well as a lookup table ap-
proach.

Nozhati et al. [16] developed a framework for
recovery management. Their approach utilizes
ADP and heuristics for determining recovery ac-
tions. Their approach efficiently manages multi-
state systems following disasters.

Yang et al. [17] proposed ADP-based algorithms
for optimization problems with nonlinear con-
straints. In particular, they introduced a policy-
iteration algorithm to solve the underlying prob-
lem, and validated their control method through
the simulation of an interconnected plant.

Kanj et al. [18] employed ADP for a problem faced
in a ride-hailing system that consists of a fleet
of autonomous electric vehicles. Through ADP,
the authors developed dispatch strategies to de-
termine, for instance, which car is the most ap-
propriate for a particular trip. Their work showed
that the problem contains monotone value func-
tions.

Ou et al. [19] studied a class of gantry scheduling
problems where the material transfer is handled
by gantries. The authors introduced a method
that makes use of reinforcement learning and
ADP. Numerical results showed that the proposed
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method outperforms a standard Q-learning algo-
rithm.

2.2. Literature review on dynamic

stochastic advanced scheduling

One prominent feature of dynamic stochastic ad-
vanced scheduling problems (DSASPs) is that
they are formulated as Markov decision processes
(MDPs). We review research on DSASPs below.

Patrick et al. [3] introduced an MDP formulation
of DSASPs where patients from different types
are scheduled to future days. Due to intractable
state and action spaces, the authors employed
an ADP approach; specifically they developed an
LP-based ADP to provide approximate solutions.
In a follow-up study, Saure et al. [4] studied a
DSASP faced in radiation therapy units. The au-
thors provided an MDP formulation of the under-
lying problem and solved it using an ADP method
that is based on linear programming.

Gocgun and Puterman [20] worked on an appoint-
ment booking problem faced in chemotherapy set-
tings. Differing from the similar problems, it has
the property that patients have target dates along
with tolerance limits. The authors proposed an
LP-based ADP for acquiring an optimal solution.
In a follow-up study, Gocgun [6] worked on a
DSASP faced in chemotherapy settings and allows
for cancellation of jobs. The author employed
a direct search-based ADP for solving larger in-
stances of the underlying problem.

Akhavizadegan et al. [21] addressed appointment
scheduling in a nuclear medical center, consid-
ering patient choice and different no-show rates.
The authors formulated the problem as an MDP
and compared the optimal solution with heuris-
tic decision rules. Wang and Fung [22] studied
a class of dynamic appointment scheduling prob-
lems considering patient preferences and choices.
The authors developed a column generation-based
approximation algorithm to solve these problems.
Lu et al. [23] worked on a class of dynamic ap-
pointment scheduling problems taking into ac-
count “wait-dependent abandonment”. They for-
mulated these problems as MDPs and investi-
gated the properties of the optimal policy theo-
retically.

In a recent work, Saure et al. [24] studied a
DSASP where service times are stochastic. The
authors put forth theoretical results for the de-
terministic case with “multi-class, multi-priority”
jobs, and then developed methods for the stochas-
tic case.

2.3. Contribution

Table 1 indicates research work in which a com-
parative analysis was performed using any of the
LP-based ADP (LP-A), the direct search-based
ADP (DS-A), and the Lagrangian-based ADP
(LGR-A) techniques. To the best of our knowl-
edge, the relevant literature does not contain any
work that deals with a comparative analysis of all
the three state-of-the-art ADP techniques.

Table 1. The list of work in which
any of LP-A, DS-A, and LGR-A was
developed. “S-based A” refers to
Simulation-based ADP.

Study Proposed ADP Comparison

[5] DS-A against S-based A
[10] DS-A against heuristics
[11] DS-A against heuristics
[12] LGR-A against myopic
[1] LGR-A against myopic
[3] LP-A against myopic
[4] LP-A against myopic
[20] LP-A against myopic
[6] DS-A against myopic
[2] LGR-A against myopic

In this research, we evaluate the performance of
three state-of-the-art ADP techniques, employing
them for solving a class of DSASPs. In partic-
ular, the Lagrangian-based ADP, the LP-based
ADP, and the direct-search based ADP were used
to solve the DSASP introduced in [3]. Our contri-
bution is twofold: 1) We employ the direct search-
based ADP through basis functions that are dif-
ferent as compared to those used in the literature,
2) We close a gap in the literature, addressing the
question of which of those techniques perform the
best in an important class of dynamic scheduling
problems.

The features of the DSASP we studied are given
next.

3. Dynamic stochastic advanced

scheduling

The dynamic stochastic advanced scheduling
problem introduced in [3] has the following fea-
tures.

• Heterogeneous job types are considered.
• Arrivals of jobs to the system are random.
In addition, arrivals across job types are
independent.
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• Jobs arriving at the system must be sched-
uled to a day within a booking hori-
zon. Rejecting (or outsourcing or serving
through overtime) jobs is allowed.

• There is a deadline for jobs of each type.
Scheduling a job to a day after its deadline
results in delay cost.

• Rejecting jobs results in a penalty cost.
• The goal is to make decisions of sched-
uling and rejecting arriving jobs so as to
“minimize the total discounted expected
cost over an infinite horizon” ( [20]).

3.1. The Markov decision process model

The following notations are used in the mathe-
matical model of the aforementioned problem.

• I: the number of job types
• N : the length of the booking horizon
• xn, n = 1, . . . , N : number of jobs that are
already scheduled to day n

• ui, i = 1, . . . , I: number of type-i jobs
waiting to be scheduled

• yin, i = 1, . . . , I, n = 1, . . . , N : number of
type-i jobs to be scheduled to day n

• zi, i = 1, . . . , I: number of type-i jobs that
are rejected

• C1: daily capacity
• C2: upper bound on number of jobs re-
jected each day

• p(u′i): probability that u′i jobs of type-i
arrive on a given day

• Di: a deadline associated with type-i job
• Ci(n,Di): delay cost of scheduling a type-
i job on day n

• r(i): rejection cost of a type-i job
• F i, i = 1, . . . , I: unit delay cost for a type-
i job

• D: the set of all possible demand vectors

The Markov decision process (MDP) model of the
aforementioned problem is provided next (see [3]
for an equivalent formulation).

State Space: s = (x, u) = (xn, ui), i = 1, . . . , I
and n = 1, . . . , N . The state of the system con-
sists of the number of jobs that are already sched-
uled to each day in a booking horizon, and the
number of jobs of each type waiting to be sched-
uled.

The Action Set: (y, z) = (yin, zi), i = 1, . . . , I
and n = 1, . . . , N . The action to be made at a
given state is to decide the number of jobs of each
type to be scheduled to each day of the book-
ing horizon, and the number of jobs of each type
that are rejected. Note that zi does not have the
day index, as it represents the number of jobs of
type-i that will not be scheduled to any day of

the booking horizon and hence are rejected. Any
action must satisfy certain constraints, which are
provided below ( [3]).

xn +
I

∑

i=1

yin ≤ C1, n = 1, . . . , N, (1)

I
∑

i=i

zi ≤ C2, (2)

N
∑

n=1

yin + zi ≤ ui, i = 1, . . . , I. (3)

Constraint 1 ensures that the sum of the num-
ber of jobs that are already scheduled to day n

and total number of jobs to be scheduled to day
n does not exceed the daily capacity. Constraint
2 guarantees that total number of jobs rejected is
bounded by C2. Finally, Constraint 3 ensures that
the sum of the total number of type-i jobs to be
scheduled and the number of type-i jobs rejected
cannot be greater than the number of type-i jobs
waiting to be scheduled.

Transition Probabilities: Stochasticity in
the system arises only due to the num-
ber of new arrivals of jobs from each type.
Hence, once an action is chosen at a given
state (x1, x2, . . . , xN , u1, u2, . . . , uI), the system
switches to the following state with probability
∏I

i=1 p(u
′

i) due to the assumption of independent
arrivals:
(x2 +

∑I
i=1 yi2, x3 +

∑I
i=1 yi3, . . . , xN +

∑I
i=1 yiN , 0,

u′1, u
′

2, . . . , u
′

I). Here, for instance, x2 +
∑I

i=1 yi2
represents x′1.

Costs: The immediate cost of choosing an action
at a given state consists of total delay cost and to-
tal rejection cost. It is mathematically expressed
as follows.
c(y, z) =

∑I
i=1

∑N
n=1C

i(n,Di)yin +
∑I

i=1 r(i)zi.
Ci(n,Di) for i = 1, . . . , I is expressed as

Ci(n,Di) = max(n−Di, 0)× F i, n = 1, . . . , N.

(4)

Bellman’s Equations: The cost-to-go function
of a given state is given by

v(x, u) = min
(y,z)

{

c(y, z) + λ
∑

u′∈D

(u
′

)v(x′, u′)

}

.

(5)
Owing to extremely large number of states and
actions, the underlying MDP model is compu-
tationally intractable. The three approximate
dynamic programming techniques are briefly de-
scribed next.
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3.2. Approximate dynamic programming

techniques

Due to curse of dimensionality, Bellman equations
given in Eqn. 5 cannot be solved. The fundamen-
tal theme behind approximate dynamic program-
ming (ADP) is to approximate the value function
(i.e., cost-to-go function) through a combination
of basis functions, thereby eliminating the com-
putational intractability.

ADPs are mainly categorized as mathematical
programming (MP)-based ADP, simulation-based
ADP, and direct search-based ADP. MP-based
ADPs transform the underlying MDP model into
the “equivalent linear programming (LP) ver-
sion of Bellman equations. Approximate value
function is then used to avoid intractability” (
[20]). Examples of MP-based ADPs are linear
programming (LP)-based ADP and Lagrangian-
based ADP. Simulation-based ADP techniques,
however, simulate “the evolution of the system
over a number of initial states in order to tune
the parameters” ( [6]), thereby finding an ap-
proximate solution to the Bellman’s equations.
Simulation models such as reinforcement learn-
ing and statistical sampling are used to estimate
value functions. On the other hand, ADP based
on direct search tackles an optimization problem
where the decision variables are tuning parame-
ters, and the goal is to minimize “the expected
cost of the policy induced by the corresponding
parameter vector” ( [6]). The optimization prob-
lem is solved through direct search.

As stated earlier, in ADP, basis functions that
possess certain important features of the system
state are used to approximate the value function.
One example of utilizing basis functions is linear
approximation, which is given by

V (s) ≈
K
∑

k=1

rkΦk(s),

where “rk for k = 1, . . . ,K are tuning parameters
and Φk(s) for k = 1, . . . ,K are basis functions”
( [11]). The approximation parameters are tuned
iteratively to acquire an ADP policy after the ap-
proximation of the value function is performed.
In this context, ADP approaches aim to find the
optimal parameter vector through which a certain
performance metric is minimized ( [11]).

The parameter tuning phase enables us to have
the approximate value of a given state. We then
retrieve the ADP policy through the computation
of a decision vector for any given state.

We briefly describe the three approximate dy-
namic programming techniques, without delving

into all mathematical details. (refer to [3], [1]
and [6] for technical details of these methods).

3.2.1. Linear programming-based ADP

The LP approximation is provided below (see [3]
for the complete steps of the LP-based ADP).

“For a discounted infinite-horizon MDP (where
the objective function is in minimization form as
in (5) and α(~s) are positive numbers indexed by
states ~s ∈ S), the equivalent LP formulation is
given” ( [20]):

max
∑

~s∈S

α(~s)v(~s) (6)

s.t. c(~s,~a)+

λ
∑

~s′∈S

p(~s′|~s,~a)v(~s′) ≥ v(~s), ∀~s ∈ S,~a ∈ A~s.

Using an affine approximation, the value function
can be approximated as:

ṽ(~x, ~u) = W0 +
N
∑

n=1

Vnxn +
I

∑

i=1

Wiui. (7)

The LP formulation of our MDP model is then:

max
v

∑

(~x,~u)∈S

α(~x, ~u)v(~x, ~u) (8)

s.t. c(~y, ~z)+

λ
∑

d∈D

p(d)v(x2 +
∑

i

yi2, . . . , xN +
∑

i

yiN , 0, u
′

i)

≥ v(~x, ~u), ∀(~x, ~u) ∈ S, ∀(~y, ~z) ∈ A(~x,~u).

We substitute (7) into (6) and obtain the follow-
ing LP after rearranging terms ( [20]):

max
~V , ~W

W0 +
N
∑

n=1

Eα(Xn)Vn +
I

∑

i=1

Eα(Ui)Wi (9)

s.t. (1− λ)W0+

N
∑

n=1

Vn(xn − λxn+1 − λ

I
∑

i=1

yi(n+1))+

I
∑

i=1

Wi(ui − λEα(Ui)) ≤ c(~y, ~z), ∀(~x, ~u) ∈ S,

∀(~y, ~z) ∈ A(~x,~u),

Vn ≥ 0, n = 1, . . . , N,

Wi ≥ 0, i = 1, . . . , I.

As the above LP “still has a very large number
of constraints” ( [20]), its dual is solved through
column generation (see [3]).
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3.2.2. Lagrangian relaxation-based ADP

The Lagrangian approach is similar to the LP-
based in that it transforms the underlying MDP
and tackles the equivalent LP formulation of the
MDP through the problem decomposition ob-
tained by Lagrange multipliers. As the resulting
LP is still intractable, a hybrid Lagrangian re-
laxation - LP approach is employed to tackle in-
tractability. In particular, the Lagrangian value
functions are approximated through affine func-
tions. The resulting approximate LP is solved
using a column generation method. ( [25], [1])

3.2.3. Direct-search based ADP

As part of the direct search-based ADP, we tune
approximation parameters using direct search
with the goal of finding good policies. To be
more specific, an optimization problem where fea-
sible r’s constitute the variables and the goal is to
minimize “the expected cost of the policy induced
by the corresponding parameter vector” ( [6]) is
solved by direct search. As a result, we have the
following optimization problem ( [11]):

min
r∈RN

∞
∑

t=0

c(st, πr(st)), (10)

where “st is the state at stage t of the system, πr
is the policy obtained by the parameter vector r,
πr(st) is the action dictated by the policy πr in
the state at stage t, and c(st, πr(st)) is immedi-
ate cost incurred at step t as a result of choosing
πr(st).” [11]

We use the following basis functions during the
implementation of the direct-search based ADP.

Φ1(s) = C1 −
N
∑

n=1

I
∑

i=1

(xin + yin), (11)

Φ2(s) = −(
I

∑

i=1

zi).

The first basis function represents available capac-
ity (see [6] for a somewhat similar basis function),
whereas the second one allows us to consider dif-
ferent values of zi for the underlying optimization
problem.

Because of having two basis functions, two tuning
parameters are used, which are r1 and r2. We let
r1 and r2 range from 1 to 5 in increments of 1,
and 0 to 40 in increments of 2, respectively. For
each problem instance, the combination of (r1, r2)
that yields the best value is used for computing
average cost values.

3.3. Numerical experiments

Data generation was performed by taking into ac-
count the way data is generated in the literature
( [1]). Number of types was set to 5 and 10. Ar-
rival probabilities of jobs are assumed to follow
Poisson with a parameter DU (1,5) (DU means
discrete uniform). Discount factor was set to 0.9
and 0.99. Resource availability was set to 10 and
20. Two levels were considered for booking hori-
zon: 7 and 14. As a result, we have 16 scenarios
for the comparison analysis.

As the arrival process is random, we estimate the
discounted expected cost accrued by any of the
three ADP techniques by averaging the total dis-
counted cost through simulation. Simulation run
length was set to 50, and number of replications
was set to 20, which means that the total dis-
counted cost is averaged over 20 independent sim-
ulations. For each problem set, we ran 10 problem
instances.

3.3.1. Results

We provide results in tables 2 and 3. For each
problem set determined by the combination of
I,C1, and N , columns 2 to 4 of each table give
the average discounted cost values over 10 in-
dependent problem instances obtained for the
Lagrangian-based, the LP-based, and the direct
search-based ADP, respectively. The last column
of each table gives the percentage difference be-
tween the best and next best techniques. The
bolded percentage difference values correspond to
problem sets where the Lagrangian-based ADP
outperforms others whereas other values corre-
spond to problem sets where the direct search-
based ADP outperforms others. When the dis-
count factor (λ) has a high level (i.e., 0.99); the
Lagrangian-based ADP turns out to be the best
approach in 5 out of 8 problem sets, whereas the
direct search-based ADP outperforms others in
two problem sets. When the discount factor was
set to a low level (i.e., 0.9), the direct search-
based ADP outperforms others in all problem
sets. (Paired t-tests revealed that the respec-
tive percentage differences were statistically sig-
nificant at the 0.05 level.)
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Table 2. Results for λ = 0.99.

(I, C1, N) LGR-A LP-A DS-A Per. d.

(5,5,7) 15379 20208 16991 9.5

(5,5,14) 15273 20127 15763 3.1

(5,10,7) 6546 10380 7345 10.9

(5,10,14) 6831 9556 6676 2.3
(10,10,7) 31110 41513 33120 6.1

(10,10,14) 31256 40179 31035 0.7
(10,20,7) 12310 21844 13062 5.7

(10,20,14) 12627 16746 11174 11.5

Table 3. Results for λ = 0.90.

(I, C1, N) LGR-A LP-A DS-A Per. d.

(5,5,7) 3758 3785 3346 11
(5,5,14) 3758 3197 2762 13.6
(5,10,7) 1708 1685 1327 21.2
(5,10,14) 1708 1172 1022 12.8
(10,10,7) 7276 7514 6451 11.3
(10,10,14) 7276 5978 5185 13.3
(10,20,7) 2923 2827 2351 16.8
(10,20,14) 2923 1541 1461 5.2

4. Conclusions

In this paper, we aimed to close a gap in the
literature by comparing the performances of the
state-of-the-art approximate dynamic program-
ming (ADP) techniques through a class of dy-
namic stochastic advanced scheduling problems
(DSASPs). These problems are modeled as
Markov decision process and their large instances
are approximately solved via ADP techniques.
We solved a class of these problems using three
ADP approaches: 1)Lagrangian-based ADP, 2)
Linear programming-based ADP, and 3) direct
search-based ADP, which we uniquely imple-
mented through new basis functions.

Our numerical experiments reveal that the di-
rect search-based ADP outperforms others in 10
out of 16 problem sets. On the other hand, the
Lagrangian-based ADP outperforms others in 5
out of 16 problem sets. Future research may fo-
cus on the performance comparison of such tech-
niques through variants of DSASPs that include
extensions such as cancellations of jobs, multiple
resources, and overbooking.
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1. Introduction

The inverse Sturm-Liouville (S-L) reconstruction
problems consist of the calculation of the po-
tential function from known data. These data
which can be referred as spectrum, normalized
constants, spectral functions, etc. are based on
uniqueness. Although there are many studies on
the uniqueness of the inverse S-L problem, it is
observed from the literature that only a few stud-
ies have been conducted on the reconstruction of
the potential function from data that can be ob-
tained experimentally. In this study, we aim to
contribute to the literature in this direction.

Let’s consider the Sturm-Liouville problem

−y′′(x) + (λ+ q(x))y(x) = 0, x ∈ [0, 1],

y′(0) sinα+ y(0) cosα = 0, (1)

y′(1) sinβ + y(1) cosβ = 0,

where q ∈ L2[0, 1] is potential function, λ is the
eigenvalue parameter, and α, β are real constants.

In 1978, Hald [1] considered the inverse problem of
(1) for symmetric potential q with Dirichlet con-
ditions, and by using Rayleigh-Ritz method he
reduced the problem consist of Fourier expansion
with finite terms to an eigenvalue problem for a
matrix. Thus, he showed that the solution for
matrix problem converged to the solution for the
inverse problem as the dimension of the matrix in-
creased. In 1984, Paine [2] used an algorithm to
deal with a similar problem assuming q ∈ C2[0, π]
in which a perisymmetric tridiagonal matrix ob-
tained from first N eigenvalues. The errors aris-
ing from results obtained by using a correction
term were analyzed according to the increasing
the number N . In 1988, by the use of charac-
teristic values {λn, ρn}, Sacks [3] generated the
iteration algorithm
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qn+1(x) = qn(x) + 2g(2x)− 2F (qn)(2x),

for inverse S-L problem subject to Dirichlet
boundary condition where

g(t) =
∞
∑

k=1

(

2kπ sin(kπt)−
1

λ
1/2
k ρk

sin(λ
1/2
k t)

)

,

F (q)(t) = wx,t(0, t),

and w(x, t) was considered to be the solution to
related Goursat problem. Then some numerical
examples were considered by noticing the conver-
gence of qn to the potential q. In 1992, Lowe et
al. [4] investigated the vector ~q = (q1, q2, ...) by
proposing the potential in the form of

qN = qN +
N−1
∑

k=1

qkφk(x). (2)

for the S-L problem with Dirichlet boundary con-
dition and with also general separable boundary
conditions where

{φk(x)}
k=2N
k=1 = {sin 2πx, cos 2πx, ...

, sin 2Nπx, cos 2Nπx}.

To determine the Fourier coefficients, they took
the advantage of Newton’s method, proved a con-
vergence theorem of the method, and gave some
examples. In the same year, Rundell and Sacks [5]
handled two spectra to determine Cauchy data for
a transformed hyperbolic partial differential prob-
lem, and then they used successive approximation
method and Quasi-Newton method respectively.
Finally, they considered the same reconstruction
problem for different data and controlled effec-
tiveness of their approach on smooth, non-smooth
continuous, and noncontinuous test potentials. In
1994, Neher [6] studied the investigation of po-
tential function q when the eigenvalues and sym-
metric base functions were given for the problem
having symmetric potential with Dirichlet condi-
tion. His study was based on the determination of
aj constants in which the potential function was
written in the form of

q(x) = q(x; a) := q̂(x) +
n
∑

j=1

ajqj(x), (3)

where a = (aj) ∈ R
n. He used Newton’s

method to find zeros of the function f(a) =
(fi(a)) = (λi(q(x; a)) − vi) where the eigenval-
ues were vi; i = 1, 2, ..., n. In fact, the formu-
lae (2) and (3) used in [4] and [6], respectively,
was considered in several earlier papers, notably
the paper of O.H. Hald [1]. However, [4] deals
with the difficulties arising from the limitation of
data available in real applications, while [6] ad-
dresses the problem of attempting to enclose q
within an interval-valued function. In 1995, Fabi-
ano et al. [7] considered Dirichlet problem with
symmetric and general potential, then converted
the problem to a matrix equation through a par-
tition of the interval. In this equation, the fi-
nite set of eigenvalues and terminal velocities were
used to determine the matrix of coefficients. In
2004, Andrew [8] used the same method, which
is Modified Newton’s method, with Fabiano et
al. [7]. The difference between the approaches
used in [7] and [8] is that [7] uses a second or-
der finite difference approximation of the differ-
ential equation, whereas [8] uses the more accu-
rate Numerov method. The advantages of the
latter approach are discussed in [9]. The author
generalized the case in 2005 [9], and in 2011 he
used a similar method to solve the problem corre-
sponding to a different set of data [10]. In 2003,
Brown et al [11] considered a finite number of lin-
ear dependence coefficients between some appro-
priate solutions to the Sturm-Liouville problem
and eigenvalues. They used the steepest descent
method for the objective functional

G(q) =
N
∑

n=0

{ωn

∫ 1

0
[(u′q − Cnv

′
q)

2

+ (uq − Cnvq))
2]}},

where {λn, Cn} was the given set of finite data,
and the functions uq, vq were the solutions cor-
responding to λn for the Sturm-Liouville equa-
tion with some special initial conditions. In 2005,
Röhrl [12] handled two spectra and used Polak-
Ribiere conjugate gradient method to minimize
his objective functional given with (4). In his on-
going study [13], he also generalized his work to
boundary conditions. In 2007, Rafler and Böck-
mann [14] modified the Rundell-Sacks method to
deal more effectively with potentials having jump
discontinuities and gave some numerical examples
in L2 and L∞. Additionally, some other meth-
ods such as the boundary value method and the
finite difference method to find the solutions of
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the inverse Sturm-Liouville problems can be seen
in [15–18].

