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Linear second-order cone programming (SOCP) deals with optimization
problems characterized by a linear objective function and a feasible region
defined by linear equalities and second-order cone constraints.  These
constraints involve the norm of a linear combination of variables, enabling
the representation of a wide range of convex sets. The SOCP serves as a
potent tool for addressing optimization challenges across engineering, finance,
machine learning, and various other domains. In this paper, we introduce new
optimality conditions tailored for SOCP problems. These conditions have the
form of two optimality criteria that are obtained without the requirement of any
constraint qualifications and are defined explicitly. The first criterion utilizes
the concept of immobile indices of constraints. The second criterion, without
relying explicitly on immobile indices, introduces a special finite vector set
for assessing optimality. To demonstrate the effectiveness of these criteria, we
present two illustrative examples highlighting their applicability. We compare
the obtained criteria with other known optimality conditions and show the

advantage of the former ones.

(co) IS

1. Introduction

A conic optimization problem is characterized
by a constraint stipulating that the optimization
variables must belong to a closed convex cone.
Such problems encompass a wide spectrum of
optimization problems and serve as a fundamental
framework for addressing various real-world
challenges. Conic problems form a broad and
important class of optimization problems, since
according to [1, 2], any convex optimization
problem can be represented as a conic one.
This universality underscores the essential
significance of conic optimization in mathematical
optimization theory. In recent years, conic
optimization has attracted considerable attention
due to its versatility and widespread applicability
across diverse domains [3H5]. Among the most
prominent and extensively studied subclasses
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of conic optimization problems are Linear
Programming (LP) and convex Quadratic
Programming (QP) problems. Another
notable class of conic optimization problems is
Semidefinite Programming (SDP), where the
optimization is performed over the cone of
positive semidefinite matrices. SDP has garnered
significant interest owing to its utility in tackling
a broad range of optimization tasks, including
control theory, combinatorial optimization, and
quantum information processing (see [6-8]).

Linear Second-Order Cone Programming (SOCP)
deals with conic problems where the objective
is to optimize a linear cost function over
the intersection of an affine set and the
product of the second-order (Lorentz) cones in a
finite-dimensional vector space. The problems of
LP, QP, and the quadratically constrained convex
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quadratic problems can be formulated as SOCP
problems, which in turn, belong to a special class
of SDP problems (see e.g. [9-11], and others).
The class of SOCP problems has been extensively
studied in the past two decades due to its broad
applicability across various fields of research,
including engineering, finance, control theory,
robust and combinatorial optimization.  The
literature dedicated to second-order problems is
vast. For the applications, see, e.g. [10L|12,/13],
and the references therein. As highlighted in
9], many of the SDP problems encountered
in practical applications and considered in [7],
can also be formulated as instances of SOCP
problems, further emphasizing the significance
and relevance of SOCP in optimization theory and
practice.

Necessary and sufficient optimality conditions
play an important role in optimization by
providing a framework for identifying optimal
solutions. By leveraging these conditions,
researchers and practitioners can effectively
discern the best possible outcome from the
optimization process. Among the various types of
optimality conditions, two prominent categories
can be distinguished: the optimality conditions
in ordinary (punctual) form as in, e.g., |14H17]
and sequential optimality conditions, see [18-20].
Additionally, other types of optimality conditions,
such as those discussed in [21,[22], contribute to
the comprehensive understanding of optimization
processes and strategies.

To test ordinary optimality conditions for a
primal feasible solution x°, one has to find a
finite vector y°, which is a dual feasible solution,
and check a finite number of equalities and
inequalities constructed on the base of 20 and °.
When applying sequential optimality conditions
to a feasible solution z, it is necessary to
identify some sequences, {*} and {y*}, of vectors
associated with the primal and dual variables,
respectively, and check some conditions in the
form of limits of functions built on the base of
these sequences.

Optimality conditions are often formulated under
certain additional conditions on the problem’s
constraints, known as constraint qualifications
(CQ). Constraint qualifications are properties
inherent in the analytical description of a feasible
set ensuring that its structure around a given
feasible point can be described by (first-order)
approximations of the constraint functions (see
e.g. [23]) and guarantee the Karush-Kuhn-Tucker
(KKT) optimality conditions to hold at a local
minimizer. The most widely used CQ for
SOCP is the Slater condition (or strict feasibility)

presupposing the existence of a feasible solution
that belongs to the interior of the feasible set.
Constraint  qualifications  are  particularly
crucial for deriving primal and primal-dual
characterizations of solutions in optimization
and variational problems. They are essential
for studying duality relations, conducting
sensitivity and stability analysis, and justifying
the convergence and evaluating the convergence
rate of computational methods.

Many papers are dedicated to CQ conditions for
different classes of optimization problems (see
[14, 15, 18, 23-26], and others). Omne of the
main challenges in this area is that for many
conic problems in general and SOCP problems
in particular, the CQs needed for formulation
of optimality conditions may not hold (see, for
example, [9,|16,27], and the references therein).
Therefore, it is very important to search for
optimality conditions that do not rely on any
CQ (referred to as CQ-free optimality conditions).
Many research is dedicated to CQ-free optimality
conditions for different classes of optimization
problems (see [16, 19-21, 28 29|, and others).
However, to the best of the authors’ knowledge,
no CQ-free optimality conditions in the ordinary
form specifically designed for SOCP problems
have been published to date.