This paper is summarized as follows. Section
2.1 discusses the improvement of efficiency of the
study given in [12]. In the method described in
Sections 2 and 3 of [12], asymptotic formulas were
used for the minimization of the objective func-
tional in each iteration so that the original po-
tential was approached as a Fourier series. Here,
however, by using an estimate of minimization pa-
rameter which is calculated approximately for a
random potential, the necessity of using asymp-
totics is eliminated. So, the original potential is
approached as a linear combination of the eigen-
functions which is calculated with the help of an
initial value problem. Two important advantages
of this statement are expressed below:

i) In the reconstruction problems, the errors in
calculating the potential increase as the data at
hand decreases. Besides, there are two factors
that cause errors. The first of these is the er-
ror resulting from not being able to solve the di-
rect problem analytically. It is not included in
this study. The second is, however, the error that
arises from the use of asymptotics in each itera-
tion. As it can be observed from the asymptotics,
though this error is small in the calculation of
large eigenvalues, one cannot say the same for
small eigenvalues. Thus, in the case where the
number of experimentally obtained data is lim-
ited, one would like to minimize the error which
occurs in small eigenvalues. As a result, the
elimination of the necessity of the use of asymp-
totics minimizes the above-mentioned error. In
this respect, better results are achieved by tak-
ing a small number of data pairs in our study.
Moreover, even though increments on the itera-
tion numbers is comprehended as a disadvantage
for the case of two spectra, an important gain in
terms of time is achieved because the calculation
volume is decreased.

ii) The asymptotics of eigenfunctions correspond-
ing to each element of different spectra can be
the same (See [12]). Thus, in the calculation, a
challenge occurs between the terms included in
the gradient. This leads to significant increases
in the number of iterations (Please see Figure 1-
3 and the first paragraph of page 2013 in [12]).
However, the elimination of asymptotics prevents
such a challenge. Therefore, a gain in both the
number of iterations and the time of calculation
is achieved in our paper.

In Section 2.2 and Section 2.3, the process for the
two spectra case in the previous section is also ap-
plied to the case of two different data sets. The
first of these data is McLaughlin-Rundell data
which was considered in [19]. When the studies
about this problem is surveyed, while almost all of
them are about generalizations of the uniqueness
problem of [19], this study discusses the numeri-
cal solution of the problem. The second one is a
spectrum and a set of terminal velocities. Finally,
Section 3 is devoted to demonstrating the numer-
ical results obtained for each uniqueness data in
Section 2.

2. Reconstruction of the potential

2.1. Two spectra

We propose to remove the use of asymptotic for-
mulae of eigenvalues and corresponding eigen-
functions while reconstructing the potential. As
a result of this suggestion, small eigenvalues and
their corresponding eigenfunctions can be used
more effectively. Moreover, different eigenvalues
do not have to fight against each other when the
corresponding asymptotic formulas for eigenfunc-
tions are the same. Indeed, we especially handle
the steepest descent method for Röhrl’s objective
functional.

It is well known that two spectra obtained by
changing boundary condition determine the po-
tential uniquely for (1) [20].

Let I = M × {1, 2}, M ⊂ N and {λi,j,Q} =
{λi(α, βj , Q)} be two spectra of the inverse S-L
problem subject to different two boundary condi-
tions for test potential Q. The Röhrl’s objective
functional is

G(q) =
∑

(i,j)∈I

ωi,j(λi,j,q − λi,j,Q)
2, (4)

where ωi,j is positive weight constant. Since
∂λi,j,q

∂q(x) = λ̇i,j,q = g2i,j(x, q) [12, 21],

∇G(q) = 2
∑

(i,j)∈I

ωi,j(λi,j,q − λi,j,Q)g
2
i,j

is in H1([0, 1])- Sobolev space where gi,j(x, q) are
normalized eigenfunctions which correspond to
the eigenvalues λi,j,q [12].

It is seen from the literature that this type of ob-
jective function was firstly considered by Brown
et al. [11]. Röhrl handled two spectra instead
of Brown’s data {λn, Cn} and generalized the
problem to determine both the boundary condi-
tions and the potential function [13]. Although it
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seems that Röhrl’s functional is much simple than
Brown’s, it contains more computation than those
in [11] because Röhrl needs to solve the boundary
value problem instead of the initial value problem.

Here, it is aimed to minimize functional G(q) step
by step so that one can approach potential Q by
using iteration functions qn. If I is infinite and
the positive weights (iωi,j) are summable, then
the series given by G(q) is convergent (see [12]).
Furthermore G(q) = 0 if and only if q = Q from
uniqueness [20]. The convergence is obvious if I
is finite.

Theorem 1. If I is finite or (iωi,j) is summable,
the functional G(q) has no local minima at q with
G(q), i.e.∇G(q) = 0 ⇔ G(q) = 0. Thus a con-
jugate gradient algorithm will not get trapped in
local minima [12].

By Theorem 1, the minimization process leads to
G(qn) → 0 so that qn → Q. The algorithm to
be used is the steepest descent algorithm which is
described as follows [22]:

Step 0: Choose an initial potential as q0 and set
n = 0,

Step 1: If G(qn) is small enough, stop; otherwise
go to step 2,

Step 2: Compute gradient ∇G(qn),
Step 3: Minimize G(qn − hn∇G(qn)) with re-

spect to hn,
Step 4: Set qn+1 := qn − hn∇G(qn) and replace

n by n+ 1, go to step 1.

There are three cases for the asymptotics of eigen-
values according to {α, β} in the eqn. (1) (See
[12]). To compute asymptotics of squared normal-
ized eigenfunctions corresponding to eigenvalues
with respect to {α, β}, one can consider the study
done by Hochstadt [23] which contains asymptotic
solution to the normal form Sturm-Liouville dif-
ferential equation with initial values y(0) = sinα,
y′(0) = − cosα. For example, if α = β = π

4
and α = π

4 , β = −π
4 , then the squared normal-

ized eigenfunctions have the same asymptotics
g2i,j = 1 + cos 2iπx + O

(

1
i

)

for all i ∈ M and

j = 1, 2. These values of {α, β} were considered
in [13]. When one chooses the values of {α, β}
which have the same asymptotic form for corre-
sponding the squared normalized eigenfunctions,
the number of g2i,j in the gradient drops to half,

and so the coefficients of the same asymptotics g2i,j
fight each other for each index j. Thus, eliminat-
ing the necessity of the use of asymptotics is pro-
posed to overcome such a conflict. Actually, be-
cause the asymptotics are not required until Step
3, any solver for eigenvalues and eigenfunctions
can be used. Since the eqn. (1) cannot be solved

in hn for Step 3, as long as a command that com-
putes the parameter hn, is used, the asymptotics
needs to be considered. Therefore, we obtain an
estimate for hn by making some omissions:

Let us consider λi,q(α, β) = Fi,α,β +
1
∫

0

qds + ai

where (ai) ∈ ℓ2 and Fi,α,β can be seen from
asymptotics for eigenvalues (See [12]). Then, for
the test potential Q and the iterative potential qn,
it can be written as

λi,qn+1
(α, βj)− λi,Q(α, βj) = λi,qn−hn∇G(qn)(α, βj)

−λi,Q(α, βj) = Fi,α,βj
+

1
∫

0

qnds− hn

1
∫

0

∇G(qn(s))ds

+aqn+1,j,i − λi,Q(α, βj) = [λi,qn(α, βj)− λi,Q(α, βj)]

−hn

1
∫

0

∇G(qn(s))ds+ (aqn+1,j,i − aqn,j,i),

and so we have

G(qn − hn∇G(qn)) =
∑

(i,j)∈I

{

ωi,j

([

λi,qn(α, βj)

− λi,Q(α, βj)
]

− hn

1
∫

0

∇G(qn(s))ds
)2}

,

by neglecting the term Ai,j,n = aqn+1,j,i − aqn,j,i.
Thus by differentiating G(qn+1) with respect to
the parameter hn and then equating it zero, we
obtain

d

dhn
G(qn+1) = −2

1
∫

0

∇G(qn)ds

[

∑

(i,j)∈I

{

ωi,j ×

(

[λi,qn(α, βj)− λi,Q(α, βj)]− hn

1
∫

0

∇G(qn)ds
)}

]

,

and

hn =

∑

(i,j)∈I

{

ωi,j [λi,qn(α, βj)− λi,Q(α, βj)]
}

∑

(i,j)∈I

{

ωi,j

1
∫

0

∇G(qn)ds

}
.

Assume ωi,j = 1. Since
1
∫

0

g2i,qn(α, βj) = 1,
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hn =

∑

(i,j)∈I

(λi,qn(α, βj)− λi,Q(α, βj))

2k
1
∫

0

∇G(qn)ds

=

∑

(i,j)∈I

{

(λi,qn(α, βj)− λi,Q(α, βj))
1
∫

0

g2i,qn(α, βj)
}

2k
1
∫

0

∇G(qn)ds

=

1
∫

0

[
∑

(i,j)∈I

{

(λi,qn(α, βj)− λi,Q(α, βj))g
2
i,qn

(α, βj)
}]

ds

2k
1
∫

0

∇G(qn)ds

=

(1/2)
1
∫

0

∇G(qn)ds

2k
1
∫

0

∇G(qn)ds

=
1

4k
.

It could be wondered that how would the calcu-
lation be if Ai,j,n had not been neglected. For

Ai,j,n = aqn+1,j,i − aqn,j,i

=(λi,qn+1
(α, βj)− λi,qn(α, βj)) + hn

1
∫

0

∇G(qn)ds

by taking its derivative with respect to the pa-
rameter hn, we obtain

dAi,j,n

dhn
=

d(λi,j,qn+1
− λi,j,qn)

dhn
+

1
∫

0

∇G(qn)ds

=
dλi,j,qn+1

dqn+1

dqn+1

dhn
−

dλi,j,qn

dqn

dqn
dhn

+

1
∫

0

∇G(qn)ds

= g2i,j,qn∇G(qn−1)− g2i,j,qn+1
∇G(qn) +

1
∫

0

∇G(qn)ds.

Since different expressions of g2i,j,qn∇G(qn−1) −

g2i,j,qn+1
∇G(qn) for all {i, n} cannot be equal to

the same constant −
1
∫

0

∇G(qn)ds when j = 1

and j = 2,
dAi,j,n

dhn
as a multiplier does not affect

our computation. The value of the nth iterative
potential which makes this multiplier zero shows
that we have already reached the global minimum
at (n− 1)th iteration. So there is no need to cal-
culate an extra iteration. Besides, Ai,j,n remains

in the other factor in the equality of d
dhn

G(qn+1).

This means that (
∑

(i,j)∈I

Ai,j,n)/(2k
1
∫

0

∇G(qn)ds) is

added to the value of the parameter hn which is
determined for each n when ωi,j = 1. Once Ai,j,n

and the gradient ∇G(qn) are considered, it is easy

to see that it does not make a difference except

very small values of integral
1
∫

0

∇G(qn)ds. We ob-

serve from our experiments in calculations of nu-
merical examples that this value does not have
an inhibiting effect on the downsizing of G(qn) to
about 10−18. Because we approach the original
potential Q by using smooth iterative potentials
qn, the small effect of this ratio does not change
even if the original potential is not smooth. It
should be noted that this neglect has no effect
on the eigenvalues or the eigenfunctions. It just
affects the number of iteration in the calculation.

2.2. McLaughlin-Rundell’s data

In this part, we use the data handled by
McLaughlin and Rundell in their article [19].
We consider the reconstruction of the potential
q when we have a first few eigenvalues for a
spectrum by making some modification in their
uniqueness theorem. Firstly, we assume that the
boundary conditions can be changed sufficiently,
i.e., let us consider the problem

−y′′(x) + (λ+ q(x))y(x) = 0, 0 < x < 1,

y(0) = 0, y′(1) + βky(1) = 0,
(5)

where q ∈ L2(0, 1) and βk for k = 1, 2, ... are dis-
tinct real numbers. Let λj(q, β) be the jth eigen-
value of (5) for β instead of βk.

Theorem 2. Consider the problem (5). Let
q1, q2 ∈ L2(0, 1) and j is a fixed positive in-
teger. Suppose that λj(q1, βk) = λj(q2, βk) for
k = 1, 2, ..., then q1 = q2 almost everywhere [19].

Theorem 3. Suppose that {βkn} are disjoint sets
such that {βk}

∞
k=1 =

⋃

n
{βkn}. Let jn be a fixed

positive integer, q1, q2 ∈ L2(0, 1) and λjn,kn(q) =
λjn(q, βkn) for each n. If λjn,kn(q1) = λjn,kn(q2)
for each kn, n = 1, 2, ..., n0, then q1 = q2 almost
everywhere.

Proof. Since {βk}
∞
k=1 =

⋃

n
{βkn}, the set {λkn,jn}

is an infinite bounded set of real numbers. There-
fore it has at least one finite accumulation point.
The rest of this proof is similar as in the proof of
Theorem 2. �

Taking k = kn for each n allows us an extension
for Theorem 3. So the eigenvalues can be used
more than one for each spectrum. Because the
theory is similar to those in the two spectra case
(see [12]), we do not give it again here.
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2.3. One spectrum and set of the terminal

velocities

In this part, we use finite subsets of one spectrum
{λn}n≥1 and the set of the terminal velocities

κn = log
∣

∣

g′n(1,q)
g′n(0,q)

∣

∣ as uniqueness data for Dirich-

let problem. It is easy to see that the key is to
have derivative of λn and κn with respect to po-
tential qn in the steepest descent method. To see
the details and to generalize the problem to all
separable conditions, one can read the nice book
written by Pöschel and Trubowitz [21].

Let us consider the Sturm-Liouville problem with
Dirichlet conditions

−y′′(x) + (λ+ q(x))y(x) = 0, 0 ≤ x ≤ 1, (6)

y(0) = 0 , y(1) = 0, (7)

where q ∈ L2[0, 1]. Let y1(x, λ, q) and y2(x, λ, q)
be the solutions of (6) satisfying the initial con-
ditions

y1(0, λ, q) = y′2(0, λ, q) = 1,

y2(0, λ, q) = y′1(0, λ, q) = 0.

They are the fundamental solutions. It means
that any solutions of (6) satisfying the initial con-
ditions y(0) = a, y′(0) = b can be written by using
these solutions as follows [21]:

y(x) = ay1(x) + by2(x).

So from condition y(0) = 0 in (7), the normalized
eigenfunctions and the terminal velocities can be
obtain as follows [21]:

gn = g(λn, x) =
y2(x, λn)

‖y2(x, λn)‖L2

,

κn = log |y′2(1, λn)| = log[(−1)ny′2(1, λn)].

Theorem 4. Each κn, n ≥ 1, is a compact, real
analytic function on L2 with asymptotic behaviour

κn(q) =
1

2nπ

1
∫

0

sin(2nπx)q(x)dx+O
( 1

n2

)

.

Its gradient is

∂κn
∂q

(x) = y1(x, λn)y2(x, λn)− [an]g
2
n(x)

=
sin(2nπx)

2nπ
+O

( 1

n2

)

,

where [an] =
1
∫

0

y1(t, λn)y2(t, λn)dt [21].

Theorem 5. κ × λ is one-to-one on L2

where κ(q) = (κ1(q), κ2(q), ...) and λ(q) =
(λ1(q), λ2(q), ...) [21].

For these data, the new objective functional and
its gradient become

G(q) =
∑

i∈I

ωi

(

(λi,q − λi,Q)
2 + (κi,q − κi,Q)

2
)

,

and

∇G(q) = 2
∑

i∈I

ωi
{

(λi,q − λi,Q)g
2
i (x)

+(κi,q − κi,Q)
∂κi
∂q

(x)
}

,

where I ⊂ N, respectively. Since y1,n = y1(x, λn)
and y2,n = y2(x, λn) are the solutions to eqn. (6),
∇G(q) is in H1. It is obvious that 0 = G(Q) <
G(q) for q 6= Q ∈ L2[0, 1]. In other words,
Q(x) ∈ L2[0, 1] is the global minimum for G(q).

Now, let us consider the bilinear form Γ : H1 ×

H1 → R with Γ(f, g) =
1
∫

0

[f, g]dx where [·, ·] is the

Wronskian operator such that [f, g] = f(x)g′(x)−
f ′(x)g(x) for the differentiable functions f, g :
[0, 1] → R. This transformation is bounded by
‖f‖H1‖g‖H1 , that is, |Γ(f, g)| ≤ ‖f‖H1‖g‖H1 . In
particular Γ is continuous on H1 [12]. Also, it is
easy to see that Γ is antisymmetric because of the
Wronskian. Some properties for the Wronskian
are given as follows [12]:

i : [fg, FG] = fF [g,G] + gG[f, F ] for
differentiable functions f, g, F,G.

ii : For two arbitrary solutions f1 and f2 of the
eqn. (6) with eigenvalue parameters λ1

and λ2 we have f1f2 =
1

λ1−λ2
[f1, f2]

′ .

Since y1(x, λ) and y2(x, λ) satisfy the eqn. (6), we
obtain

d

dx
[y1, y2] =

d

dx
(y1y

′
2 − y′1y2)

=y1y2(q − λ)− y1y2(q − λ) = 0,

and so we have

[y1, y2] = y1(0)y
′
2(0)− y′1(0)y2(0) = 1. (8)
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Lemma 1. Let {λn}n≥1 be spectrum of the
Sturm-Liouville problem (6)-(7). Then the fol-
lowing properties are satisfied:

i: Γ(g2n, g
2
m) = 0.

ii: Γ(y1ny2n, y1my2m) = 0.

iii: Γ(y1ny2n, g
2
m) =

{

1 , m = n
0 , m 6= n

.

Proof. i) A more general proof was given by
Röhrl [12].
ii) It is obvious that Γ(y1ny2n, y1my2m) = 0 for
m = n. For m 6= n, we obtain

Γ(y1ny2n, y1my2m) =

1
∫

0

(y1ny1m[y2n, y2m]

+ y2ny2m[y1n, y1m])dx

=
1

λn − λm

1
∫

0

([y1n, y1m]′[y2n, y2m]

+ [y2n, y2m]′[y1n, y1m])dx

=
1

λn
− λm

1
∫

0

d

dx
([y1n, y1m][y2n, y2m])dx

=
1

λn − λm
[y1n, y1m][y2n, y2m]

∣

∣

x=1

x=0
= 0,

by using Dirichlet conditions. iii) For m 6= n,

Γ(y1ny2n, g
2
m) =

1

‖y2m‖2L2

1
∫

0

[y1ny2n, y2my2m]dx

=
1

‖y2m‖2L2

1
∫

0

(y1ny2m[y2n, y2m] + y2ny2m[y1n, y2m])dx

=
1

‖y2m‖2L2
(λn − λm)

1
∫

0

d

dx
([y1n, y2m][y2n, y2m])dx

=
([y1n, y2m][y2n, y2m])

∣

∣

1

0

‖y2m‖2L2
(λn − λm)

= 0.

For m = n, because of [y2n, y2m] = 0 and in the
view of (8), we have

Γ(y1ny2n, g
2
n) =

1

‖y2n‖2L2

1
∫

0

(y2ny2n[y1n, y2n])dx

=

1
∫

0

g2n[y1n, y2n]dx =

1
∫

0

g2ndx = 1.

�

Corollary 1. For all m,n ∈ N,

i: Γ
(

∂κn

∂q , ∂κm

∂q

)

= 0.

ii: Γ(∂κn

∂q , g2m) =

{

1 , m = n
0 , m 6= n

.

Proof. Let m,n ∈ N.

i)

Γ
(∂κn
∂q

,
∂κm
∂q

)

= Γ(y1ny2n + [an]g
2
n, y1my2m + [am]g2m)

= Γ(y1ny2n, y1my2m) + [am]Γ(y1ny2n, g
2
m)

+[an]Γ(g
2
n, y1my2m) + [an][am]Γ(g2n, g

2
m).

So we see that

Γ
(∂κn
∂q

,
∂κn
∂q

)

= [an]− [an] = 0,

and

Γ
(∂κn
∂q

,
∂κm
∂q

)

= 0,

by considering Lemma 1 for m = n and m 6= n,
respectively.

ii) From Lemma 1, it can be concluded that

Γ
(∂κn
∂q

, g2m
)

= Γ(y1ny2n, g
2
m)− [an][g

2
n, g

2
m]

=

{

1 , m = n
0 , m 6= n

.

�

Theorem 6. The set {g2n}n≥1 ∪ {∂κn

∂q }n≥1 is lin-

early independent in H1.

Proof. Assume, to the contrary, that it is not
true; that is,

g2n =
∑

k∈M

bkg
2
k +

∑

m∈M∪{n}

cm
∂κm

∂q

and

∂κn

∂q =
∑

k∈M

bk
∂κk

∂q +
∑

m∈M∪{n}

cmg2k,

for some fixed n (n 6= k), where bk, cm are real
numbers and M ⊂ N. Then by Corollary 1 and
Lemma 1, we have the contradictions

1 = Γ
(∂κn
∂q

, g2n
)

=Γ
(∂κn
∂q

,
∑

k∈M

bkg
2
k

)

+ Γ
(∂κn
∂q

,
∑

m∈M∪{n}

cm
∂κm
∂q

)

=
∑

k∈M

bkΓ
(∂κn
∂q

, g2k
)

+
∑

m∈M∪{n}

cmΓ
(∂κn
∂q

,
∂κm
∂q

)

= 0,

and
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−1 = Γ
(

g2n,
∂κn
∂q

)

= Γ
(

g2n,
∑

k∈M

bk
∂κk
∂q

)

+ Γ
(

g2n,
∑

m∈M∪{n}

cmg2m
)

=
∑

k∈M

bkΓ
(

g2n,
∂κk
∂q

,
)

+
∑

m∈M∪{n}

cmΓ
(

g2n, g
2
m

)

= 0.

These complete the proof. �

Theorem 7. If I is finite or iωi is summable,
the functional G(q) has no local minima at q with
G(q) > 0. In other words, G(q) = 0 ⇔ ∇G(q) =
0.

Proof. (⇐:) If G(q) = 0, then it is obvious that
∇G(q) = 0. (⇒:) If ∇G(q) = 0, then it is con-
cluded that λi,q − λi,Q = 0 and κi,q − κi,Q = 0
from Theorem 6. Therefore, G(q) = 0. �

The computation to find the parameter hn is sim-
ilar to that in Section 2.1. Since

G(qn+1) ∼=

k
∑

i=1

{

(

λi,qn − λi,Q − hn

1
∫

0

∇G(qn)dx
)2

(

κi,qn − κi,Q − hn

1
∫

0

sin(2iπx)∇G(qn)

2iπ
dx
)2
}

,

we obtain

k
∑

i=1

{

(λi,qn − λi,Q)

1
∫

0

∇G(qn)dx

+ (κi,qn − κi,Q)

1
∫

0

∇G(qn) sin(2iπx)

2iπ
dx

− hn
[

(

1
∫

0

∇G(qn)dx)
2 + (

1
∫

0

∇G(qn) sin(2iπx)

2iπ
dx)2

]

}

= 0,

and consequently

hn ∼=
I1n
I2n

(9)

where

I1n =
k
∑

i=1

{

(λi,qn − λi,Q)
1
∫

0

∇G(qn)dx + (κi,qn −

κi,Q)
1
∫

0

∇G(qn) sin(2iπx)
2iπ dx

}

and

I2n =
k
∑

i=1

{

(
1
∫

0

∇G(qn)dx)
2+(

1
∫

0

∇G(qn) sin(2iπx)
2iπ dx)2

}

Because of ‖gi,qn‖
2
L2

= 1,

1
∫

0

∂κi,qn
∂qn

dx =

1
∫

0

y1i(x, qn)y2i(x, qn)

− [ai]

1
∫

0

g2i,qndx = 0,

and therefore

1
∫

0

∇G(qn)dx = 2
k
∑

i=1

(λi,qn − λi,Q). (10)

On the other hand, for all m,n ∈ N since

1
∫

0

sin(2mπx)(1− cos(2nπx))dx = 0,

and

1
∫

0

sin(2mπx) sin(2nπx)dx =

{

1/2 , m = n
0 , m 6= n

,

we find

1
∫

0

(

∇G(qn) sin(2iπx)

2iπ

)

dx ∼=
κi,qn − κi,Q

4i2π2
, (11)

for 1 ≤ i ≤ k by using asymptotic formulas.
Finally, by substituting (10) and (11) in (9), we
obtain

hn ∼=

2

(

k
∑

i=1
(λi,qn − λi,Q)

)2

+
k
∑

i=1

(κi,qn−κi,Q)2

4i2π2

4

(

k
∑

i=1
(λi,qn − λi,Q)

)2

+
k
∑

i=1

(κi,qn−κi,Q)4

(2iπ)4

.

By the theory set out in this section, numerical
calculations can be performed for three different
data sets.

3. Numerical experiments

In this study numerical computations are ob-
tained using Mathematics 11 with Eigen pack-
age [24]. The calculations are conducted on a
desktop PC with a processor of Intel(R) Core i5-
3470 CPU @3.2 GHz for Windows 7. We consider
the initial potential q0(x) = 0 and the test poten-
tials Q1(x), Q2(x), Q3(x) as follows:
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Q1(x) =75.16x6 − 176.44x5 + 129.35x4 − 30.67x3

+ 2.6x2 + 0.001x,

Q2(x) =







−35.2x2 + 17.6x , 0 ≤ x < 0.25
35.2x2 − 35.2x+ 8.8 , 0.25 ≤ x < 0.75 ,
32.5x2 + 52.8x− 17.6 , 0.75 ≤ x ≤ 1

Q3(x) =































0 , 0 ≤ x < 0.1
7x− 0.7 , 0.1 ≤ x < 0.3
3.5− 7x , 0.3 ≤ x < 0.5
0 , 0.5 ≤ x < 0.7
4 , 0.7 ≤ x < 0.9
2 , 0.9 ≤ x ≤ 1

,

which were used in [11–13].

3.1. Numerical results for two spectra

To obtain two spectra data we choose α = 0,
β1 = 0 and β2 = π

2 in the S-L problem (1). The
steepest descent method is used to find the poten-
tial function for two spectra numerically via the
methodology exhibited in Section 2.1. The nu-
merical results that are calculated by our effective
algorithm written in Mathematica are demon-
strated in figures in which dashed curves show
the numerical results while the solid lines show
the exact values of potential function. We obtain
these results in 381.59 and 3669.09 seconds with
41 and 110 iterations for the first two graphics
in Fig. 1, respectively. We have also handled a
few different test potential and different bound-
ary conditions. We observed that although the
number of iteration or the cost of computation
of CPU may increase, there isn’t any remarkable
difference. However, a very small difference is oc-
curred when we just consider two pairs data. In
the numerical calculations of the potentials, the
accuracy of G(qn) ≈ 10−6 is taken, and Fig. 1 and
Fig. 2 are drawn according to this. We also take
into account noise for five pairs data by adding
random numbers in the interval (−0.01, 0.01) to
each eigenvalue, it is demonstrated in Fig. 1c. For
uniform noise, we have not seen a remarkable dif-
ference. The distribution of G(qn) as n increases
is shown by Fig. 1d.

3.2. Numerical results for

McLaughlin-Rundell’s data

To obtain data, we choose βk = tan
(

π
k2

)

in the S-
L problem (5). Similar to the way that is followed
in Section 3.1, to approximate test potential func-
tions with McLaughlin-Rundell’s data, we use the
methodology given in Section 2.2 with the same
algorithm in Section 2.1. The upper bound of the
value of G(qn) is approximately 5 × 10−5. The

numerical values of q for Q1(x) and Q2(x) are
demonstrated in (a), (b), (c) and (d) of Fig. 3 with
the dashed curves while the solid lines show the
exact values of test potentials Q1 and Q2. Fig. 3c
is plotted to show the effectiveness of our exten-
sion on McLaughlin-Rundell’s data which is plot-
ted in Fig. 3b. It can be seen also that numerical
results in Fig. 3c are very close to test potential
and are better than of those in Fig. 3b. It is con-
cluded that the numerical result we obtained is
more accurate for smooth test potential Q1(x).
However, it can be observed from Fig. 3d that
for other test potentials we need more than two
eigenvalues in calculations to have better approx-
imation. Because we have a few first eigenvalues
in real life problems, we can say that it will be
more appropriate to prefer extra eigenvalues as
auxiliary data with original data.

3.3. Numerical results for one spectrum

and set of the terminal velocities

In this section, we consider a finite set consisted
of the elements from one spectrum and terminal
velocities of the S-L problem (6)- (7) to approxi-
mate the test potentials Q1(x) and Q2(x). The
upper bound of the value of G(qn) is approxi-
mately 10−6 in calculations. By using the ana-
logue Mathematica program performed in Section
3.1, we obtain the numerical results which are dis-
played in Fig. 4. When this data is compared
with the first data considered in Section 3.1, it
is seen from Fig. 4 that there is no remarkable
difference for test potentials Q1 and Q2. How-
ever when our computer program runs to obtain
required numerical results for Q3, the calculation
needs some time to get the same results in Section
3.1.

4. Conclusion

The inverse Sturm-Liouville reconstruction prob-
lem is an interesting subject that arises in many
physical phenomena and it involves the recon-
struction of coefficient functions and boundary
conditions by aid of some data which determine
these functions uniquely. In this study, we con-
sider inverse S-L problem in the normal form
and reconstruct the potential function. Actually,
one of the main goal of our study is to elimi-
nate the obligation of using the asymptotics for
λi,qn(α, β), g

2
i,j,qn

, κn(qn), and
∂κn

∂qn
in the steepest

descent algorithm by estimating the parameter hn
which appears in each iteration when the program
runs. The other is to apply our approach to three



Reconstruction of potential function in inverse Sturm-Liouville problem via partial data 195

0.2 0.4 0.6 0.8 1.0
x

0.2

0.4

0.6

0.8

1.0

{Q, q}
Potential Functions

(a) Two pairs of eigenvalues

0.2 0.4 0.6 0.8 1.0
x

0.2

0.4

0.6

0.8

1.0

{Q, q}
Potential Functions

(b) Five pairs of eigenvalues

0.2 0.4 0.6 0.8 1.0
x

0.2

0.4

0.6

0.8

1.0

{Q, q}
Potential Functions

(c) Random noise for five pairs data

20 40 60 80 100
ℤ

+

0.005

0.010

0.015

0.020

G

Distribution of G

(d) The distribution of G for five pairs data

Figure 1. The graphics (a), (b), and (c) show the numerical results for Q1(x). The graphic
(d) shows the distribution of G(q) for Q1(x).
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Figure 2. The graphics obtained for Q2(x) in (a), (b) and Q3(x) in (c), (d).

different types of data which are described in Sec-
tion 2.1, 2.2 and 2.3. It is seen in the literature
that nearly all studies on McLaughlin-Rundell
data which is described in Section 2.2 deal with

minor generalizations of the uniqueness result and
say nothing about the numerical solution of this
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Figure 3. The graphics obtained for Q1(x) in (a), (b), (c) and Q2(x) in (d).
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Figure 4. The graphics obtained for Q1(x) in (a), (b) and Q2(x) in (c), (d).

problem. Therefore, we think especially this part
is worth considering.

Although the reconstruction of the potential by
using alternative methods for the data in Section
2.3 appears in the literature, proposed approach

in Section 2.1 is firstly considered here. The ob-
tained numerical results are given in Section 3. It
can be concluded that the approach for two spec-
tra in Section 3.1 is more effective than other ap-
proaches for other data in Section 3.2 and Section
3.3.
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The theory in this study can be generalized to
other forms of the S-L problems, and it can be
used not only for the reconstruction of potential
function but also for the recovery of boundary
conditions. Recently, there have been studies on
fractional Sturm-Liouville problems [25, 26]. We
think that our approaches will also be useful for
fractional Sturm-Liouville problems.
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1. Introduction

We investigate the following boundary value prob-
lems by reproducing kernel method.

(

p(x)y′
)′
= f(x, y) (1)

subject to the boundary values

y(0) = A, y(1) = B. (2)

Reproducing kernel space is a special Hilbert
space. Many problems have been investigated by
reproducing kernel Hilbert space method in the
literature.

Safari et al. [1] have investigated the rainfall-
runoff modeling through regression in the repro-
ducing kernel Hilbert space algorithm. Najafi et
al. [2] have worked on the combining fractional
differential transform method and reproducing
kernel Hilbert space method to solve fuzzy im-
pulsive fractional differential equations. Sahihi et
al. [3] have searched the system of second-order
boundary value problems using a new algorithm
based on the reproducing kernel Hilbert space.
Agud et al. [4] have investigated the weighted

p-regular kernels for reproducing kernel Hilbert
spaces. Mundayadan et al. [5] have studied on the
linear dynamics in the reproducing kernel Hilbert
spaces. Arqub et al. [6] have constructed the mod-
ulation of reproducing kernel technique success-
fully. Emamjome et al. [7] have presented the re-
producing kernel pseudospectral technique in de-
tails. Foroutan et al. [8] have investigated this
technique for the nonlinear three-point bound-
ary value problems. Akgül et al. [9] have worked
on the representation for the reproducing kernel
Hilbert space method for a nonlinear system. Al-
lahviranloo et al. [14] have investigated the repro-
ducing kernel method to solve parabolic partial
differential equations with nonlocal conditions.
For more details see [15–23].

We organize our manuscript as: We construct the
reproducing kernel Hilbert spaces in Section 2.
We apply the reproducing kernel method in this
section. We demonstrate the numerical results in
Section 3. We give the conclusion in the last sec-
tion.

*Corresponding Author
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2. Reproducing kernel Hilbert spaces

We define the reproducing kernel Hilbert spaces
and find some reproducing kernel functions in
these spaces in this section.

Definition 1. Let (H, 〈·, ·〉) be a Hilbert space of
real functions defined on a nonempty set E. A
function K : E × E → R is called a reproducing
kernel for H if and only if

(a) K(·, z) ∈ H for each fixed z ∈ E,
(b) 〈ϕ,K(·, z)〉 = ϕ(z) for all z ∈ E and all

ϕ ∈ H.

We will refer to such a Hilbert space H for which
there exists a reproducing kernel function K as a
reproducing kernel Hilbert space.

Condition (b) is called “the reproducing prop-
erty” of the kernel K because the value of an
arbitrary function ϕ ∈ H at an arbitrary point
z ∈ E is reproduced by the inner product of ϕ
with K(·, z).

Definition 2. W1
2 [0, 1] is given as:

W1
2 [0, 1] = {y : y ∈ AC[0, 1] and y′ ∈ L2[0, 1]},

with

〈y, g〉
W1

2
=

∫ 1

0

[

y(x)g(x) + y′(x)g′(x)
]

dx,

y, g ∈ W1
2 [0, 1],

and

‖y‖
W1

2
=
√

〈y, y〉
W1

2
, y ∈ W1

2 [0, 1], (3)

as the inner product and the norm in W1
2 [0, 1] re-

spectively. Reproducing kernel function Tx(y) of
W1

2 [0, 1] is presented as:

Tx(y)=
1

2 sinh(1)
[cosh(x+ y − 1) + cosh(|x− y| − 1)].

(4)

Definition 3. The space oW3
2 [0, 1] is given by

oW3
2 [0, 1] = {y ∈ AC[0, 1] : y′, y′′ ∈ AC[0, 1],

y(3) ∈ L2[0, 1], y(0) = 0 = y(1)}.

〈y, v〉oW3
2 [0,1]

= y(0)v(0) + y′(0)v′(0) + y(1)v(1)

+

∫ 1

0
y(3)(x)v(3)(x)dx,

y, v ∈ oW3
2 [0, 1],

and

‖y‖oW3
2 [0,1]

=
√

〈y, y〉oW3
2 [0,1]

, y ∈ oW3
2 [0, 1],

are the inner product and the norm in oW3
2 [0, 1]

respectively.

Theorem 1. Reproducing kernel function y(x) of
oW3

2 [0, 1] is given as

Rξ(x) =















































































−x2ξ − xξ2 + xξ − 1
120x

2ξ2 + 21
20x

2ξ2

+ 1
24x

2ξ4 − 1
12x

2ξ3

+ 1
24x

4ξ2 − 1
24x

4ξ − 1
120x

5ξ2 + x5

120 ,

0 ≤ x ≤ ξ ≤ 1,

−ξ2x− ξx2 + ξx− 1
120ξ

2x2 + 21
20ξ

2x2

+ 1
24ξ

2x4 − 1
12ξ

2x3

+ 1
24ξ

4x2 − 1
24ξ

4x− 1
120ξ

5x2 + ξ5

120 ,

0 ≤ ξ < x ≤ 1.

(5)

Proof. First, let us suppose

Rξ(x) =











∑6
i=1 ci(ξ)x

i−1, 0 ≤ x ≤ ξ ≤ 1,

∑6
i=1 di(ξ)x

i−1, 0 ≤ ξ < x ≤ 1.

(6)
Then from y ∈ oW3

2 [0, 1], we get

〈y(x),Rξ(x)〉oW3

2
[0,1] = y(0)Rξ(0) + y

′(0)R′

ξ(0) + y(1)Rξ(1)

+

∫ 1

0

y
(3)(x)

∂3Rξ(x)

∂x3
dx

= y(0)Rξ(0) + y
′

(0)
∂Rξ(0)

∂x

+y(1)Rξ(1) + y
′′(1)

∂3Rξ(1)

∂x3

−y
′′(0)

∂3Rξ(0)

∂x3
− y

′(1)
∂4Rξ(1)

∂x4

+y
′(0)

∂4Rξ(0)

∂x4
+ y(1)

∂5Rξ(1)

∂x5
− y(0)

∂5Rξ(0)

∂x5

−

∫ 1

0

y(x)
∂6Rξ(x)

∂x6
dx.

Solving the coefficients, we get the reproducing
kernel function as:
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Rξ(x) =















































































−x2ξ − xξ2 + xξ − 1
120x

2ξ2 + 21
20x

2ξ2

+ 1
24x

2ξ4 − 1
12x

2ξ3

+ 1
24x

4ξ2 − 1
24x

4ξ − 1
120x

5ξ2 + x5

120 ,

0 ≤ x ≤ ξ ≤ 1,

−ξ2x− ξx2 + ξx− 1
120ξ

2x2

+21
20ξ

2x2 + 1
24ξ

2x4 − 1
12ξ

2x3

+ 1
24ξ

4x2 − 1
24ξ

4x− 1
120ξ

5x2 + ξ5

120 ,

0 ≤ ξ < x ≤ 1.

(7)

2.1. Solutions in oW3
2 [0, 1]

We consider the solution of Eq.(1) in the repro-
ducing kernel space oW3

2 [0, 1] in this section. On
defining the operator

L : oW3
2 [0, 1] → W1

2 [0, 1],

problem (1) converts as:

{

Ly = f(x, u), x ∈ [0, 1],

y(0) = A, y(1) = B,
(8)

We should homogenize the conditions. Put

u(x) = y(x) + (A−B)x−A,

then we can obtain homogeneous boundary-value
conditions of problem (1)

Lu(x) = p
′

(x)u
′

+ p(x)u
′′

. (9)

With the boundary conditions:

{

Lu = g(x, u), x ∈ [0, 1],

u(0) = u(1) = 0,
(10)

where

g(x, u) = f(x, u) + p
′

(x)(A−B). (11)

Theorem 2. The operator L is a bounded linear
operator.

Proof. Firstly, we present ‖Lu‖2
W1

2
≤ M‖u‖2oW3

2
,

with M > 0. By

(3) and (3), we get

‖Lu‖2
W1

2
= 〈Lu,Lu〉

W1
2

=

∫ 1

0

[

((Lu)(x))2 + ((Lu)′(x))2
]

dx.

Moreover, by reproducing property we have:

y(x) = 〈y(·),Rx(·)〉oW3
2
.

Then, we get

Lu(x) = 〈u(·),LRx(·)〉oW3
2

= 〈u(·), (L1 + L2)Rx(·)〉oW3
2

= 〈u(·),L1Rx(·)〉oW3
2
+ 〈u(·),L2Rx(·)〉oW3

2
.

With condition to p(x) ∈ C2[0, 1] , Mp =

max{|p(x)| ,
∣

∣

∣
p
′

(x)
∣

∣

∣
,
∣

∣

∣
p
′′

(x)
∣

∣

∣
0 ≤ x ≤ 1},

M1 = max{ ∂
∂x
Rx(ξ) 0 ≤ ξ ≤ 1}, and M2 =

max{ ∂
∂x2Rx(ξ) 0 ≤ ξ ≤ 1} then

|Lu(x)| ≤ ‖u‖oW3
2
‖L1Rx‖oW3

2
+ ‖u‖oW3

2
‖L2Rx‖oW3

2

= M1Mp ‖u‖oW3
2
+M2Mp ‖u‖oW3

2

= (M1 +M2)Mp ‖u‖oW3
2

where M1 > 0,M2 > 0,Mp > 0. Therefore

∫ 1

0
[(Ly) (x)]2 dx ≤ (M1 +M2)

2M2
p ‖u‖

2
oW3

2
.

Also, from

(Lu)′(x) =
〈

u(·), (LRx)
′(·)
〉

oW3
2

=
〈

u(·), (L1 + L2)Rx)
′(·)
〉

oW3
2

=
〈

u(·), (L1Rx)
′(·)
〉

oW3
2
+
〈

u(·), (L2Rx)
′(·)
〉

oW3
2

we have condition to p(x) ∈ C2[0, 1] ,

Mp = max{|p(x)| ,
∣

∣

∣
p
′

(x)
∣

∣

∣
,
∣

∣

∣
p
′′

(x)
∣

∣

∣
0 ≤ x ≤ 1}

M1 = max{ ∂
∂x
Rx(ξ) 0 ≤ ξ ≤ 1},M2 =

max{ ∂
∂x2Rx(ξ) 0 ≤ ξ ≤ 1} and M3 =

max{ ∂
∂x2Rx(ξ) 0 ≤ ξ ≤ 1} then

∣

∣(Lu)′(x)
∣

∣ ≤ ‖u‖oW3
2

∥

∥(L1Rx)
′
∥

∥

oW3
2

+ ‖u‖oW3
2

∥

∥(L2Rx)
′
∥

∥

oW3
2

= (MpM1 +MpM2) ‖u‖oW3
2

+ (MpM2 +MpM3) ‖u‖oW3
2

= Mp(M1 +M2 +M3) ‖u‖oW3
2

where M1 > 0,M2 > 0,M3 > 0,Mp > 0. Thus,
we get

[

(Ly)′(x)
]2

≤ M2
p(M1 +M2 +M3)

2 ‖u‖2oW3
2

and

∫ 1

0

[

(Lu)′(x)
]2

dx ≤ M2
p(M1+M2+M3)

2 ‖u‖2oW3
2
,
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that is

‖Ly‖2
W1

2
=

∫ 1

0

[

[(Lu) (x)]2 +
[

(Lu)′(x)
]2
]

dx

≤ (M1 +M2)
2M2

p ‖u‖
2
oW3

2

+M2
p(M1 +M2 +M3)

2 ‖u‖2oW3
2

= M2
p((M1 +M2 +M3)

2 + (M1 +M2)
2) ‖u‖2oW3

2

= M‖u‖2oW3
2

where M = M2
p((M1 + M2 + M3)

2 + (M1 +

M2)
2) > 0. �

2.2. Solutions of the problems

Obviously, defined operator in (9) as L :
oW3

2 [0, 1] → W1
2 [0, 1] is a bounded linear oper-

ator.

Let us define ϕi(x) = Txi
(x) and ψi(x) = L∗ϕi(x),

where L∗ is conjugate operator of L. The or-
thonormal system {ψ̂i(x)}

∞
1 ⊆ oW3

2 [0, 1] can be
attained by the Gram-Schmidt orthogonalization
process of {ψi(x)}

∞
1 :

ψ̂i(x) =
i
∑

k=1

βikψk(x), (βii > 0, i = 1, 2, ...). (12)

Theorem 3. If y(x) is the exact solution of (10),
then

y(x) =
∞
∑

i=1

i
∑

k=1

βikf(xk, yk)ψ̂i(x), (13)

where {xi}
∞
1 is dense in [0, 1].

Proof. By the (12) and uniqueness of solution of
(10) we obtain:

y(x) =
∞
∑

i=1

〈

y(x), ψ̂i(x)
〉

oW3
2

ψ̂i(x)

=
∞
∑

i=1

i
∑

k=1

βik 〈y(x), ψk(x)〉oW3
2
ψ̂i(x)

=

∞
∑

i=1

i
∑

k=1

βik 〈y(x),L
∗ϕk(x)〉oW3

2
ψ̂i(x)

=
∞
∑

i=1

i
∑

k=1

βik 〈Ly(x), ϕk(x)〉W1
2
ψ̂i(x)

=
∞
∑

i=1

i
∑

k=1

βik 〈f(x, y), Txk
〉
W1

2
ψ̂i(x)

=
∞
∑

i=1

i
∑

k=1

βikf(xk, yk)ψ̂i(x).

�

Finite terms of (13) concludes the approximate
solution:

yn(x) =
n
∑

i=1

i
∑

k=1

βikf(xk, yk)ψ̂i(x). (14)

Lemma 1. If ‖yn − y‖oW3
2
→ 0, xn → x,(n →

∞) and f(x, y) is continuous w.r.t. x ∈ [0, 1],
then

f(xn, yn−1(xn)) → f(x, u(x)), as n→ ∞.

Theorem 4. Let for any fixed y0(x) ∈
oW3

2 [0, 1]
we have

(i)

yn(x) =

n
∑

i=1

Aiψ̂i(x), (15)

where

Ai =
i
∑

k=1

βikf(xk, yk−1(xk)), (16)

(ii) ‖yn‖oW3
2
is bounded;

(iii) {xi}
∞
1 is dense in [0, 1];

(iv) f(x, y) ∈ W1
2 [0, 1] for any y(x) ∈

oW3
2 [0, 1]. Then the approximate solution

yn(x) converges to the exact solution of
(13) in oW3

2 and we have

y(x) =
∞
∑

i=1

Aiψ̂i(x).

Proof. First, we prove the convergence of yn(x).
From (15), we have

yn+1(x) = yn(x) +An+1ψ̂n+1(x). (17)

Also, orthonormality of {ψ̂i}
∞
i=1, yields

‖yn+1‖
2
oW3

2
= ‖yn‖

2
oW3

2
+A2

n+1

= ‖yn−1‖
2
oW3

2
+A2

n +A2
n+1 = ... =

n+1
∑

i=1

A2
i ,

(18)

and from boundedness of ‖yn‖oW3
2
, we obtain

∞
∑

i=1

A2
i <∞,

i.e.,

{Ai} ∈ l2 (i = 1, 2, ...).

Let m > n, in view of (ym − ym−1) ⊥ (ym−1 −
ym−2) ⊥ ... ⊥ (yn+1 − yn), we get
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‖ym − yn‖
2
oW3

2
= ‖ym − ym−1 + ym−1 − ym−2

+...+ yn+1 − yn‖
2
oW3

2

= ‖ym − ym−1‖
2
oW3

2
+ ...+ ‖yn+1 − yn‖

2
oW3

2

=
m
∑

i=n+1

A2
i → 0, m, n→ ∞.

Considering the completeness of oW3
2 [0, 1], there

exists y(x) ∈ oW3
2 [0, 1], such that

yn(x) → y(x) as n→ ∞.

(ii) Now, we show y(x) is the exact solution of
(10). Tacking limits in (15) we get

y(x) =
∞
∑

i=1

Aiψ̂i(x).

Thus, we reach

(Ly)(x2) = f(x2, y1(x2)).

Moreover, by induction we conclude

(Ly)(xj) = f(xj , yj−1(xj)). (19)

From {xi}∞i=1 = [0, 1], it can be presented that for
any ξ ∈ [0, 1], there exists {xnj

}∞1 ⊆ {xi}
∞
1 , such

that limj→∞ xnj
= ξ. Therefore, convergence of

yn(x) and Lemma 4.3 yields

(Ly)(ξ) = f(ξ, y(ξ)).

So, y(x) is the exact solution of (10) given by

y(x) =
∞
∑

i=1

Aiψ̂i(x),

where Ai are given by (16). �

Theorem 5. If y ∈ oW3
2 [0, 1] then

‖yn − y‖oW3
2
→ 0, n→ ∞.

Moreover a sequence ‖yn − y‖oW3
2

is monotoni-

cally decreasing in n.

Proof.

By (13) and (14), we acquire

‖yn − y‖oW3
2
=

∥

∥

∥

∥

∥

∞
∑

i=n+1

i
∑

k=1

βikf(xk, yk)ψ̂i

∥

∥

∥

∥

∥

oW3
2

.

Therefore, we obtain

‖yn − y‖oW3
2
→ 0, n→ ∞.

In addition

‖yn − y‖2
W3

2
=

∥

∥

∥

∥

∥

∞
∑

i=n+1

i
∑

k=1

βikf(xk, yk)ψ̂i

∥

∥

∥

∥

∥

2

oW3
2

=
∞
∑

i=n+1

(

i
∑

k=1

βikf(xk, yk)ψ̂i

)2

.

�

3. Numerical examples

We consider the following problems by reproduc-
ing kernel Hilbert space method in this section.
We computed our results by MAPLE. We showed
our results by tables.

Example 1. We investigate:

(
1

1 + t
u(t)′)′ = 2 exp(3u(t)) 0 ≤ t ≤ 1 (20)

u(0) = 0 u(1) = − loge(2)

We have the exact solution of the above problem
as:

u(t) = loge(1/(1 + t)).

We searched the boundary value problem (20)
by the proposed method and gave corresponding
error-norms by Table 1.

Example 2. We solved the following problem
for the second example in the reproducing kernel
Hilbert space.

((1 + t2)u(t)′)′ − (1 + t− t2)u(t) = h(t) (21)

u(0) = 0 u(1) = 0

We get the exact solution of the above problem
as:

u(t) = 1 + (t− 1) exp(−t)− t exp(−(1− t)).

In Table 2, we computed absolute errors for (21).

Table 1. Maximum absolute errors
(MAE) of the first example.

N = 64, σ = 1.02 N = 64, σ = 1.02
RKHSM 5.46E − 12 5.46E − 12

[10] 1.70E − 08 2.85E − 06
[11] 8.49E − 04 1.21E − 02
[12] 2.43E − 03 1.88E − 02
[13] 5.63E − 03 2.70E − 02
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Table 2. Maximum absolute errors
(MAE) of the second example.

N = 64, σ = 1.02 N = 64, σ = 1.02
RKHSM 9.20E − 11 9.20E − 11

[10] 8.07E − 06 6.09E − 05
[11] 1.86E − 03 1.08E − 02
[12] 2.16E − 03 9.87E − 03
[13] 5.19E − 04 2.64E − 03

4. Conclusions

In this work, we gave a new application of the re-
producing kernel Hilbert space method. We ob-
tained very useful reproducing kernel functions in
the reproducing kernel Hilbert spaces. We proved
the accuracy of the method. We compared the re-
producing kernel Hilbert space method with the
techniques existed in the literature. We concluded
that the proposed technique is very effective for
solving nonlinear two-point boundary value prob-
lems.
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equations in Hilbert space. Chaos, Solitons
and Fractals, 117, 161-167.

[16] Abu Arqub, O. & Maayah, B. (2018). Nu-
merical solutions of integrodifferential equa-
tions of Fredholm operator type in the sense
of the Atangana–Baleanu fractional operator.
Chaos, Solitons and Fractals, 117, 117-124.



On the solutions of boundary value problems 205

[17] Abu Arqub, O. & Maayah, B. (2019). Fit-
ted fractional reproducing kernel algorithm
for the numerical solutions of ABC – Frac-
tional Volterra integro-differential equations.
Chaos, Solitons and Fractals, 126, 394-402.

[18] Abu Arqub, O. & Maayah, B. (2019). Mod-
ulation of reproducing kernel Hilbert space
method for numerical solutions of Riccati and
Bernoulli equations in the Atangana-Baleanu
fractional sense. Chaos, Solitons and Fractals,
125, 163-170.

[19] Abu Arqub, O. &, Al-Smadi, M. (2020).
Fuzzy conformable fractional differential
equations: novel extended approach and
new numerical solutions. Soft Computing, 24,
12501–12522.

[20] Yavuz, M. & Evirgen, F. (2018). An alter-
native approach for nonlinear optimization
problem with Caputo-Fabrizio derivative. In
ITM Web of Conferences, Vol.22, p.01009.

[21] Yavuz, M. & Ozdemir, N. (2018). On the so-
lutions of fractional Cauchy problem featur-
ing conformable derivative. In ITM Web of
Conferences, Vol.22, p.01045.

[22] Evirgen, F. (2016). Analyze the optimal so-
lutions of optimization problems by means of
fractional gradient based system using VIM.
An International Journal of Optimization and
Control: Theories & Applications (IJOCTA),
6(2), 75-83.

[23] Yavuz, M. & Sene, N. (2020). Approximate
solutions of the model describing fluid flow
using generalized -Laplace transform method
and heat balance integral method. Axioms,
9(4), 123.

Ali Akgül is an associate professor at Siirt Univer-
sity, Turkey. He has many publications on fractional
calculus and numerical methods.

https://orcid.org/0000-0001-9832-1424

Mir Sajjad Hashemi is an associate professor at
Bonab University, Iran. He has many publications on
fractional calculus and numerical methods.

https://orcid.org/0000-0002-5529-3125

Negar Seyfi is a researcher from Bonab University,
Iran.

https://orcid.org/0000-0002-1760-0745

An International Journal of Optimization and Control: Theories & Applications (http://ijocta.balikesir.edu.tr)

This work is licensed under a Creative Commons Attribution 4.0 International License. The authors retain ownership of
the copyright for their article, but they allow anyone to download, reuse, reprint, modify, distribute, and/or copy articles
in IJOCTA, so long as the original authors and source are credited. To see the complete license contents, please visit
http://creativecommons.org/licenses/by/4.0/.

https://orcid.org/0000-0001-9832-1424
https://orcid.org/0000-0002-5529-3125
https://orcid.org/0000-0002-1760-0745
http://creativecommons.org/licenses/by/4.0/


An International Journal of Optimization and Control: Theories & Applications

ISSN:2146-0957 eISSN:2146-5703

Vol.11, No.2, pp.206-215 (2021)

http://doi.org/10.11121/ijocta.01.2021.001056

RESEARCH ARTICLE

The optimality principle for second-order discrete and

discrete-approximate inclusions

Sevilay Demir Sağlam*
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1. Introduction

Optimal control problems with discrete and dif-
ferential inclusions are increasingly studied in
mathematical theory [1, 2]. Also, discrete and
continuous-time processes have wide applications
in the field of mathematical economics and the
problems of control dynamic system optimiza-
tion [3–6]. Thus, the optimal control problems de-
scribed by discrete inclusions with endpoint con-
straints and approximation play a very significant
role in both theory and applications of control
theory [7, 8].

Second-order discrete and differential inclusions
have been studied by many authors when the set-
valued mapping is both convex and nonconvex
valued (see [9–11] and references therein).

Auslender and Mechler [12] establish necessary
and sufficient conditions to ensure the existence
of solutions to the second-order differential inclu-
sions with state constraints via interior tangent
sets.

An approximation to a linear differential inclu-
sion using N-stage single step discrete inclusions
is described in the paper [13]. The result is ap-
plied to the discretization of control constrained
optimal control problems in the second-order and
the use of dynamic programming for approximate
feedback design.

The paper [14] deals with the discrete approx-
imations of nonconvex differential inclusions in
Hilbert spaces and dynamic optimization-optimal
control problems concerning such differential in-
clusions.

Agarwal and O’Regan [15] present new fixed-
point theorems for weakly sequentially upper
semicontinuous maps. These results are used to
establish existing principles for second-order dif-
ferential equations and inclusions.

The optimal control of discrete-time systems are
given in the book of Boltyanskii [16]. That book
explores some results from the classical control

*Corresponding author

206

http://creativecommons.org/licenses/by/4.0/


The optimality principle for second-order discrete and discrete-approximate inclusions 207

point of view for a linear, time-invariant, discrete-
time, optimal control system with infinite-time
case.

In general, several studies on the differential in-
clusions of the second-order are devoted to prob-
lems of existence and viability. In the case where
the multifunction is upper semicontinuous and
has compact convex values, Haddad and Yarou
[17] provided the first viability result for second-
order differential inclusions. The Cauchy problem
for the infinite-dimensional case and second-order
differential inclusions are considered in that pa-
per.

As is pointed out in the paper [18], Marco and
Murillo analyzed the existence of Lyapunov func-
tions for second-order differential inclusions by us-
ing the methods of the viability theory. A neces-
sary assumption on the initial states and sufficient
conditions are obtained for the existence of local
and global Lyapunov functions.

Lupulescu [19] demonstrated the existence of
viable solutions for autonomous second-order
functional-differential inclusions in the case where
the multifunction defining the inclusion is upper
semicontinuous, compact valued, and contained
in the subdifferential of a proper lower semicon-
tinuous convex function.

Due to the higher-order derivatives and their dis-
crete analogs, the problems accompanied by the
higher-order discrete and differential inclusions
are more complicated. A convenient procedure
for eliminating this complication in optimal con-
trol theory involving higher-order derivatives is
a formal reduction of the problems by substitu-
tion to the system of first-order differential in-
clusions or equations. But in practice, return-
ing to the higher-order problem and expressing
the arising optimality conditions in terms of the
original problem data, in general, is very difficult.
Although the construction of adjoint inclusions
and transversality conditions is more complicated,
Mahmudov formulates the conditions of optimal-
ity for the optimal control problem of higher-order
differential inclusions with functional constraints
in the paper [20].

The principle approach we use is that of locally
adjoint mapping(LAM), which facilitates obtain-
ing necessary and sufficient conditions for all
types of discrete and differential inclusions. Op-
timization of various forms of discrete inclusions
can be reduced to finite-dimensional problems of
mathematical programming, namely, to the mini-
mization of functions on the intersection of a finite
number of sets.

We use difference approximations of ordinary
derivatives and grid functions on a uniform grid

to approximate differential inclusions and to de-
rive necessary and sufficient conditions of opti-
mality for discrete-approximation problems. It
turns out that this requires some particular equiv-
alence theorems of a LAM , which arise in discrete
and discrete-approximation problems.

One of the central objects of this paper is the
relationship between continuous and discrete sys-
tems. By using particular equivalence theorems
of the LAM , which play a significant role in the
following investigations and without which few
necessary or sufficient conditions would be ob-
tained, the transition to the optimal conditions
for discrete-approximation problems from their
discrete counterparts is realized. The point argu-
ment is that discrete and discrete-approximation
problems naturally are described by different set-
valued mappings (say F and G, respectively).
Therefore, we have to express the LAM G∗ by F ∗

to formulate the optimality conditions for each
discrete and discrete-approximation problem as-
sociated with the continuous problem.

The rest of this paper is organized as follows.

For the convenience of the reader, the necessary
facts and supplementary results from the book
of Mahmudov [1] are summarized in Section 2.
In particular, the Hamiltonian function, argmaxi-
mum set of a set-valued mapping, and the locally-
adjoint mapping are introduced and the viability
problems for second-order discrete and differen-
tial inclusions are described with endpoint con-
straints.

In Section 3, the discrete problem with the
second-order discrete inclusions posed in Section 2
is reduced to a convex problem of a finite number
of geometric constraints. We prove the necessary
and sufficient conditions of optimality in terms of
LAMs by using constructions of convex and non-
smooth analysis.

In Section 4, we use difference approximations of
derivatives and grid functions on a uniform grid to
approximate problems with second-order differen-
tial inclusions. Then we derive the necessary and
sufficient condition for optimality in both forms of
Euler-Lagrange inclusions and transversality con-
ditions for the discrete-approximation problem.

In Section 5, we present some applications of the
results obtained for problems with second-order
discrete inclusions and set-valued mappings.

2. Needed facts and problem statement

For the convenience of the reader, the books
Mahmudov [1] and Mordukhovich [2] contain all
the necessary notions and results from set-valued
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analysis theory. Let Rn be an n-dimensional Eu-
clidean space, 〈x, v〉 be an inner product of ele-
ments x, v ∈ R

n, (x, v) be a pair of x, v. Assume
that F : Rn × R

n ⇒ R
n is a set-valued mapping

from R
2n = R

n×R
n into the set of subsets of Rn.

The set-valued mapping F is said to be convex if
its graph gphF = {(x, v1, v2) : v2 ∈ F (x, v1)}
is a convex subset of R

3n. A set-valued map-
ping F is convex-closed if its gphF is a convex-
closed set in R

3n. It is convex-valued if F (x, v1)
is a convex set for each (x, v1) ∈ domF , where
domF = {(x, v1) : F (x, v1) 6= ∅}.

Let us introduce the Hamiltonian function and
argmaximum set for a set-valued mapping F as

HF (x, v1, v
∗

2) = sup
v2

{
〈v2, v

∗

2〉 : v2 ∈ F (x, v1)
}
,

F (x, v1; v
∗

2) =
{
v2 ∈ F (x, v1) : 〈v2, v

∗

2〉

= HF (x, v1, v
∗

2)
}

v∗2 ∈ R
n, respectively. For convex F , we set

HF (x, v1, v
∗

2) = −∞ if F (x, v1) = ∅. Clearly,
the Hamiltonian function HF (·, ·, v

∗

2) is concave
for the convex set-valued mapping F .

Definition 1. The convex cone KA(z0), z0 =
(x0, u0, v0) is called the cone of tangent direc-
tions at a point z0 ∈ A to the set A if from
z = (x, u, v) ∈ KA(z0) it follows that z is a tan-
gent vector to the set A at point z0 ∈ A , i.e.,
there exists such function γ(λ) ∈ R

3n such that
z0 + λz + γ(λ) ∈ A for sufficiently small λ > 0
and λ−1γ(λ) → 0 as λ ↓ 0.

It should be pointed out that the cone KA(z0) is
not uniquely defined. Since λz, λ ≥ 0 is a vector
of tangent direction, if z is the same, then it is
clear that such vectors form a cone. In any case
we can see that the wider a cone of tangent direc-
tions we have the essentially necessary condition
for a minimum [1].

Obviously, for a convex mapping F at a point
(x0, v01, v

0
2) ∈ gphF setting γ(λ) ≡ 0, we have

KgphF (x
0, v01, v

0
2) = cone

[
gphF − (x0, v01, v

0
2)
]

=
{
(x, v1, v2) : x = λ(x− x0), v1 = λ(v1 − v01),

v2 = λ(v2 − v02)
}
, ∀ (x, v1, v2) ∈ gphF.

For a convex mapping F a set-valued function de-
fined by

F ∗
(
v∗2; (x

0, v01, v
0
2)
)
:=

{
(x∗, v∗1) : (x

∗, v∗1,−v
∗

2)

∈ K∗

gphF (x
0, v01, v

0
2)
}

is a locally adjoint set-valued mapping (LAM)
to F at a point (x0, v01, v

0
2) ∈ gphF , where

K∗

gphF (x
0, v01, v

0
2) is the dual to the cone of tan-

gent vectors KgphF (x
0, v01, v

0
2).

Let intA be the interior of the set A ⊂ R
3n and

riA be the relative interior of the set A, i.e. the
set of interior points of A with respect to its affine
hull AffA. A function ϕ is called a proper func-
tion, if it does not assume the value−∞ and is not
identically equal to +∞. Obviously ϕ is proper
function if and only if domϕ 6= ∅ and ϕ(x, y) is
finite for (x, y) ∈ domϕ.

We note that a convex function is continuous on
the relative interior of its domain, it may have
discontinuities only on its relative boundary (see,
for example, Theorem 1.18 [1]).

In this paper, we study the following main second-
order discrete model:

infimum ϕ(xN−1, xN ), (1)

xt+2 ∈ F (xt, xt+1, t) , t = 0, . . . , N − 2, (2)

x0 = α0 , x1 = α1,

xt ∈ A, t = 0, . . . , N, xN ∈ B, (3)

where xt ∈ R
n, F (·, ·, t) : R

2n ⇒ R
n is a time

dependent set-valued mapping, ϕ : R2n → R is
continuous function, α0, α1 are fixed vectors and
N is fixed natural number, A,B ⊂ R

n are non-
empty subsets and A ∩ B 6= ∅. We label this
problem as (PD).

A sequence {xt}
N
t=0 = {xt : t = 0, 1, . . . , N} is

called a feasible trajectory for the stated problem
(PD). The problem is to find a solution {x̃t}

N
t=0

of the problem (PD) for the second-order discrete
inclusions satisfying (2)− (3) and minimizing the
Mayer functional ϕ(xN−1, xN ).

The problem (PD) is said to be convex, if the
F (·, ·, t), ϕ and A,B are convex set-valued map-
ping, proper convex function, and convex sets re-
spectively.

Definition 2. We say that for the convex prob-
lem (PD) satisfies the regularity condition, if for
points xt ∈ R

n, one of the following cases is ful-
filled:

(i) (xt, xt+1, xt+2) ∈ rigphF (·, ·, t), t =
0, . . . , N − 2, xt ∈ riA, t = 0, . . . , N ,
xN ∈ riB, (xN−1, xN ) ∈ ridomϕ,

(ii) (xt, xt+1, xt+2) ∈ intgphF (·, ·, t), t =
0, . . . , N −2, xt ∈ intA; xN ∈ intB, (with
the possible exception of one fixed t) and
ϕ is continuous at (xN−1, xN ).

It follows from the regularity condition that, if
{x̃t}

N
t=0 is the optimal trajectory in the prob-

lem (PD), then the cones of tangent directions
KgphF (·,t)(x̃t, x̃t+1, x̃t+2) are not separable and
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consequently the condition of Theorem 3.2 [1] is
satisfied.

We are interested in the approximate problem for
the following evolution differential inclusions with
endpoint constraint

infimum φ
(
x(1), x′(1)

)
,

x′′(t) ∈ F (x(t), x′(t), t) , a.e. t ∈ [0, 1], (4)

x(0 = β0 , x
′(0) = β1,

x(t) ∈ A, t ∈ [0, 1], x(1) ∈ B,

where F (·, ·, t) : R
2n ⇒ R

n is a time depen-
dent set-valued mapping, φ : R

2n → R is con-
tinuous function and β0, β1 are fixed vectors and
A,B ⊂ R

n are nonempty subsets and A ∩B 6= ∅.
That problem is called the viability problem.

The problem is to find an arc x̃(·) of the viabil-
ity problem satisfying (4) almost everywhere on
[0, 1] and the initial and endpoint constraints that
minimizes the cost functional φ. Here a feasible
trajectory x(·) is understood to be an absolutely
continuous function on a time interval [0, 1] to-
gether with the first-order derivatives for which
x′′(·) ∈ Ln1 ([0, 1]). Clearly, such a class of func-
tions is a Banach space, endowed with the differ-
ent equivalent norms.

Clearly, the condition (2) in the main discrete
model is a discrete analog of second-order differ-
ential inclusions (4).

Definition 3. We say F (·, ·, t) is viable if for ev-
ery x(0) = β0, x

′(0) = β1, (4) has an absolutely
continuous solution x(·) : [0, 1] → R

n such that
x(t) ∈ A for all t ∈ [0, 1] and the inclusion in (4)
is satisfied for almost everywhere on [0, 1].

Let us formulate the conditions of optimality for
the discrete problem (PD) before we begin the
discussion on the approximation problem with
second-order inclusions.

3. Necessary and sufficient conditions

of optimality for discrete problem

We consider the discrete problem (PD) in this
section. First, let us introduce a vector u =
(x0, x1, . . . , xN ) ∈ R

n(N+1) and define the follow-

ing convex sets in the space R
n(N+1)

Mt =
{
u = (x0, . . . , xN ) : (xt, xt+1, xt+2)

∈ gphF (·, ·, t)
}
, t = 0, 1, . . . , N − 2,

Pt =
{
u = (x0, . . . , xN ) : xt ∈ A

}
, t = 0, . . . , N,

Q =
{
u = (x0, . . . , xN ) : xN ∈ B

}
,

Q0 =
{
u = (x0, . . . , xN ) : x0 = α0

}
,

Q1 =
{
u = (x0, . . . , xN ) : x1 = α1

}
.

The discrete problem (PD) is now reduced to solv-
ing a convex programming problem by setting
f(u) = ϕ(xN−1, xN ). In fact, it is easy to see
that the problem (PD) is equivalent to the follow-
ing one:

minimize f(u) (5)

u ∈ C :=
(N−2⋂
t=0

Mt

)
∩
( N⋂
t=0

Pt

)
∩Q∩Q0∩Q1, where

C is the convex set. This transformation allows
us to prove rigorously that if {x̃t}

N
t=0 is the opti-

mal solution to the problem (PD), then ũ is the
solution to the problem (5). It should be noted
that under the regularity condition Definition 2
the dual cone associated with intersection of cones
of tangent directions is equal to the algebraic sum
of their dual cones. Thus, from Theorem 1.11 [1],
we have

K∗

C(ũ) =
N−2∑
t=0

K∗

Mt
(ũ) +

N∑
t=0

K∗

Pt
(ũ) +K∗

Q(ũ)

+K∗

Q0
(ũ) +K∗

Q1
(ũ). (6)

Moreover, the results taken from [1] provide nec-
essary conditions of optimality for the convex
mathematical programming (5). We can prove
necessary conditions of optimality for problem
(5) with geometric constraints based on results
concerning convex mathematical programming.
Thus, by continuity of ϕ at points of some fea-
sible solution {x̃t}

N
t=0 it follows from Theorem

3.4 [1], there exist vectors u∗(t) ∈ K∗

Mt
(ũ), t =

0, 1, . . . , N − 2, w∗(t) ∈ K∗

Pt
(ũ), t = 0, . . . , N and

v∗(0) ∈ K∗

Q0
(ũ), v∗(1) ∈ K∗

Q1
(ũ), v∗(N) ∈ K∗

Q(ũ)

and the number µ ∈ {0, 1}, not all equal to zero,
such that

µû∗ =
N−2∑
t=0

u∗(t) +
N∑
t=0

w∗(t) + v∗(N)

+v∗(0) + v∗(1), (7)

where û∗ ∈ ∂uf(ũ). From definition of the func-
tion f it is easy to see that the vector û∗ ∈

∂uf(ũ) has a form û∗ =
(
0, . . . , 0,︸ ︷︷ ︸
N−1

x̂∗N−1, x̂
∗

N

)
,

(
x̂∗N−1, x̂

∗

N

)
∈ ∂(x,v1)ϕ(x̂N−1, x̂N ). First of all it

is not hard to compute the dual cones K∗

Pt
(ũ),

K∗

Q(ũ), K
∗

Q0
(ũ) and K∗

Q1
(ũ) as follows

K∗

Pt
(ũ) = {w∗(t) : w∗

t (t) ∈ K∗

A(x̃t), w
∗

k(t) = 0 ,

k 6= t}, t = 0, . . . , N

K∗

Q(ũ) = {v∗(N) : v∗k(N) = 0, k 6= N},

K∗

Q0
(ũ) = {v∗(0) : v∗k(0) = 0, k 6= 0},

K∗

Q1
(ũ) = {v∗(1) : v∗k(1) = 0, k 6= 1}.
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Then we should compute the dual cone K∗

Mt
(ũ)

in the following lemma.

Lemma 1. Let KgphF (xt, xt+1, xt+2),
(xt, xt+1, xt+2) ∈ gphF be cone of tangent di-
rections. Then

K∗

Mt
(u) =

{
u∗ = (x∗0, . . . , x

∗

N ) : (x
∗

t , x
∗

t+1, x
∗

t+2)

∈ K∗

gphF (xt, xt+1, xt+2),

x∗k = 0, k 6= t, t+ 1, t+ 2
}
.

Proof. From the dual cone definition,
u∗ ∈ K∗

Mt
(u) is valid if and only if

〈u∗, u〉 =
N∑
k=0

〈x∗k, xk〉 ≥ 0, ∀ u ∈ KMt
(u).

Clearly, KMt
(u) =

{
u : (xt, xt+1, xt+2) ∈

KgphF (xt, xt+1, xt+2)
}
and from the arbitrariness

of components xk, k 6= t, t + 1, t + 2 of vectors
u it follows that x∗k = 0, k 6= t, t + 1, t + 2.
Therefore the inequality 〈x∗t , xt〉 + 〈x∗t+1, xt+1〉 +
〈x∗t+2, xt+2〉 ≥ 0 yields (x∗t , x

∗

t+1, x
∗

t+2) ∈
K∗

gphF (xt, xt+1, xt+2). �

Now, we are ready to give the conditions of opti-
mality for the discrete problem (PD).

Theorem 1. Let F (·, ·, t) be a convex set-valued
mapping and ϕ be proper convex functional and
continuous at the points of some feasible trajec-
tory. Then for optimality of the trajectory {x̃t}

N
t=0

in the Mayer problem (1)− (3) with second-order
discrete inclusions, initial and endpoint con-
straints, it is necessary that there exist a number
µ ∈ {0, 1} and vectors x∗t , ξ

∗

t , η
∗

t , t = 0, . . . , N
not all equal zero satisfying the Euler-Lagrange
discrete inclusions and transversality conditions:
(i) (x∗t−ξ

∗

t−η
∗

t , ξ
∗

t+1) ∈ F ∗(x∗t+2; (x̃t, x̃t+1, x̃t+2), t),

t = 0, 1, . . . , N − 2,

(ii) η∗t ∈ K∗

A(x̃t); t = 0, . . . , N, ξ∗N ∈ K∗

B(x̃N ),

(iii)
(
ξ∗N−1 − x∗N−1 + η∗N−1 , ξ

∗

N + η∗N − x∗N

)

∈ µ∂(x,v1)ϕ(x̃N−1, x̃N ).

In addition, under the regularity condition these
conditions are sufficient for optimality of the tra-
jectory {x̃t}

N
t=0.

Proof. Obviously, (5) is a convex problem with
geometric constraints and by hypotheses of the
theorem, ũ = (x̃0, . . . , x̃N ) is a solution of the
problem (5). According to Lemma 1, one has

u∗(t) =
(
0, . . . , 0, x∗t (t), x

∗

t+1(t), x
∗

t+2(t), 0, . . . , 0
)
,

where(
x∗t (t), x

∗

t+1(t), x
∗

t+2(t)
)
∈ K∗

gphF

(
x̃t, x̃t+1, x̃t+2

)
,

t = 0, 1, . . . , N − 2,

v∗(0) =
(
v∗0(0), 0, . . . , 0

)
,

v∗(1) =
(
0, v∗1(1), 0 . . . , 0

)
,

v∗(N) =
(
0, 0 . . . , 0, v∗N (N)

)
.

Now using the component-wise representation of
(7), we deduce that

x∗0(0) + w∗

0(0) + v∗0(0) = 0,

x∗1(0) + x∗1(1) + w∗

1(1) + v∗1(1) = 0, (8)

x∗t (t) + x∗t (t− 1) + x∗t (t− 2) + w∗

t (t) = 0,

t = 2, . . . , N − 2, (9)

x∗N−1(N−2)+x∗N−1(N−3)+w∗

N−1(N−1) = µx̂∗N−1,

x∗N (N − 2) + w∗

N (N) + v∗N (N) = µx̂∗N ,

(x̂∗N−1, x̂
∗

N ) ∈ ∂(x,v1)ϕ(x̂N−1, x̂N ), µ ∈ {0, 1}.

On the other hand, by definition of LAM we de-
rive that(
x∗t (t), x

∗

t+1(t)
)
∈ F ∗

(
−x∗t+2(t); (x̃t, x̃t+1, x̃t+2), t

)
,

t = 2, . . . , N − 2. (10)

Introducing the new notations −x∗t+2(t) ≡ x∗t+2,
x∗t+1(t) ≡ ξ∗t+1, t = 0, . . . , N − 2 and w∗

t (t) ≡ η∗t ,
t = 0, . . . , N , v∗N (N) ≡ ξ∗N , we find from the for-
mulas (9) and (10) that
(
x∗t−ξ

∗

t −η
∗

t , ξ
∗

t+1

)
∈ F ∗

(
x∗t+2; (x̃t, x̃t+1, x̃t+2), t

)
,

t = 2, . . . , N − 2, (11)

and

η∗t ∈ K∗

A(x̃t); t = 0, . . . , N, ξ∗N ∈ K∗

B(x̃N ). (12)

Moreover, it is easy to see that setting, v∗0(0) =
ξ∗0 − x∗0 and v∗1(1) = −x∗1 in the first relation-
ships of (8), we can generalize the formula (11)
to the cases t = 0, 1. Finally, for t = N − 1 and
t = N we have µx̂∗N−1 = −x∗N−1 + ξ∗N−1 + η∗N−1,
µx̂∗N = −x∗N + ξ∗N + η∗N which imply

(
− x∗N−1 + ξ∗N−1 + η∗N−1,−x

∗

N + ξ∗N + η∗N

)

∈ µ∂(x,v1)ϕ(x̃N−1, x̃N ). (13)

Thus taking into account the formulas (11), (12)
and (13), we complete the first part of the proof
of theorem. The proof of the sufficiency con-
ditions, is based on the Theorem 1.30 [1], un-
der the regularity condition, the representation
(13) holds with parameter µ = 1 for the point
û∗ ∈ ∂uf(ũ) ∩K

∗

C(ũ). �

4. The conditions of optimality for

discrete approximation problem

In what follows, we give an idea of the construc-
tion of the discrete-approximation problem for the
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viability problem (4) with second-order differen-
tial inclusions by introducing the first and second-
order difference operators:

∆x(t) =
1

δ

(
x(t+ δ)− x(t)

)
,

∆2x(t) =
1

δ

(
∆x(t+ δ)−∆x(t)

)
, t = 0, δ, . . . 1− δ,

where δ is a step on the t-axis and x(t) ≡ xδ(t) is
a grid functions on a uniform grid on [0, 1]. We
define the following discrete-approximation prob-
lem associated with the continuous problem (4)

minimize φ0
(
x(1− δ),∆x(1− δ)

)
, (14)

∆2x(t) ∈ F (x(t),∆x(t), t),

t = 0, δ, 2δ, . . . , 1− 2δ, (15)

x(0) = β0, ∆x(0) = β1,

x(t) ∈ A, t = δ, . . . , 1, x(1) ∈ B. (16)

We apply the results of Theorem 1 to the problem
(14) − (16). To do this we rewrite the discrete-
approximation inclusion (15) in the relevant form
by introducing the following auxiliary set-valued
mapping

G(x, v1, t) := 2v1 − x+ δ2F (x,
v1 − x

δ
, t). (17)

Then we rewrite the problem (14)−(16) as follows
:

minimize ϕ0

(
x(1− δ), x(1)

)
, (18)

x(t+ 2δ) ∈ G(x(t), x(t+ δ), t), (19)

x(0) = β0, ∆x(0) = β1,

x(t) ∈ A, t = δ, . . . , 1, x(1) ∈ B,

where φ0
(
x(1−δ),∆x(1−δ)

)
≡ ϕ0

(
x(1−δ), x(1)

)
.

By Theorem 1 for optimality of the trajectory
{x̃(t)} := {x̃(t) : t = 0, δ, . . . , 1} in the problem,
(18)− (19) it is necessary that there exist vectors

x∗(t), ξ
∗
(t), η∗(t) and a number µ = µδ ∈ {0, 1},

not all zero, such that
(
x∗(t)− η∗(t)− ξ

∗
(t) , ξ

∗
(t+ δ)

)

∈ G∗

(
x∗(t+ 2δ); (x̃(t), x̃(t+ δ), x̃(t+ 2δ)), t

)
,

t = 0, . . . , 1− 2δ, (20)

η∗(t) ∈ K∗

A(x̃(t)) , ξ
∗
(1) ∈ K∗

B(x̃(1)), (21)(
η∗(1− δ) + ξ

∗
(1− δ)− x∗(1− δ),

η∗(1) + ξ
∗
(1)− x∗(1)

)

∈ µ∂(x,v1)ϕ0(x̃(1− δ), x̃(1)). (22)

We should express the LAM G∗ in the above re-
lationship (20) in terms of LAM F ∗, which plays
a central role in our developments in the next re-
sults.

Usually, some equivalence theorems are needed for
any development in problems given by differen-
tial inclusions. Let us first prove two propositions
concerning the Hamiltonian functions of the set-
valued mappings F and G, and the sets of sub-
differential of the Hamiltonian functions HG and
HF .

Lemma 2. Let F and G be formula-specified con-
vex set-valued mappings (17). Then there is the
following relation between the Hamiltonian HG

and HF functions:

HG(x, v1, v
∗

2) =
〈
2v1−x , v

∗

2

〉
+δ2HF (x,

v1 − x

δ
, v∗2).

Proof. We get the lemma proof immediately as
follows, keeping in mind the definition of the
Hamiltonian functions of the set-valued mappings
G, F

HG(x, v1, v
∗

2) = sup
{
〈v2, v

∗

2〉 : v2 ∈ G(x, v1)
}

=
〈
2v1−x, v

∗

2

〉
+δ2 sup

{
〈v3, v

∗

2〉 : v3 ∈ F (x,
v1 − x

δ
)
}

=
〈
2v1 − x , v∗2

〉
+ δ2HF (x,

v1 − x

δ
, v∗2).

�

Lemma 3. The following relation holds for subd-
ifferentials of the Hamiltonian functions HG and
HF :

∂HG(x, v1, v
∗

2) = {−v∗2} × {2v∗2}

+δ2Θ∗∂HF (x,
v1 − x

δ
, v∗2),

where Θ =
(

I 0
−I
δ

I
δ

)
is a 2n× 2n matrix parti-

tioned into submatrices, I, −I
δ
, −I
δ

and n× n zero
matrix, where I is an n × n identity matrix and
Θ∗ is transposes of Θ.

Proof. The subdifferential ∂HF (x,
v1−x
δ
, v∗2)

should be computed. Notice that Hamilton-
ian function is concave and it is understood as
∂(x,v1)HG(x, v1, v

∗

2) = −∂(x,v1)[−HG(x, v1, v
∗

2)].

Let ψi : R
2n → R, i = 1, 2, be a convex

functions at a point (x, v1) and g : R
2n → R

be a convex function continuous at a point
(ψ1(x, v1), ψ2(x, v1)). Then for subdifferential of
composition f(x, v1) = g

(
ψ1(x, v1), ψ2(x, v1)

)
the

following formula is valid

∂f(x, v1) = Θ∗∂g
(
ψ1(x, v1), ψ2(x, v1)

)
(23)

where

Θ =
( ∂ψ1

∂x

∂ψ1

∂v1
∂ψ2

∂x

∂ψ2

∂v1

)
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is 2n × 2n matrix ∂ψ1

∂x
, ∂ψ1

∂v1
, ∂ψ2

∂x
, ∂ψ2

∂v1
are Jaco-

bian matrices and Θ∗ is transposes of Θ. Tak-
ing ψ1(x, v1) ≡ x, ψ2(x, v1) ≡

v1−x
δ

in Θ, then it

is easy to compute that Θ =
(

I 0
−I
δ

I
δ

)
where

I is an n × n identity matrix. Then, for fixed
v∗2 setting f(x, v1) = HF (x,

v1−x
δ
, v∗2) and using

Moreau-Rockafeller Theorem 1.29 [1], Lemma 2
and the formula (23), we obtain the desired re-
sult. �

In the construction of LAM for the original dis-
crete approximation problem (14)-(16), the fol-
lowing theorem which is definitely of independent
interest plays a crucial role.

Theorem 2. If G is a convex set-valued mapping
defined by (17), then the following statements for
the LAMs are equivalent:

(a) (x∗, v∗1) ∈ G∗(v∗2; (x, v1, v2)), v2 ∈ G(x, v1; v
∗

2),

(b)
(x∗ + v∗1 − v∗2

δ2
,
v∗1 − 2v∗2

δ

)

∈ F ∗

(
v∗2; (x,

v1−x
δ
, x−2v1+v2

δ2
)
)
,

x−2v1+v2
δ2

∈ F (x, v1−x
δ

; v∗2), v
∗

2 ∈ R
n

where G(x, v1; v
∗

2) is the argmaximum set for map-
ping G.

Proof. By useful Frobenius formula, the follow-
ing inverse of 2 × 2 block matrices holds if A, B
are invertible

(
A D

C B

)
−1

=
(

(A−DB−1C)−1 −A−1D∆−1

−∆−1CA−1 ∆−1

)

where ∆ = B − CA−1D is the Schur comple-
ment of A. Therefore, denoting A = δ2I, B = δI,
C = 0, D = −δI, we compute that

(δ2Θ∗)−1 =
(
δ2I −δI
0 δI

)
−1

=
( I

δ2
I
δ2

0 I
δ

)
. (24)

Furthermore, by Lemma 3 it is easy to see that
(x∗, v∗1) ∈ ∂(x,v1)HG(x, v1, v

∗

2) and

(δ2Θ∗)−1(x∗ + v∗2, v
∗

1 − 2v∗2)

∈ ∂(x,v1)HF (x,
v1 − x

δ
, v∗2) (25)

are equivalent. Then from (24) and (25), it means
that (x∗, v∗1) ∈ ∂(x,v1)HG(x, v1, v

∗

2) if and only if
(x∗ + v∗1 − v∗2

δ2
,
v∗1 − 2v∗2

δ

)

∈ ∂(x,v1)HF (x,
v1 − x

δ
, v∗). (26)

Since F ∗(v∗2; (x, v1, v2)) = ∂(x,v1)HF (x, v1, v
∗

2),
v2 ∈ F (x, v1; v

∗

2) and by using the fact that
∂(x,v1)HF (x, v1, v

∗

2) = −∂(x,v1)(−HF (x, v1, v
∗

2)),
we express (26) in term of LAMs. Here

take into account that v2 ∈ G(x, v1; v
∗

2) and
x−2v1+v2

δ2
∈ F (x, v1−x

δ
; v∗2) ensure that the LAMs

are nonempty at a given points. �

Lemma 4. It turns out that the following inclu-
sions are equivalent:

(1)
(
x∗, y∗

)
∈ ∂ϕ0

(
z0
)
,

(2)
(
x∗ + y∗, δy∗

)
∈ ∂φ0

(
w0

)
.

where z0 = (x0, y0) ∈ domϕ0 and w0 =

(x0, y
0
−x0

δ
) ∈ domφ0.

Proof. By the definition of subdifferential sets we
can write

∂ϕ0(z0) =
{(
x∗, y∗

)
: ϕ0(x, y)− ϕ0(x

0, y0)

≥ 〈x∗, x− x0〉+
〈
y∗, y − y0

〉
,

∀ (x, y) ∈ R
2n
}
. (27)

∂φ0
(
w0

)
=

{(
x∗, y∗

)
: φ0

(
w
)
− ϕ0

(
w0

)

≥ 〈x∗, x− x0〉+
〈
y∗,

y − x

δ
−
y0 − x0

δ

〉

∀ w =
(
x,
y − x

δ

)
∈ R

2n
}
.

This latter relationship gives that

∂φ0
(
w0

)
=

{(
x∗, y∗

)
: ϕ0(x, y)− ϕ0(x

0, y0)

≥
〈
x∗ −

y∗

δ
, x− x0

〉
+
〈y∗
δ
, y − y0

〉
,

∀ w ∈ R
2n

}
. (28)

When (27) and (28) are compared, we deduce that

x∗ = x∗ −
y∗

δ
, y∗ =

y∗

δ

or, in other words,

x∗ = x∗ + y∗, y∗ = δy∗.

The proof of theorem is completed. �

Theorem 3. Let F be a convex set-valued map-
ping and φ0 be proper convex functional and con-
tinuous at the points of some feasible trajectory.
Then for optimality of the trajectory {x̃(t)} in the
discrete approximation problem, it is necessary
that there exist a number µ = µδ ∈ {0, 1} and
vectors x∗(t), η∗(t), v∗(t) which are not all equal
zero, satisfying the approximate Euler-Lagrange
and transversality inclusions:

(a)
(
∆2x∗(t) + ∆v∗(t)− η∗(t), v∗(t+ δ)

)

∈ F ∗(x∗(t+ 2δ); (x̃(t),∆x̃(t),∆2x̃(t), t)),

t = 0, δ, . . . , 1− 2δ,

(b) η∗(t) ∈ K∗

A(x̃(t)) , ξ
∗(1) ∈ K∗

A∩B(x̃(1)),
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(c)
(
v∗(1− δ) + ∆x∗(1− δ) + ξ∗(1)

+δη∗(1− δ) , δξ∗(1)− x∗(1)
)

∈ µ∂φ0(x̃(1− δ),∆x̃(1− δ)).

And, under the regularity condition these condi-
tions are also sufficient for optimality of the tra-
jectory {x̃(t)}.

Proof. By taking into account the condition (20)
and by Theorem 2, it can be shown that
(x∗(t)− η∗(t)− ξ

∗
(t) + ξ

∗
(t+ δ)− x∗(t+ 2δ)

δ2
,

ξ
∗
(t+ δ)− 2x∗(t+ 2δ)

δ

)

∈ F ∗

(
x∗(t+ 2δ); (x̃(t),∆x̃(t),∆2x̃(t), t)

)
,

t = 0, . . . , 1− 2δ.

Denoting v∗(t) = ξ
∗

(t)−2x∗(t+δ)
δ

, we get
(
∆2x∗(t) + ∆v∗(t)−

η∗(t)

δ2
, v∗(t+ δ)

)

∈ F ∗(x∗(t+ 2δ); (x̃(t),∆x̃(t),∆2x̃(t), t)),

t = 0, . . . , 1− 2δ.

Now observe that LAMF ∗ is positive homoge-
neous on the first argument and setting δx∗(t),
δv∗(t) and η∗(t) are denoted by x∗(t), v∗(t) and
δη∗(t), respectively, we derive the approximate
Euler-Lagrange inclusion of theorem. Moreover,
by the formula (22) and Lemma 4, we have
(
η∗(1−δ)+ξ

∗
(1−δ)−x∗(1−δ)+η∗(1)+ξ

∗
(1)−x∗(1),

δ
(
η∗(1) + ξ

∗
(1)− x∗(1)

))

∈ µ∂φ0(x̃(1− δ),∆x̃(1− δ)).

Then setting ξ
∗
(1) = ξ∗(1)− δη∗(1), we find that

the transversality condition of theorem:
(
v∗(1− δ) + ∆x∗(1− δ) + ξ∗(1) + δη∗(1− δ) ,

δξ∗(1)− x∗(1)
)

∈ µ∂φ0(x̃(1− δ),∆x̃(1− δ)).

By the condition (21), we have δη∗(t) ∈ K∗

A(x̃(t))
and ξ∗(1) − δη∗(1) ∈ K∗

B(x̃(1)). Then ξ∗(1) ∈
K∗

A(x̃(1)) +K∗

B(x̃(1)) = K∗

A∩B(x̃(1)) which com-
pletes the proof of theorem. �

Remark 1. For future directions, we note that
the results obtained in this section could be useful
for deriving optimality conditions for the second-
order viability problem (4) given by differential
inclusions with endpoint constraint. At least we
emphasize that the key to our success is to pass
formally to the limit in the conditions of Theo-
rem 3. Consequently, by setting µ = 1 and pass-
ing formally to the limit as δ → 0, the sufficient

conditions of optimality can be formulated for the
continuous problem (4). Moreover, by using the
functional analysis approach in the convex prob-
lem, the necessity of these conditions for optimal-
ity can be justified.

Corollary 1. Let F be a convex set-valued map-
ping and φ be proper convex functional and con-
tinuous at the points of some feasible trajectory.
Then for optimality of the trajectory x̃(t) in the
problem (4), it is sufficient that there exist a num-
ber µ and vectors x∗(t), η∗(t), v∗(t) which are not
all equal zero, satisfying the second-order Euler-
Lagrange type adjoint

(i) (x∗
′′

(t) + v∗
′

(t)− η∗(t), v∗(t))

∈ F ∗(x∗(t); (x̃(t), x̃′(t), x̃′′(t), t)), t ∈ [0, 1]

(ii) x̃′′(t) ∈ F (x(t), x′(t);x∗(t), t) , a.e. t ∈ [0, 1],

η∗(t) ∈ K∗

A(x̃(t)), t ∈ [0, 1) ,

and the transversality conditions at the endpoint
t = 1 consist of the following

(iii)
(
v∗(1) + x∗

′

(1) + ξ∗(1),−x∗(1)
)

∈ µ∂φ(x̃(1), x̃′(1)),

ξ∗(1) ∈ K∗

A∩B(x̃(1)).

Note that the transformation to the continuous
problem (4) is in any case, a separate subject
of discussion and is therefore omitted. Note also
that this construction of optimality conditions in
the presented paper for second-order discrete and
discrete approximation inclusions can be useful
for the optimization of an arbitrary order discrete
and ordinary differential inclusions.

5. Applications

In this section, we describe some interesting ap-
plications of the problem (1)-(3). At first, let us
consider the problem with the “linear discrete”
structure

minimum ϕ(xN−1, xN ),

xt+2 ∈ F (xt, xt+1, t) , t = 0, . . . , N − 2,

F (x, v1) = C0x+ C1v1 +Du, u ∈ U (29)

x0 = α0 , x1 = α1,

xt ∈ A, t = 0, . . . , N, xN ∈ B,

where C0, C1 are n×n, D is n×r matrix, D ⊂ R
r

is convex closed set, ϕ is continuously differen-
tiable function. It is required to find control-
ling parameters ũt ∈ U (t = 0, . . . , N) such that
the corresponding trajectory {x̃t}

N
t=0 minimizes ϕ.

We observe that in this case F (x, v1) = {v2 =
C0x + C1v1 + Du : u ∈ U}. It is not hard to
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compute that

F ∗(v∗2; (x, v1, v2))

=

{(
C∗

0v
∗

2, C
∗

1v
∗

2

)
, −D∗v∗2 ∈ K∗

U (u),

∅, −D∗v∗2 6∈ K∗

U (u),
(30)

where v2 = C0x + C1v1 + Du, u ∈ U , C∗

0 , C
∗

1

and D∗ are transposed matrices. Then by using
Theorem 1 and from the formula (30), we have
x∗t − ξ∗t − η∗t = C∗

0x
∗

t+2 and ξ∗t+1 = C∗

1x
∗

t+2, t =
0, . . . , N − 2 and −D∗x∗t+2 ∈ K∗

U (u), η
∗

t ∈ K∗

A(x̃t)
and ξ∗N ∈ K∗

B(x̃N ). Clearly the transversality
conditions consist of the following:

ξ∗N−1 − x∗N−1 + η∗N−1 = µϕx

ξ∗N + η∗N − x∗N = µϕv1 .

Moreover −D∗v∗2 ∈ K∗

U (u) means that the Weier-
strass Pontryagin maximum condition

〈Dũt, x
∗

t 〉 = sup
u∈U

〈Du, x∗t 〉 (31)

is satisfied. The regularity condition is superflu-
ous for linear problems. It is, therefore, necessary
and sufficient for the optimality of the trajectory
{xt}

N
t=0 in linear problem that there exists {x∗t }

N
t=0

satisfying the second-order Euler-Lagrange differ-
ential equation with µ = 1 and Weierstrass Pon-
tryagin maximum principle (31).

Now, let us consider another example where a set-
valued mapping is defined by nonlinear inequality:

minimum ϕ(xN−1, xN ),

xt+2 ∈ F (xt, xt+1, t) , t = 0, . . . , N − 2,

F (x, v1) = {v2 : Ψ(x, v1, v2) ≤ 0} (32)

x0 = α0 , x1 = α1,

xt ∈ A, t = 0, . . . , N, xN ∈ B,

where the function Ψ and ϕ are continuously dif-
ferentiable functions. Then according to the The-
orem 2.13. [1] by elementary computations we find
that

F ∗(v∗2; (x, v1, v2)) =
{(

− µΨ′

x(x, v1, v2),

−µΨ′

v1
(x, v1, v2)

)
: v∗2 = µΨ′

v2
(x, v1, v2),

µΨ(x, v1, v2) = 0 , µ ≥ 0,
}

(33)

where Ψ′

x(x, v1, v2),Ψ
′

v1
(x, v1, v2) and Ψ′

v2
(x, v1, v2)

are gradient vectors with respect to x, v1, v2, cor-
respondingly. So by using Theorem 1, we get the
following relations

x∗t − ξ∗t − η∗t = −µtΨ
′

x(x̃t, x̃t+1, x̃t+2),

ξ∗t+1 = −µtΨ
′

v1
(x̃t, x̃t+1, x̃t+2),

x∗t+2 = µtΨ
′

v2
(x̃t, x̃t+1, x̃t+2),

µtΨ(x̃(t), x̃t+1, x̃t+2) = 0, (34)

µt ≥ 0, t = 0, . . . , N − 2,

η∗t ∈ K∗

A(x̃t), t = 0, . . . , N, ξ∗N ∈ K∗

B(x̃N ), (35)

and transversality conditions

ξ∗N−1 − x∗N−1 + η∗N−1 = ϕx(x̃N−1, x̃N )

ξ∗N + η∗N − x∗N = ϕv1(x̃N−1, x̃N ). (36)

So we have proved the following theorem.

Theorem 4. If Ψ and ϕ are continuously dif-
ferential functions and the cone KgphF (x, v1, v2)
is non-empty for all (x̃t, x̃t+1, x̃t+2) then the ex-
istence of {x∗t , ξ

∗

t , η
∗

t } satisfying the adjoint dis-
crete inclusions (34)-(36) is necessary and suffi-
cient for the optimality of the trajectory {x̃t}

N
t=0

of problem (32).
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Difference equations, discrete dynamical sys-
tems and applications. Springer, Switzerland.

[4] Mahmudov, E.N. (2014). Approximation and
optimization of higher order discrete and dif-
ferential inclusions. Nonlin. Differ. Equat.
Appl., 21, 1-26.

[5] Mahmudov, E.N. (1991). A two-parameter
optimal control problem for systems of dis-
crete inclusions. Automat. Remote Control,
52(3), 353-362.

[6] Mahmudov, E.N., & Mardanov, M.J. (2020).
On duality in optimal control problems
with second-order differential inclusions and
initial-point constraints. Proceed. Institute
Math. Mech. Nat. Acad. Sci. Azerb., 46(1),
115-128.
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 Clustering, which is handled by many researchers, is separating data into clusters 

without supervision. In clustering, the data are grouped using similarities or 

differences between them. Many traditional and heuristic algorithms are used in 

clustering problems and new techniques continue to be developed today. In this 

study, a new and effective clustering algorithm was developed by using the Whale 

Optimization Algorithm (WOA) and Levy flight (LF) strategy that imitates the 

hunting behavior of whales. With the developed WOA-LF algorithm, clustering 

was performed using ten medical datasets taken from the UCI Machine Learning 

Repository database. The clustering performance of the WOA-LF was compared 

with the performance of k-means, k-medoids, fuzzy c-means and the original 

WOA clustering algorithms. Application results showed that WOA-LF has more 

successful clustering performance in general and can be used as an alternative 

algorithm in clustering problems.  
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1. Introduction 

Due to the increasingly widespread digitalization 

processes at global and local level, large-scale data are 

obtained in many different fields. It is very important to 

process the data accurately and quickly in order to make 

more effective use of the large-scale data and extract 

meaningful information. For this reason, new methods 

are constantly being developed for the efficient use of 

knowledge in many areas such as industry, banking, 

marketing, medicine, engineering and economics, 

where data mining techniques are being applied. 

With the ever-developing science and technology, 

optimization problems are also increasing. These 

problems are considered to be more complex and 

difficult because they are large-scale and have many 

factors. Existing optimization algorithms can be low-

performance and slow in solving complex optimization 

problems. For this reason, many researchers have 

focused on improving existing optimization algorithms. 

Hybridization is one of these improvement efforts, and 

it means using two or more algorithms as a hybrid. The 

purpose of hybridization is to use the advantages of 

each algorithm at the highest level and to minimize the 

disadvantages. When compared with its components a 

hybrid algorithm generally has a stronger and robust 

structure and can effectively solve complex 

optimization problems [1-3]. 

Data mining reveals hidden patterns and relationships 

in the data by using advanced analysis techniques such 

as machine learning, artificial intelligence, and 

statistics. Clustering, which is one of the data mining 

techniques, collects data of similar characteristics 

together and ensures the data community to be divided 

into clusters / groups. Looking at literature, the use of 

heuristic algorithms in clustering emerges as an 

alternative to the traditional clustering techniques [4, 

5]. 

Selim and El-Sultan [6], used simulated annealing 

approach for clustering problem. The predetermined 

parameters of the algorithm are discussed and shown to 

converge to the global solution in the clustering 

problem. Mualik and Mukhopadhyay [7] presented a 

unified clustering algorithm. They combined the 

simulated annealing algorithm with artificial neural 

networks to improve solution quality. The proposed 

hybrid algorithm was used to cluster three true 

microarray datasets, and the results of the proposed 

approach were compared with some commonly used 

clustering algorithms. The results showed the 

superiority of the new algorithm. Mualik and 

Bundyopadyay [8] presented a genetic algorithm-based 

http://www.ams.org/msc/msc2010.html


An application of the whale optimization algorithm with Levy flight strategy…                           217 

approach to solve the cluster problem. They evaluated 

the performance of the approach using synthetic and 

real datasets. Shelokar et al. [9] proposed a clustering 

algorithm based on ant colony optimization (ACO). 

The proposed algorithm has been tested on some 

artificial and real datasets. The performance of this 

technique was promising compared to popular 

algorithms such as genetic algorithm, simulated 

annealing and Tabu search. Merwe et al. [10] used the 

particle swarm optimization (PSO) algorithm to solve 

the clustering problem. They used PSO clustering, 

where the swarm particles were selected by the k-

means algorithm, and a hybrid method. Both methods 

were compared with the k-means algorithm and the 

proposed algorithms were observed to have better 

results. Tunchan [11] introduced a new PSO approach 

that is effective in clustering problem, easy to adjust, 

applicable in cases where cluster number is known or 

unknown. Karaboğa et al. [12] used the artificial bee 

colony algorithm (ABC) to solve the clustering 

problem. The results on the test data showed that the 

proposed algorithm was superior performance 

compared to the PSO algorithm and some other 

approaches. Additionally, the authors found that the 

ABC algorithm may be suitable for solving 

multivariate clustering problem. Zhang et al. [5] 

proposed an artificial bee colony (ABC) clustering 

algorithm. In this algorithm, Deb's rule was used 

instead of greedy approach in the selection process. The 

algorithm tested in several well-known datasets was 

compared with other popular heuristic scanning 

algorithms in clustering. The results were successful in 

terms of the quality of the clusters. Armando and 

Farmani [13] proposed a method that uses k-means and 

ABC algorithms together. In the proposed algorithm 

ABC algorithm assist to increase the efficiency of the 

k-means algorithm in finding the global optimum 

solution. Karthikeyan and Christopher [14] proposed 

an algorithm with a combination of PSO and ABC 

algorithms. The performance of the proposed approach 

was determined by comparison with other clustering 

algorithms. Sandeep and Pankaj [15] proposed a new 

hybrid sequential clustering approach that uses PSO 

and fuzzy k-means algorithms sequentially in data 

clustering. Experimental results show that the new 

approach improves the quality of the generated clusters 

and avoids local minima. 

Recently, Mirjalili and Lewis [16] introduced a new 

metaheuristic optimization algorithm called the whale 

optimization algorithm (WOA) that imitates the 

bubble-hunting strategy of humpback whales. The 

WOA algorithm was tested with 29 mathematical 

comparison optimization problems, and the 

performance of the algorithm was compared to other 

metaheuristic algorithms such as PSO [17], Differential 

Evolution [18], Gravitational Search Algorithm [19] 

and Fast Evolutionary Programming [20]. As a result of 

comparisons, WOA was accepted to be able to compete 

with other well-known metaheuristic methods.  Nasiri 

and Khiyabani [21] used WOA in clustering in their 

work. They compared the results with other popular 

algorithms such as k-means, PSO, artificial bee colony, 

differential evolution and genetic algorithm. The intra-

cluster distance function and standard deviation values 

showed that the whale optimization algorithm could be 

successfully applied in solving the clustering problem. 

Canayaz and Özdağ [22] obtained a feature vector 

called BEST in their proposed method by applying 

clustering with WOA. They applied clustering by 

calculating the Manhattan distance between this vector 

and the test data. The results showed that WOA can be 

used in clustering problem and is faster than the 

artificial atom algorithm when evaluated in terms of 

running time.  

Levy flight is a random walking class. It can be defined 

as a generalized Brownian motion to include non-

Gaussian randomly distributed step lengths for moving 

distance [23]. Levy flight can depict many natural and 

artificial conditions such as liquid dynamics, 

earthquake analysis, diffusion of fluorescent 

molecules, cooling behavior, noise [24]. Levy flight 

was also used by Pereyra and Hajj [25] in skin tissue by 

ultrasound and Al-teemy [23] for Ladar (Laser 

Detection and Ranging) screening. In addition to these 

fields, it has played an important role in many fields in 

computer science. Internet traffic models by Terdik and 

Gyres [26], delay and interruption tolerance network by 

Chen [24], Sutantyo et al. [27] has been used by the 

multi-robot search procedure and by Rhee [28] in areas 

of human mobility. In addition, Levy flight, which is 

similar to the food search behavior of many animals 

such as albatross, wasps and deer, has been used in 

conjunction with natural algorithms to improve the 

performance of algorithms [29, 30]. Yang and Deb [31] 

used the Levy flight distribution to create a new cuckoo 

in Cuckoo Search. In addition, Yang [32] introduced a 

new Levy flight-Firefly algorithm (LFA) by combining 

the firefly algorithm (FA) with the Levy flight search 

strategy to improve randomness.  

In this article, the advantages of the whale optimization 

algorithm such as having a small number of parameters 

and avoiding local minima trap, have been effective in 

selecting it for the clustering problem. The aim of the 

study is to achieve better results with simple solutions 

and to cluster unlabeled data. It has been used in 

conjunction with the Levy flight search strategy to 

strengthen WOA's global search and perform a 

complete search compared to existing methods. The 

proposed algorithm has been tested on ten medical 

datasets selected from the UCI [33] database. 

Clustering performance of the proposed algorithm is 

given comparatively with k-means, k-medoids and 

fuzzy c-means algorithms.  

The rest of this paper organized as follow: Clustering 

problem is presented with details in section 2 and the 

algorithms used in the study are mentioned with details 

in section 3. Experimental application is explained in 

section 4 and experimental results are given 

comparatively in section 5. Finally, conclusions and 

some future research direction are in section 6. 
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2. Clustering problem 

Clustering, which is one of the data mining 

applications, is based on grouping the elements in the 

data collection according to their similarities (or 

dissimilarities). Clustering methods help to divide the 

data that is not known to which group it belongs to sub-

sections according to similar characteristics [34, 35]. 

The main purpose of clustering is to group objects using 

their characteristic properties. While clustering, 

attention is paid to cluster the individuals in the same 

group similar to each other, and individuals from 

different groups to be in a separate group. As seen in 

Figure 1, it wants to be that the individuals within the 

same cluster have little distance and different clusters 

have more distance from each other [36]. 

Clustering is done in a population where precise 

information about grouping of variables in the dataset 

is not available. Observation results of n data taken 

from this population are regarded for p variables. In 

clustering, individuals of similar nature are combined 

and divided into clusters. Clustering allows gathering 

observation results with little loss [37]. 

 

 

Figure 1. Distance between objects and clusters. 

While there are many approaches to the clustering 

problem in the literature, clustering algorithms are 

mainly divided into two as hierarchical and non-

hierarchical clustering algorithms. When applying 

hierarchical clustering methods, the cluster number 

does not need to be determined. In these methods, the 

cluster number is determined after the clustering 

process is finished. However, in non-hierarchical 

clustering methods, cluster number information is 

required to make clustering. In summary, the purpose 

of non-hierarchical clustering is to divide n data 

samples into k sets. In terms of time complexity, it is 

seen that hierarchical clustering methods are quadratic, 

while non-hierarchical clustering methods are linear 

[38, 39]. Clustering algorithms can be categorized as 

given in Figure 2.  

When performing cluster analysis, a similarity or 

distance criterion should be selected in the first stage. 

Then, which clustering technique (such as hierarchical 

or non-hierarchical) should be determined. In the next 

step, the type of clustering method to be used for the 

selected technique is chosen and in the last stage, the 

number of clusters is determined in order to interpret 

the cluster result [41]. In this study, the distance 

between each data sample and the cluster center to 

which the data sample belongs was calculated 

according to the Euclidean distance [42]. 

3. Reflective process 

Clustering has been applied to ten medical datasets 

using the Whale Optimization Algorithm, which has 

been introduced in the literature in recent years and 

Levy flight search strategy. Clustering results are given 

in comparison with results of k-means, k-medoids and 

fuzzy c-means clustering algorithms. 

 

 

Figure 2. The general categorization of the clustering algorithms [40].
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3.1. K-means clustering algorithm  

Developed in 1967 by J. B. MacQueen, k-means is one 

of the oldest clustering algorithms [43]. One of the 

widely used unsupervised learning algorithms, k-means 

allows each object to be included in only one cluster. 

Therefore, it is a sharp clustering algorithm. This 

method is based on the idea that the cluster center 

represents the cluster [44]. 

In the evaluation of the K-means clustering method, the 

sum of squared errors (SSE) is often used.  The lowest 

value of SSE represents the best result. The sum of 

squares of objects distance (x) from cluster centers (mi) 

is calculated by the Eq. (1) [45]. 

𝑆𝑆𝐸 =  ∑ ∑ 𝑑𝑖𝑠𝑡2

𝑥 𝜖 𝐶𝑖

𝐾

𝑖=1

 (𝑚𝑖  , 𝑥 ) (1) 

The k-means algorithm is basically based on the 

principle of dividing n objects into k sets. It is aimed 

here that the clusters are as dense as possible in terms 

of objects and at a maximum distance from the other 

clusters. Cluster similarity is measured by the average 

value of the objects in the cluster, which represents the 

center of gravity of the cluster [46]. 

3.2. K-medoids clustering algorithm 

The k-medoids algorithm is based on finding k objects 

that represent various structural features of the data 

[47]. The representative object is the closest point to the 

cluster center and is called the medoid. When dividing 

the group of objects into k clusters, the aim is to gather 

similar objects together and create a structure in which 

the objects in different sets are unalike. Although there 

are many different types of the k-medoids algorithm, 

the first introduced k-medoids algorithm is the PAM 

(Partitioning Around Medoids) algorithm. PAM, 

similar to the k-means algorithm, determines the 

randomly chosen k numbers as the cluster center. With 

each new element joining the cluster, the elements of 

the cluster are tested and the point that can contribute 

the most to the cluster development is determined. A 

swap operation is performed so that this determined 

point is the new center of the cluster and the old cluster 

center is the ordinary cluster element [48]. 

3.3. Fuzzy c-means clustering algorithm 

Fuzzy C-Means (FCM) algorithm can be called fuzzy 

version of the K-means clustering algorithm [49]. FCM 

algorithm is the best known and widely used method 

among fuzzy partitioning clustering techniques. It was 

proposed by Dunn in 1973 and was developed by 

Bezdek in 1981 [50]. Fuzzy c-means algorithm works 

with purpose function logic. Objects have a 

membership value in the range [0, 1] for each cluster, 

and according to fuzzy logic they belong to that cluster 

depending on these membership values. The sum of the 

membership values of an object calculated for all 

clusters must be 1. The cluster with the highest 

membership value refers to the cluster center where the 

object is closest. Clustering is completed when the 

fitness function converge to the specified value. 

The algorithm uses it to minimize the objective 

function in Eq. (2), which is the generalization of the 

least squares method. 

𝐽𝑚 = ∑∑𝑢 𝑖𝑗
𝑚

𝐶

𝑗=1

𝑁

𝑖=1

 ‖𝑥𝑖−  𝑐𝑗‖ 
2 , 1 ≤ 𝑚 < ∞ (2) 

The algorithm is started with the randomly generated U 

membership matrix. In the second step, center vectors 

are calculated using Eq. (3) [50]. 

𝑐𝑗=
∑ 𝑢𝑖𝑗

𝑚 𝑥𝑖
𝑁
𝑖=1

∑ 𝑢𝑖𝑗
𝑚𝑁

𝑖=1

 (3) 

The U matrix is reconstructed with the help of Eq. (4) 

according to the calculated cluster centers. The 

previous state of the U matrix is compared with the 

final state, and the operations are repeated until the 

difference is less than ε [51]. 

𝑢𝑖𝑗 =
1

∑ (
‖𝑥𝑖 − 𝑐𝑖‖
‖𝑥𝑖 − 𝑐𝑘‖

)
2/(𝑚−1)

𝐶
𝑘=1

 
(4) 

When clustering is complete, the fuzzy values in the U 

membership matrix show the clustering result. When 

these values are defuzzified, their equivalents can be 

found as 0 and 1. 

3.4. Whale optimization algorithm 

Metaheuristic optimization algorithms have been used 

frequently in engineering applications in recent years. 

These algorithms have several advantages, such as easy 

conversion, non-derivative structures, and avoiding the 

local minima. In addition, they have a wide range of 

uses, as they can produce solutions to problems in 

different areas. 

The whale optimization algorithm is a metaheuristic 

optimization algorithm. The algorithm imitates the 

hunting behavior of humpback whales and it is inspired 

by the bubble hunting strategy they used during hunting 

[16]. 

Humpback whales, which usually feed on small fish 

flocks, can create air bubble clouds by exhaling under 

water with their unique air bubble behavior. These large 

air bubble clouds, which are interconnected, are very 

effective at gathering prey. Then the whale starts to rise 

towards the surface in the bubbles formed. As it rises, 

it also continues to create bubbles, and as it gets closer 

to its prey, it narrows the bubble circle and shrinks the 

target. This behavior is useful in finding, immobilizing 

and taking prey by surprise, as well as making it 

possible for the hunter to hide from its prey [52]. 

Figure 3 (a) represents the hunting method with bubble 

strategy [16]. Figure 3 (b) is a real picture of hunting 

[16]. In the whale optimization algorithm, the hunting 

strategy is divided into three parts: encircling prey, 

bubble-net attacking method, and searching for prey. 
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Figure 3. a) Representative hunting picture   b) Real 

hunting picture. 

3.4.1. Encircling prey 

In the whale optimization algorithm, prey is the 

optimum solution to be reached. Since the optimum 

solution is not known in optimization problems, best 

result achieved or a point close to it is considered as the 

optimum solution. The states of other solutions are 

updated according to the best solution value 

determined. The behavior to wrap around prey is shown 

mathematically in Eq. (5) and (6) [16]. 

𝐷⃗⃗ = |  𝐶 .⃗⃗⃗⃗  𝑋 ∗⃗⃗⃗⃗⃗⃗ 
(𝑡)− 𝑋 (𝑡) | (5) 

𝑋 (𝑡+1) = |𝑋 ∗⃗⃗⃗⃗⃗⃗ 
(𝑡)− 𝐴  . 𝐷⃗⃗  | (6) 

where t represents current iteration, 𝐴  ve 𝐶  

convergence vectors, 𝑋∗⃗⃗ ⃗⃗   represents the best solution 

vector.  

𝐴 = 2 𝛼  . 𝑟 − 𝛼  (7) 

𝐶 = 2. 𝑟  (8) 

In Eq. (7) and Eq. (8), r  represents a random vector, and 

α⃗⃗  represents a decreasing vector that is linear from 2 to 

0 during iterations [16]. 

3.4.2. Bubble-net attacking method 

This stage is modeled in two parts as spiral movement 

and narrowing the circle around the hunt. When the 

value of α in Eq. (7) is reduced, the circle around the 

prey also shrinks. Figure 4 shows the spiral motion and 

the position of the best solution. For the spiral 

movement shown, the distance between the target 

position (best solution candidate) and the solution 

candidate was calculated and Eq. (9) was created [53]. 

𝑋 (𝑡+1) = 𝐷′⃗⃗  ⃗ .  𝑒𝑏𝑙 . cos  (2𝜋𝑙) +  𝑋 ∗⃗⃗⃗⃗⃗⃗ 
(𝑡)  (9) 

The equation is 𝐷′⃗⃗  ⃗ = 𝑋 ∗⃗⃗ ⃗⃗  ⃗
(𝑡)- 𝑋⃗⃗ (𝑡)  in Eq. (9). This 

expression gives the distance between the search agent 

and the best known position. b, refers to logarithmic 

spiral constant, while l refers to a random number in the 

range [-1, 1]. Whether the algorithm will select spiral 

motion or linear motion is determined by probability ½ 

as shown in Eq. (10). 𝑝, represents a random number in 

range [0, 1].  

 

Figure 4. Spiral movement [13] 

 

𝑋 (𝑡+1) = {
𝑋 ∗⃗⃗⃗⃗⃗⃗ 

(𝑡) −  𝐴  . 𝐷⃗    ,                           𝑝 < 0,5

𝐷′⃗⃗  .  𝑒𝑏𝑙
 . cos  (2𝜋𝑙) +  𝑋 ∗⃗⃗⃗⃗⃗⃗ 

(𝑡)   ,    𝑝 ≥ 0,5
 (10) 

3.4.3. Search for prey 

The mathematical model of the global solution is 

shown in Eq. (11) and (12). The new positions of 

candidate solutions are created around a randomly 

chosen candidate solution rather than the best known 

candidate. 

𝐷′⃗⃗  ⃗ =  𝐶 ⃗⃗  ⃗. 𝑋 𝑟𝑎𝑛𝑑 − 𝑋  (11) 

𝑋 (𝑡+1) = 𝑋 𝑟𝑎𝑛𝑑 − 𝐴 . 𝐷⃗⃗  (12) 

𝑋⃗⃗ 𝑟𝑎𝑛𝑑, represents a randomly chosen solution vector. 

The value of vector 𝐴  is the determinant for global or 

local search. A random search agent is chosen when 

|𝐴 |>1, while the best solution is selected when |𝐴  |<1 

for updating the position of the search agents. The 

global search behavior of the algorithm is shown in 

Figure 5 and the pseudo code is given in Figure 6. 

  

Figure 5. Global search [16]. 
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Figure 6. Pseudo code of the WOA [53]. 

3.5. Levy flight 

Levy flight was introduced in 1937 by the French 

mathematician Paul Levy. It is a statistical search 

strategy that was discovered a century or so before him 

and goes beyond the more traditional Brownian 

movement. Each of generation starts from the best 

known position using a series of objects and a new 

generation is produced at randomly distributed 

distances. Then, the next generation is evaluated to 

select the most promising one, and this process is 

repeated iteratively until certain stopping criterion is 

met. 

In general, animals' foraging behavior is a kind of 

random movement. Since the next move depends on the 

current position and the possibility of moving to the 

next position, every random move made is of great 

importance. Recent studies show that Levy flight is one 

of the best search strategies in random motion model 

[54-56]. 

When the previous studies are examined, it is seen that 

Levy flight is used in applications with the modified 

version as well as the original version. Many 

researchers have used modified Levy flight techniques 

such as cut Levy flight, smooth cut Levy flight, and 

staggered cut Levy flight in optimization operations. In 

this study, Levy flight technique was used in its original 

form. 

 

Levy flight [57] is a class of stable non-Gaussian 

random processes. Random motion is generated by 

taking advantage of the levy stable distribution. This 

distribution is actually a simple power law formula. 

Mathematically, a simple version of the Levy 

distribution can be defined as in Eq. (13) [31, 58]: 

𝐿 = {
√

𝛾

2𝜋
 exp  [−

𝛾

2(𝑠 −  𝜇)
] 

1

(𝑠 −  𝜇)3/2
  𝑖𝑓 0 <  𝜇 < 𝑠 < ∞ 

0                                                𝑖𝑓 𝑠 ≤ 0

 (13) 

μ is the position or displacement parameter and γ> 0 

parameter is the scale parameter that controls the 

distribution scale. In general, the Levy distribution 

should be defined as the Fourier transform. 

𝐹(𝑘) = exp[−𝛼|𝑘|𝛽] , 0 < 𝛽 ≤ 2 (14) 

α is a parameter in the range [−1, 1] and is known as 

skewness or scale factor An index of stability 𝛽 ϵ (0, 2] 

is also called the Levy index. The analytic form of the 

integral is unknown for general 𝛽, except for a few 

special cases. While the parameters 𝛽 and α play a 

major role in determining the distribution, the γ and μ 

parameters have a small effect. The 𝛽 parameter 

controls the shape of the probability distribution to 

obtain different shapes of probability distribution, 

especially in the tail region. Therefore, the smaller 

parameter 𝛽 causes the scatter to make longer jumps 

because it will create a longer tail [59]. The sign of the 

skewness parameter α indicates the skew direction of 

the curve. Positive values represent the right direction 

and negative values represent the left direction. When 

α = 0, the distribution is symmetrical. The last two 

parameters, γ width and μ change, are the peaks of the 

distribution [23]. Different values of the 𝛽 parameter 

change the distribution. It makes longer jumps for 

smaller values, while it makes shorter jumps for larger 

values. 

4. Experimental Application 

Datasets with different number of features and number 

of clusters were selected to compare the performance 

of the clustering algorithms used in the study. Table 1 

contains summary information about the datasets. 

Algorithms were implemented on an Intel® Core ™ i5-

2400 CPU @ 3.1 GHz processor, 4 GB RAM and 

Windows 7 (64-bit) Professional operating system. 

Table 1. Properties of datasets 

Dataset #Clusters #Attributes #Data 

Dermatology 6 34 366 

Cancer-Int 2 9 699 

Cancer 2 30 569 

Thyroid 3 5 215 

Heart 2 13 270 

Spect 2 22 267 

Diabetes 2 8 768 

Hepatitis 2 21 155 

Breast Tissue 6 9 106 

Parkinson 2 22 195 

 

Set initial population  Xi (𝑖 = 1,2,…,𝑛)  
Calculate the fitness value of each search agent 
X∗= the best search agent 
while (t < maximum number of iterations)  
for (each search agent)  
Update α, A, C, l, ve p 
     if (p < 0.5) 
       if (|A| < 1)  
          Update the position of the current search 
agent by Eq. (6)  
       else if (|A| ≥ 1)  

          Select a random search agent (X⃗⃗ rand) 
          Update the position of the current search 
agent by Eq. (12) 
       end if 
     else if (p ≥ 0.5)  
        Update the position of the current search 
agent by Eq. (9) 
     end if 
end for 
Check if any search agent goes beyond the 
search space and amend it 
Calculate the fitness value of each search agent 
Update X∗ if there is a better solution 
t = t + 1  
end while  
return X∗ 
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Since the WOA clustering algorithm has exploration 

and exploitation capabilities, it can be considered as a 

global optimizer. The WOA algorithm starts with a 

series of random solutions and updates the position of 

search agents according to the above equations at each 

iteration. The adaptive change of the search vector 𝐴  
allows the algorithm to switch easily between 

exploration and exploitation. This means that some 

iterations focus on exploration and the rest on 

exploitation. The exploration ability of the algorithm is 

due to the position (Eq. (12)) update mechanism used. 

The purpose of the WOA is to find the search agent that 

provides the best evaluation of a particular fitness 

function. In the study, the WOA fitness function value 

calculated during the iterations was compared with the 

Levy flight fitness function value. If the SSE value of 

the position found is better after applying the Levy 

flight strategy, the WOA position has been updated. 

Thus, it was tried to achieve a better clustering result by 

increasing the efficiency of global search. In all 

algorithms, the number of iterations was selected as 

1000 and the population size as 100. K-means, k-

medoids and fuzzy c-means algorithms have only the 

maximum number of iterations as parameter. However, 

the WOA algorithm includes a number of parameters. 

The α parameter starts with a value of 2 and decreases 

linearly towards 0. The parameters  r1 and r2 are 

randomly generated in the range [0, 1]. 

5. Experimental results 

In application, the SSE value given in Eq. (1) is used as 

a fitness function for all algorithms. The purpose of the 

algorithms is to find the best cluster centers that 

minimize the SSE value. The results of the 30 runs for 

the algorithms are given in Table 2 while B is best, W 

is worst, A is average and S is standard deviation. 

Considering the average values, WOA-LF had the best 

result on eight datasets (cancer-int, thyroid, heart, 

spect, diabetes, hepatitis, breast tissue, parkinson). 

While in dermatology dataset k-means algorithm has 

found the best result, three algorithms (WOA-LF, 

WOA, k-means) have also gained the best result in 

cancer dataset. K-medoids and fuzzy c-means 

algorithms did not achieve better results in any dataset 

compared to other algorithms. As a result, it is clearly 

seen that the clustering results obtained in the original 

WOA algorithm are improved in the WOA-LF hybrid 

method. The results show that the WOA generally has 

better results than other three algorithms and by using 

the Levy flight strategy the performance of the WOA 

has been improved. In this case, it is possible to clearly 

say that the Levy flight strategy causes positive affects 

for the clustering problem on the WOA algorithm. 

Table 3 shows the average results of the SSE value of 

the 30 runs for each algorithm and the average success 

ranking on datasets based on these values. Since there 

are five algorithms, the algorithms have a rank value 

between 1 and 5. According to the average rankings, 

WOA-LF has the best rank value with 1.1. The original 

WOA, k-means, k-medoids, fuzzy c-means algorithms 

have respectively obtained ranking values as 2.0, 2.6, 

4.0 and 4.3. Here it has been clearly seen the positive 

affect of the LF on the WOA. 

6. Conclusion 

In this study, clustering was applied by using Whale 

Optimization Algorithm (WOA), which based on the 

whales' hunting strategy, and Levy flight (LF) search 

strategy. The Levy flight strategy has been used to 

improve the global search of WOA algorithm and 

enhance clustering results. The performance of WOA-

LF has been examined comparatively with three basic 

clustering algorithms (k-means, k-medoids, fuzzy c-

means) and original WOA. Compared to these 

algorithms, WOA-LF has been shown to produce better 

results overall. WOA-LF can be used as an alternative 

clustering algorithm due to its success in clustering 

problem.  

Comparing the WOA-LF clustering algorithm to hybrid 

clustering approaches or using other fitness functions 

during clustering may be the subject of future 

research.On the other hand, the algorithm can be 

improved and apply on different optimization 

problems.
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Table 2. The results of the algorithms for clustering problem 

    K-means K-medoids F.C-means WOA WOA-LF      

Dermatology 

B 2.03E+03 2.83E+03 5.20E+03 2.48E+03 2.41E+03 

W 2.10E+03 3.07E+03 5.20E+03 2.66E+03 2.55E+03 

A 2.06E+03 2.96E+03 5.20E+03 2.58E+03 2.49E+03 

S 3.56E+01 8.74E+01 4.42E-11 4.77E+01 3.95E+01 

Cancer-Int 

B 2.99E+03 3.46E+03 3.29E+03 2.96E+03 2.96E+03 

W 2.99E+03 4.46E+03 3.29E+03 2.97E+03 2.96E+03 

A 2.99E+03 3.79E+03 3.29E+03 2.97E+03 2.96E+03 

S 8.03E-01 4.33E+02 3.94E-13 7.17E-01 8.75E-02 

Cancer 

B 1.34E+154 1.79e+308 7.62E+156 1.34E+154 1.34E+154 

W 1.34E+154 1.79e+308 7.62E+156 1.34E+154 1.34E+154 

A 1.34E+154 1.79e+308 7.62E+156 1.34E+154 1.34E+154 

S 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

Thyroid 

B 2.00E+03 2.14E+03 2.81E+03 1.89E+03 1.89E+03 

W 2.02E+03 2.40E+03 2.81E+03 2.07E+03 1.99E+03 

A 2.01E+03 2.24E+03 2.81E+03 1.97E+03 1.92E+03 

S 6.89E+00 1.02E+02 7.20E-11 4.39E+01 2.10E+01 

Heart 

B 1.07E+04 1.16E+04 1.39E+04 1.06E+04 1.06E+04 

W 1.07E+04 1.39E+04 1.39E+04 1.07E+04 1.07E+04 

A 1.07E+04 1.26E+04 1.39E+04 1.07E+04 1.07E+04 

S 0.00E+00 9.79E+02 2.34E-11 1.94E+01 2.25E+01 

Spect 

B 5.58E+02 6.34E+02 5.58E+02 5.55E+02 5.55E+02 

W 5.58E+02 6.34E+02 5.58E+02 5.58E+02 5.55E+02 

A 5.58E+02 6.34E+02 5.58E+02 5.55E+02 5.55E+02 

S 0.00E+00 0.00E+00 0.00E+00 6.71E-01 1.24E-05 

Diabetes 

B 7.46E+04 7.32E+04 7.46E+04 7.21E+04 7.21E+04 

W 7.46E+04 7.38E+04 7.46E+04 7.42E+04 7.21E+04 

A 7.46E+04 7.34E+04 7.46E+04 7.22E+04 7.21E+04 

S 0.00E+00 3.02E+02 0.00E+00 3.75E+02 4.92E+00 

Hepatitis 

B 9.97E+03 1.04E+04 1.28E+04 9.44E+03 9.44E+03 

W 1.14E+04 1.23E+04 1.28E+04 1.02E+04 9.48E+03 

A 1.09E+04 1.09E+04 1.28E+04 9.50E+03 9.46E+03 

S 6.99E+02 8.12E+02 1.20E-11 1.81E+02 1.33E+01 

Breast Tissue 

B 1.31E+05 1.73E+05 1.46E+05 1.26E+05 1.25E+05 

W 1.90E+05 3.94E+05 1.46E+05 1.35E+05 1.36E+05 

A 1.44E+05 2.75E+05 1.46E+05 1.30E+05 1.28E+05 

S 2.62E+04 7.99E+04 4.37E-11 2.47E+03 2.23E+03 

Parkinson 

B 1.71E+04 1.71E+04 1.71E+04 1.65E+04 1.65E+04 

W 1.71E+04 1.71E+04 1.71E+04 1.65E+04 1.65E+04 

A 1.71E+04 1.71E+04 1.71E+04 1.65E+04 1.65E+04 

S 0.00E+00 0.00E+00 0.00E+00 5.47E-01 5.49E-01 
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Table 3. Average ranking values of the algorithms 

  K-means K-medoids F.C-means WOA WOA-LF 

Dermatology 
2.06E+03 2.96E+03 5.20E+03 2.58E+03 2.49E+03 

1 4 5 3 2 

Cancer-Int 
2.99E+03 3.79E+03 3.29E+03 2.97E+03 2.96E+03 

1 5 4 2 1 

Cancer 
1.34E+154 1.79e+308 7.62E+156 1.34E+154 1.34E+154 

1 4 5 1 1 

Thyroid 
2.01E+03 2.24E+03 2.81E+03 1.97E+03 1.92E+03 

3 4 5 2 1 

Heart 
1.07E+04 1.26E+04 1.39E+04 1.07E+04 1.07E+04 

3 4 5 2 1 

Spect 
5.58E+02 6.34E+02 5.58E+02 5.55E+02 5.55E+02 

3 4 3 2 1 

Diabetes 
7.46E+04 7.34E+04 7.46E+04 7.22E+04 7.21E+04 

4 3 4 2 1 

Hepatit 
1.09E+04 1.09E+04 1.28E+04 9.50E+03 9.46E+03 

4 3 5 2 1 

Breast Tissue 
1.44E+05 2.75E+05 1.46E+05 1.30E+05 1.28E+05 

3 5 4 2 1 

Parkinson 
1.71E+04 1.71E+04 1.71E+04 1.65E+04 1.65E+04 

3 4 3 2 1 

Avg. Rank 2.6 4 4.3 2 1.1 
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In this paper, the global asymptotic stability and strong passivity of three types
of nonlinear LRC circuits are investigated by utilizing the Lyapunov’s direct
method. The stability conditions are obtained by constructing appropriate
energy (or Lyapunov) function, which demonstrates the practical application
of the Lyapunov theory with a clear perspective. Many specialists construct
Lyapunov functions by using some properties of the functions with much trial
and errors or for a system they choose candidate Lyapunov functions. So, for
a given system the Lyapunov function is not unique. But we insist that the
Lyapunov (energy) function is unique for a given physical system. Thus, this
study clarifies Lyapunov stability with suitable tools and also improves some
previous studies. Our approach is constructing energy function for a given
nonlinear system that based on the power-energy relationship of the system.
Hence for a dynamical system, the derivative of the Lyapunov function is equal
to the negative value of the dissipative power in the system. These aspects have
not been addressed in the literature. This paper is an attempt towards filling
this gap. The provided results are central importance for the stability analysis
of nonlinear systems. Some simulation results are also given successfully that
verify the theoretical predictions.
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1. Introduction

In history, modeling and stability analysis of non-
linear systems are the most important and pop-
ular problems in control theory. Since almost all
systems are nonlinear in nature [1], a number of
promising studies have been analyzed in the liter-
ature. Many researchers as Lagrange, Hamilton,
Poincare and Lyapunov are focused on the mod-
elling problem to analyze the dynamic behavior
of systems [1, 2]. The aforementioned methods
are based on the energy utilization of the related
systems. However, since all systems are not in
linear forms, certain mathematical solutions are
not available to solve these issues. Furthermore,
closed-form expressions for the solutions of the
linear systems are not possible to solve nonlinear

systems. Nevertheless, it is important to be able
to make some assumptions about the conduct of
a nonlinear system called qualitative analysis.

The stability of the equilibrium point was first ex-
amined by Lagrange; however, the Lagrange prin-
ciple was only suitable for the Lagrange systems
(conservative systems) [1], but engineering sys-
tems usually have damping [3]. Then, the sta-
bility theory of motion derived from the concepts
of Lagrange’s principle and Poincare’s regular so-
lution (Lyapunov stable motion) was developed
by Lyapunov [2]. Hamiltonian and Lagrangian
systems comply with conservative systems (ex-
act differential equations), but Lyapunov stability
theory can be applicable to arbitrary differential
equations. Thus, the Lyapunov direct method is
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the most common and efficient tool for stability
analysis [4–7]. In this context, many elegant stud-
ies on the qualitative behavior of systems can be
recorded in the literature. Most experiments are
carried out on the axiomatization of the stability
principle. The problem of stability of the solar
system attracted a great deal of early interest.
Then, Lyapunov used his second (direct) method
that there is no need to solve the differential equa-
tions explicitly to investigate the stability of the
given systems. The Lyapunov’s direct method is
still recognized as an effective tool to study the
stability theory of dynamical systems such as: the
global asymptotic stability of the electrical RLC
circuit [8], neural networks with time varying de-
lays [9,10], power systems analysis [11], robot ma-
nipulators [12], dissipativity analysis of discrete-
time neural networks [13], global robust passiv-
ity analysis [14], dissipativity and passivity anal-
ysis of neural networks [15]. This method is the
best way to determine the asymptotic stability
or asymptotic controllability of nonlinear systems.
The central notion is that the energy of the system
diminishes along suitably chosen paths, such that
the system attains a minimal energy configuration
at the invariant equilibrium. Here, this result has
been presented both mathematically and through
simulation.

Lyapunov theory is based on the Torricelli princi-
ple [16]. Therefore, the storage energy of the dy-
namic system decreases over time along the tra-
jectories of the system. So, the direct method
provides the opportunity to examine the stability
of the equilibrium points with minimum energy.
This meaning (diminishing of energy) tends us
to the passivity of the systems. Passivity, which
is the basic feature of the dynamic systems the-
ory [17–20], can now be debated. LRC circuits,
viscoelastic systems and thermodynamic systems
are typical examples of dissipative systems with
the external sources. The terminology of dissipa-
tivity is a generalization of the concept of passiv-
ity [21]. Apparently, a dissipative system is not
a conservative system. The main point of passiv-
ity theory is that the systems are internally sta-
ble [22, 23]. Storage functions are bounded [21],
and this result has been proved mathematically in
the proof of Theorem 4. Thus, some new passiv-
ity results with Gronwall’s inequality [3] can be
shown to define the strict passivity or bounded-
ness of the systems involved.

Natural (real) energy functions of the dynamic
systems empower the Lyapunov’s direct process
implementations more than the Lyapunov candi-
date functions. Thus, each energy function used

in this study is constructed from the physical
meaning of the given system and its time deriva-
tive (directional) is equal to the negative value of
the dissipated power in the system. For example,
for any unforced dissipative system, the time de-
rivative of the energy (Lyapunov) function E(t)
along the system orbits gives

V ′(t) = −
n∑
i=1

RiI
2
i , (1)

where Ri is the damping term (or resistance) and
Ii is the velocity (or current) of the ith component
of the system.

The above arguments are not clear in the re-
lated literature. Hence, many specialists chose
candidate Lyapunov functions or consider some
Lyapunov functions or construct Lyapunov func-
tions with much trial and error for their sys-
tems [1, 11, 24, 25] without any physical meaning.
Generally, these tools make Lyapunov stability
very complex (see [24, 25]). Because, still there
is an idea in the literature, constructing Lya-
punov functions for nonlinear systems is a difficult
task [26, 27]. But, for the first and second order
ordinary differential equations we highly simpli-
fied Lyapunov stability theory with LRC circuit
systems. Hence, the interested knows how to con-
struct the energy (Lyapunov) function and checks
the result of the time derivative (directional) of
the energy function with (1). This approach also
improves some well-known studies. These im-
provements will take place in section 4. In ad-
dition, [6] does not involve the passivity analy-
sis, the notion of power –energy relationship con-
structing Lyapunov functions, and equation (1)
and its implications. The present work includes
these and some improvements.

The rest of this paper is organized as follows. Sec-
tion 2 presents some definitions and auxiliary re-
sults. Section 3 deals with the main results. Sec-
tion 4 deals with discussion. Section 5 closes the
paper with a short conclusion.

2. Preliminaries

A commonly used model for an autonomous non-
linear system is

x′(t) = f(x(t), u(t)), x(0) = x0,∀t ≥ 0, (2)

where t ∈ <+(<+ = [0,∞)) denotes time, x ∈ <n
denotes the state of the system, while u ∈ <m is
called the input or the control function. However,
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f : <n × <m → <n satisfies Lipschitz condition.
The state vector x(t) ∈ D in which D j <n is
a domain that contains the origin x = 0. We as-
sume that (2) is well posed, that is, there exists a
unique solution x : [0,∞) → <n for every initial
data x(0) = x0 ∈ <n, and x depends continuously
on x0 according to the normed topology on <n.
Let f(0, 0) = 0, f(x, 0) 6= 0 for x 6= 0, and ||.|| is
the Euclidean norm on <n. Further, assume that
u is an admissible real valued input function so
that

m∑
i=1

∫ t

0
ui(t)dt ≤ K <∞, ∀t > 0, (3)

where K is a positive constant. A state x ∈ <n
is an equilibrium of (2) if f(x, 0) = 0. A system
or machine attains its minimum of energy at the
equilibrium points.

We shall now need some basic definitions on the
properties of the Lyapunov functions.

Definition 1. ( [1]) A function α(<+,<+) is of
class κ if it is continuous on [0,∞), monotonically
increasing, and α(0) = 0. A class κ function α(r)
belongs to class κ∞ if α(r)→∞ as r →∞.

Definition 2. ( [1]) A function E(x) ∈ C1(<+×
<n,<+) is said to be positive definite, decres-
cent and radially unbounded function if there exist
functions α and β of class κ are such that

(i) α(||x||) ≤ E(x) ≤ β(||x||), ∀x ∈ <n,

(ii) E′(x(t)) ≤ 0,

(iii) α(||x||)→∞ as ||x|| → ∞,

(iv) Furthermore, assume that the set S = {x ∈
<n : E′(x) = 0}, contains no invariant set other
than the set {0}.

Now, to motivate the definitions of passivity we
can use electrical circuits. Inflow power of a sim-
ple resistive system is always nonnegative with
the voltage u(t) as input and the current y(t) as
output, that is, if uy ≥ 0 for all u, y ∈ <, and for a
multiport network we have uT y =

∑m
i=1 uiyi ≥ 0.

Therefore, for general nonlinear systems we can
state some new passivity properties. These new
properties are of interest in circuit and control
theory [24] and has applications in mathematical
control theory with Gronwall’s inequality [3].

Definition 3. ( [24]) System (2) is passive if
there exists a positive definite function E(t) is
such that

(i) E′(t) ≤ r(u, y).

Moreover, it is lossless if

(ii) E′(t) = r(u, y),

and strictly passive if

(iii) E′(t) + Ψ(x, y) ≤ r(u, y),

for some positive definite function Ψ, where y =
x′, and r(t) = r(u(t), y(t)) =

∑m
i=1 uiyi is the

supply rate function of (2) defined on <m × <n,
and satisfies ∫ t

0
|r(s)|ds <∞,

for all t ≥ 0, with r(0, y) = 0.

Lemma 1. If system (1) is passive with an
energy-like function E, then the origin of x′ =
f(x, 0) is stable.

Proof. See [24]. �

3. Main results

The matter under discussion is the stability of
the origin (0, 0) and the passivity of the following
nonlinear resistive, inductive, and capacitive LRC
circuits for one input variable (m = 1) and two
state variables (n = 2). In this work, the inputs of
the systems (circuits) are bounded and admissible
continuous functions in t. In addition, a nonlinear
resistor can be both current controlled (R(i)) and
voltage controlled (R(v)) element. A nonlinear in-
ductor is current controlled (L(i)) element while
a nonlinear capacitor is said to be voltage con-
trolled (C(v)) element. The internal resistance of
a current source is infinite while that of a voltage
source is finite and especially chosen to be small.

3.1. Nonlinear resistor

In the following circuit [28] (Figure 1) there is a
nonlinear resistive element which is specified by
i2 = f(v2) and the remaining components R1, R2,
L, C are positive scalars.
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Figure 1. LRC circuit with nonlin-
ear resistive element.

Theorem 1. The nonlinear element of the time-
invariant circuit shown in Figure 1 is specified
by the relation i2 = f(v2). v1 and v2 are the
state variables of the circuit. Then, the solution
v(t) = 0 to the system.

v′1 = 1
C [i(t)− v1

R1
− f(v2)− v2

R2
],

v′2 = [f ′(v2) + 1
R2

]−1[v1−v2L ]
(4)

with i(t) = 0, is globally asymptotically stable and
the circuit will be lossless at infinity if

(i) v1 > v2,

(ii) v2f(v2) ≥ 0,

(iii) f(0) = 0.

Proof. First, let write down the state equations
of the above circuit:

i(t) = v1
R1

+ Cv′1 + f(v2) + v2
R2
,

v1 − v2 = L d
dt [f(v2) + v2

R2
] = L[f ′(v2)v

′
2 +

v′2
R2

].

Then after some arrangement we obtain sys-
tem (4). The natural energy function E1(t) =
E1(v1, v2) from the storage elements (capacitor
and inductor) of this circuit is

E1(t) =
1

2
Cv21 +

1

2
L[f(v2) +

v2
R2

]2.

The energy function (E1 : <2 → <+) satisfies

(i) E1(0) = 0,
(ii) E1(v) > 0, ∀v ∈ <2 − {0}.

E1 is confirmed by the hypothesis (i) of Definition
2. Thus, E1 is a positive definite function. Then,
we write

E1(t) ≥
1

2
Cv21 ≡ α(||v1||). (5)

The derivative of the Lyapunov function along the
trajectories of system (4) gives

E′1(t) = Cv1v
′
1 + L[f(v2) +

v2
R2

][f ′(v2) +
1

R2
]v′2,

By using system (4), we have

E′1(t) = i(t)v1 −
v21
R1
− f(v2)v1 −

v1v2
R2

+[f(v2) +
v2
R2

](v1 − v2),

E′1(t) = i(t)v1 −
v21
R1
− f(v2)v1 −

v1v2
R2

+f(v2)v1 +
v1v2
R2
− f(v2)v2 −

v22
R2
,

E′1(t) = i(t)v1 −
v21
R1
− f(v2)v2 −

v22
R2
.

For i(t) = 0, it follows that

E′1(t) = − v
2
1

R1
+
v22
R2
− v2f(v2)

= −R1I
2
R1
−R2I

2
R2
−RNLi22,

where RNL represents the resistance value of the
nonlinear element. E′1 is verified by (1). The ap-
plication of Theorem 1 shows that: E′1 ≤ 0 on <2,
E1(∞) = 0 and E1(v)→∞ as ||v|| → ∞. Hence,
all the motions of (4) are bounded (as illustrated
in Figure 2a, 2b). The set S where E′1 = 0 is
{0, 0}. This implies that {0, 0} is the only invari-
ant subset of S, and the zero solution or equi-
librium solution of (4) is globally asymptotically
stable. It can be seen that (4) is a lossless system
at infinity due to v(t) = 0. Hence, the system is
zero-state observable. �

3.2. Nonlinear inductor

The circuit shown in Figure 3 [24] contains a non-
linear inductive element and is driven by a time-
dependent current source is(t). Suppose the non-
linear inductor is a Josephson junction described
by iL = aφ(t) + bφ3(t), where φ is the magnetic
flux of the inductor, a, b > 0 are positive con-
stants. The remaining elements R and C are lin-
ear and have positive real values.
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(a) Phase plane plot of system (4) with L = 1
15H (b) Solution of system (4) with L = 4

3H

[R1 = R2 = 1kΩ, C = 10mF , f(v2) = 5v32]

Figure 2. The motions of system (4).

Figure 3. LRC circuit with nonlin-
ear inductive element.

Theorem 2. Let φ and v(= vL) be the state vari-
ables of the above circuit (Figure 3) with iL =
aφ(t) + bφ3(t). Then, the solution (φ(t), v(t)) =
(0, 0) to the system

φ′ = v
L(a+3bφ2)

,

v′ = 1
C [is(t)− v

R − aφ− bφ
3]

(6)

with is(t) = 0 is globally asymptotically stable or
the circuit is lossless at infinity.

Proof. First, let write down the node and v equa-
tions of the above circuit: v = L d

dt(aφ+ bφ3),

is(t) = v
R + Cv′ + aφ+ bφ3

Then after some rearrangement we obtain system
(6).

The native energy function for this circuit is

E2(t) = E2(φ, v) =
1

2
L(aφ+ bφ3)2 +

1

2
Cv2.

The energy function (E2 : <2 → <+) satisfies

(i) E2(0) = 0,

(ii) E2(φ, v) > 0, ∀(φ, v) ∈ <2 − {
√
φ2 + v2 6= 0}.

E2 is confirmed by the hypothesis (i) of Definition
2. Thus, E2 is a positive definite function. Then,
we write

E2(t) ≥
1

2
Cv2 ≡ a(||v||). (7)

The derivative of the energy function E2 along the
trajectories of system (6) gives

E′2(t) = L[aφ+ bφ3][a+ 3bφ2]φ′ + Cvv′.

By using (6), we have

E′2(t) = is(t)v −
1

2
v2.

For is(t) = 0, it follows that

E′2(t) = −1

2
v2 = −RI2R.

E2 is verified by (1). The application of Theo-
rem 2 shows that: E′2 ≤ 0 on <2, E2(∞) = 0

and E2(φ, v) → ∞ as
√
φ2 + v2 → ∞. Hence,

all the motions of (6) are bounded (as illustrated
in Figure 4a, 4b). The set S where E′2 = 0 is
{φ, 0} and from (6) this implies that {0, 0} is the
only invariant subset of S, such that the zero so-
lution or equilibrium solution of (6) is globally
asymptotically stable. Thus, system (6) with its
Lyapunov function satisfies all the assumptions of
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(a) Phase plane plot of system (6) (b) Solution of system (6)

[a = b = 1, R = 100Ω, C = 20mF , L = 20H]

Figure 4. The motions of system (6)

Theorem 2. Therefore, (6) or the related circuit
is lossless due to the trivial solution which occurs
at infinity. �

3.3. Nonlinear capacitor

A nonlinear capacitive element is present in the
following circuit [29] and its voltage drop is no
longer given by q/C, but is more accurately de-
scribed by αq(t) +βq3(t), where α and β are con-
stants. The remaining elements L and R are pos-
itive scalars.

Figure 5. LRC circuit with nonlin-
ear capacitive element.

The above dynamical system generates a differen-
tial equation of the form

q′′ +Rq′ + αq + βq3 = u(t).

Let, q = x is the flow of the charge, α and β
are real constants, and u is the applied voltage.
Instead of the above equation{

x′ = y,
y′ = −Ry − αx− βx3 + u,

(8)

will be discussed.

Theorem 3. The system (8) is stable if

u = 0, α > 0, β < 0

and it is globally asymptotically stable if β < 0 is
replaced by β > 0.

Proof. Let (x(t), y(t)) be a solution of (8) for
t ≥ 0. In the case of β < 0: Let β = −c (c > 0, α
constant), the system has the equilibrium point

(0, 0) and (±
√
αc−1, 0). In the other case (β > 0),

the system has (0, 0) and (±
√
αβ−1, 0). There-

fore, (0, 0) is the only invariant equilibrium point
of (8). For the first case we investigate the sta-
bility of (8). The storage energy function from
power- energy relationship can be constructed in
the neighborhood of the equilibrium point (0, 0)
as

E3(t) = E3(x, y) =
1

2
y2 +

∫ x

0
(αx+ βx3)dx,

E3(t) = E3(x, y) =
1

2
y2 +

α

2
x2 +

β

4
x4.

The energy function (E3 : <2 → <+) satisfies

(i) E3(0) = 0,

(ii) E3(x, y) > 0, ∀(x, y) ∈ <2 − {
√
x2 + y2 6= 0}.

E3 is not radially unbounded. But, in the neigh-
borhood of (0, 0), E3 is positive definite, and we
have

E3(t) ≥
1

2
y2. (9)
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(9) obeys (i) and (ii) of Definition 2. The deriva-
tive of the energy function E3 along the trajecto-
ries of system (8) gives

E′3 = yy′ + αxx′ + βx3x′.

By using (8), we have

E′3 = −Ry2 + uy.

For u(t) = 0, it follows that

E′3 = −Ry2. (10)

(10) is verified by (2) and system (8) is stable. .
On the other hand, the integration of (10) from 0
to t(≥ 0) gives

E3(x(t), y(t)) ≤ E3(x(0), y(0)), t ≥ 0.

That is, E3 is a decreasing function along the so-
lution curve (x(t), y(t)), and (0, 0) is a minimum
point of E3. The above inequality implies that the
motion (x(t), y(t)) will stay in the neighborhood
of the equilibrium point (0, 0) for t ≥ 0 provided
that the initial point (x(0), y(0)) = (x0, y0) is suf-
ficiently near the point (0, 0). Hence, the origin is
stable. In addition, for α = 1 and β < 0 we have
the following inequalities.

E3(x(t), y(t)) ≤ x2(t) + y2(t)

and

E3(x(0), y(0)) ≤ x2(0) + y2(0).

Then, it follows that

x2(t) ≤ E3(t) ≤ x2 + y2,

x2(t) + y2(t) ≤ x2(0) + y2(0), t ≥ 0.

Then, for any given ε > 0, there is a δ > 0. Thus
if, √

x2(0) + y2(0) =
√
x20 + y20

and √
x2(t) + y2(t) < ε.

Then

||x0|| < δ implies that ||x(t)|| < ε.

This is precisely the most common definition of
stability of a system which has an isolated equi-
librium point (0, 0).

In the case where β > 0 : E′3(x, y) ≤ 0 at all
points (x, y) ∈ <2. That is E3(t) is a decreasing
function along any motion of (8), E3(∞) = 0 and
E3(x)→∞ as ||x|| → ∞.Hence, all the solutions
of (8) are bounded.The set S, where E3 = 0 is
(x, 0), and (0, 0) is the only invariant subset of S.
Thus, the application of Theorem 3 shows that
the solution x(t) = 0 to (8) as t → ∞. There-
fore, the system is zero-state observable. This
also implies that there is no energy dissipation in
the circuit at infinity (t = ∞); that is, the cir-
cuit will be lossless at infinity. This explanation
is compatible with Figure 6a, 6b. Besides, when
the value of R increased, the motion goes to the
equilibrium point immediately. �

The simulations are verifying our theoretical re-
sults. The trajectories in the phase spaces (Fig-
ure 2a, 4a, and 6a) go to the equilibrium solutions
(x(∞), y(∞)) = (0, 0). On the other hand, time
series solutions (Figure 2b, 4b, and 6b) approach
zero at infinity.

The three strong passivity results or the bound-
edness of the motions (strict passivity) of (4), (6)
and (8) with their input functions are the follow-
ing.

Theorem 4. Suppose that all the conditions in
Theorems 1, 2, and 3 are satisfied and also as-
sume that (3) holds such that

max {
∫ t
0 i(s)ds,

∫ t
0 is(s)ds,

∫ t
0 u(s)ds} ≤ K <∞,

∀t > 0,

where K is a positive constant. Then, all the mo-
tions of (4), (6) and (8) with their forcing func-
tions are bounded or the systems are strongly pas-
sive.

Proof. From the proof of Theorem 1 we have

E′1(t) = − v
2
1

R1
− v22
R2
− v2f(v2) + iv1.

Then
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(a) Phase plane plot of system (6) (b) Solution of system (6)

[R = 0.5Ω, α = β = 10]

Figure 6. The motions of system (6).

E′1(t) +
v21
R1

+
v22
R2
≤ iv1.

Hence, by Definition 3, the system (4) is strictly
passive.

Furthermore

E′1(t) ≤ iv1 ≤ i(1 + v21),

which also known as the dissipative inequality.

By (5), it follows that

E′1(t) ≤ i(t) +
2

C
E1(t)i(t). (11)

Integrating (11) from 0 to t(> 0), and using The-
orem 4, it follows that

E1(t) ≤ K +
2

C

∫ t

t0

E1(s)i(s)ds.

Then, Gronwall’s inequality [3] yields

E1(t) ≤ K exp(
2K

C
). (12)

Using the foregoing procedure, the following re-
sults are obtained which determine the upper
bounds of E2 and E3, respectively.

E2(t) ≤ K exp(
2K

C
), (13)

and

E3(t) ≤ K exp(2K), (14)

Finally, the connection between (5) and (12), (7)
and (13), and (9) and (14), respectively, give the
following results:

1

2
Cv21 ≤ E1(t) ≤ K exp(

2K

C
),

1

2
Cv2 ≤ E2(t) ≤ K exp(

2K

C
),

and

1

2
y2 ≤ E3(t) ≤ K exp(2K).

Thus, the energy functions E1, E2, and E3 are
bounded. This also implies that all the mo-
tions of (4), (6), and (8) are bounded in mag-
nitude. Hence, the related systems (or circuits)
are strongly passive. �

4. Discussion

The properties of energy function and its Lie de-
rivative determine the criteria of Lyapunov sta-
bility theory. Thus, our natural approach in this
paper may be applicable to all physical systems
whatever the orders of the systems. Here, we will
only improve the stability of some second order
systems that relevant to our study. In this con-
nection, the stability of the following differential
equations (with their arguments) has been inves-
tigated in [25] and [30], respectively,

x′′ + a(t)f(x, x′)x′ + b(t)g(x) = 0 (a1)
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V0 =
1

2
y2 + b(t)

∫ x

0
g(ξ)dξ + k, (a2)

(k > 0, constant),

V ′0 = −a(t)f(x, y)y2 + b′(t)

∫ x

0
g(ξ)dξ; (a3)

and

x′′ + x′ + p(t)g1(x) + q(t)g2(x) = 0, (b1)

V (t, x, y) =
1

2
y2 + p(t)G1(x) + q(t)G2(x), (b2)

where Gi(x) =
∫ x
0 gi(ξ)dξ (i = 1, 2),

V ′(t, x, y) = p′(t)G1(x)− p(t)xg1(x)

+ q′(t)G2(x)− q(t)xg2(x).
(b3)

Remark 1

There may be some objection regarding to the
derivative of Lyapunov functions, but power-
energy relationship shows that this objection is
unfounded. For example, consider a series LRC
circuit which has b(t)g(q) voltage on a time vary-
ing nonlinear capacitor with q(t) charge that flows
in the circuit. Let PC , WC be the power and
energy of the capacitor. Then, we have the fol-
lowings:

(i) PC(t) = b(t)g(q)dqdt = b(t)g(q)q′,

(ii) WC(t) =
∫ q
0 b(t)g(s)ds, WC(0) = 0

where ds = q′(t)dt. Then,

(iii) d
dtWC(t) = b(t)g(q)q′.

Thus, for the construction of energy and power
functions that associated with capacitors, we
nicely apply the above loop. This may enable us
to improve the stability of many systems, because
the above algorithm eliminates to take the partial
derivative of WC(t).

(A) The natural approach improves the
result given in [25] such as:

(a1) may represent a LRC circuit (dissipative)
system with

x′ = y,
y′ = −a(t)f(x, y)y − b(t)g(x).

(a4)

The natural energy function for (a4) must be

V (t, x, y) =
1

2
y2 +

∫ x(t)

0
b(t)g(s)ds. (a5)

Since, (a5) has been constructed from the power-
energy relationship of (a4). The Lie derivative of
(a5) is

V ′(t, x, y) = −α(t)f(x, y)y2. (a6)

(a6) is the dissipated power of (a4) and verified
by (1). The difference between (a2) and (a5), and
between (a3) and (a6) state our improvement.

(B) The natural approach improves the
results given in [30] such as:

The actual energy function for (b1) is

V (t, x, y) =
1

2
y2 +

∫ x(t)

0
[p(t)g1(s)

+ q(t)g2(s)]ds,

(b4)

where ds = x′(t)dt, p > 0 and q > 0 are con-
tinuous functions on [0,∞), g1, g2 are continuous
functions on <, satisfying (A1) of [30].

Then, the time derivative of (b4) along the solu-
tions of (b1) gives

V ′(t) = −y2 < 0. (b5)

In fact, the coefficient of x′ in (b1) is 1, and (b5)
is confirmed by (1) due to the suitable tool. The
comparisons between (b2) and (b4), and between
(b3) and (b5) give our improvement.

Further, the approach in this study also improves
many results in the books [1] and [24] that based
on Lyapunov approach. This list can be extended
for the other related references that not cited here.

5. Conclusion

The energy of a system determines its behavior.
In this context, this paper plays two important
roles in the Lyapunov stability theory. First, it
provides the construction of the energy function,
which may obtain from the physical meaning of
the given system. Second, it implies that the de-
rivative of the energy function along the system
trajectories is equal to the negative value of the
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dissipated power in the system. These further
clarify the Lyapunov stability. Hence, one can
nicely check the derivative of the energy function
of a given physical system with (1). The proposed
approach can be applicable to higher order differ-
ential systems. From now on, everyone involved
in the subject will be able to find the same stabil-
ity results for a system under consideration. We
hope this present work will open new doors in the
stability analysis of differential systems.
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