In this paper, new CQ-free optimality conditions
in the ordinary form are derived for SOCP
problems. These conditions are formulated and
proven in the form of two criteria. Illustrative
examples demonstrate situations where classical
conditions fail to test optimality, while the
optimality criteria presented in the paper allow
such a test.

The paper is structured as follows. In section
we formulate the problem and introduce the basic
notation. In section |3 we introduce the set I of
special constraint indices referred to as immobile.
Here the immobility of a constraint’s index means
that this constraint remains active for all feasible
values of the problem’s variables. We utilize the
set of immobile indices to prove an optimality
criterion for SOCP problems. This criterion does
not use any additional conditions on the feasible
set of the problem under consideration, making
it an CQ-free optimality criterion. However, its
application may be hindered by the requirement
for information about the set Iy, which may not
always be available. In the subsequent section
[, we present an alternative CQ-free optimality
criterion wherein the set Iy is not explicitly
utilized. At the end of the section, we provide
a short discussion on two different approaches
to the CQ-free optimality conditions and on the



170

properties of the approach proposed in the paper.
Illustrative examples in section [5| highlight the
new optimality conditions derived in the paper
particularly in scenarios where the classical KKT
optimality conditions fail to suffice. In section
[6] motivated by the optimality criterion obtained
by Gorokhovik in [21], for a more general class
of convex problems and using the lexicographical
separations approach, we formulate the optimality
criteria for SOCP. We compare this criterion with
that obtained in sections [3]and 4l The paper ends
with some conclusions presented in section

2. Problem’s statement and basic
notions

Consider a linear second-order cone programming
problem in the form

SOCP : max bz

s.t. Aiz+c(i) € SOC(i),i € 1,
where x € R" is a vector of decision variables,
beR", c(i) € Rt Ay € RUMTDX i [ are
given vectors and matrices; the sets

SOC(i) == {z = CO) e R™it!,

20 €ER, 2z € R™ 1 ||2]| < 20}, 1 €1,
are the second-order cones. Here n € N, m; € N,
i € I; ||z¢]] = /22, and the set I C N is
supposed to be a finite index set.
Given i € I, the second-order cone SOC(7) is
convex, full-dimensional, nice, and consequently,
is facially exposed (for definitions see e.g. [6]).
In what follows, for ¢ € I, we will suppose that a
vector z € SOC(i) has the form z = (29,2, )" €
R™i+1 where 29 € R, z, € R™.

Given x € R™ and 7 € I, denote
2(i,x) := Ajz + c(i).

For the problem (SOCP), the corresponding
standard (Lagrangian) dual problem has the form

SOCD : min Z (i) Ty(3)
el
st. > Aly(i)=—b, y(i) € SOC(i), i €I,
i€l
where vectors y(i), ¢ € I, are the decision
variables.

A vector x € R"™ is a strictly feasible solution
in the problem (SOCP) if z(i,z) € int SOC(i)
for all ¢ € I. A feasible solution of the problem
(SOCD), consisting of vectors y(i), i € I, is
called strictly feasible if y(i) € int SOC(7) for all
i € I. Here intS stands for the interior of a set S.

0. Kostyukova, T. Tchemisova / IJOCTA, Vol.14, No.3, pp.168-182 (2024)

Lemma 1. [Weak duality, [9]] If T is feasible in
the problem (SOCP) and (y(i),i € I) is feasible
in the dual problem (SOCD), then the value of
the objective function of (SOCP) evaluated at T
is less than or equal to the value of the objective
function of (SOCD) evaluated at (y(i),i € I).

Given a primal-dual pair of optimization
problems (P) and (D), let val(P) and val(D)
denote the optimal values of the cost functions of
these problems. The difference val(D) — val(P)
is called the duality gap.

From Lemma [I} it follows that for a pair of dual
problems (SOCP) and (SOCD), the duality gap
is non-negative. To guarantee that the duality
gap is equal to zero, the problems should satisfy
certain additional conditions.

The following theorems are proved in [9].

Theorem 1. [Strong duality] If the second-order
cone problems (SOCP) and (SOCD) have
strictly  feasible solutions, then they both

have optimal solutions (are solvable) and
val(SOCD) — val(SOCP) = 0.

Theorem 2. [KKT optimality conditions/
Suppose that (SOCP) is strictly feasible (admits
a strictly feasible solution).  Then a feasible
solution x° is optimal in this problem iff there
exist vectors y°(i), i € I, such that

> Al () = -,
i€l (1)
y2(i) € SOC(3), y°(@) " 2(i,2°) =0 Vi € I.
Without additional conditions (CQs) on the
constraints of the problem (SOCP), the duality
gap may be positive. In this case, the KKT

optimality conditions may not be met (see [9,27],
and the example below).

The aim of this study is to formulate and prove
for the second-order cone problem (SOCP) new
CQ-free optimality conditions in the ordinary
form.

3. An optimality criterion for the
primal second-order cone problem

Denote by X the set of feasible solutions of the
problem (SOCP):

X :={zeR":2(i,z) € SOC(i) Vi I}. (2)
Notice that the set X is convex.

Suppose that X # () and consider a subset of the
index set I:

Ip:={iel: ||z(i,2)|| = 20(i,2) Yz € X}. (3)

This subset plays an important role in our
approach. It contains the indices of constraints
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that can be characterized as always active or
immobile in the terminology of our previous
papers (see e.g. [16,30], and the references
therein).

The constraints of the problem (SOCP) are said
to satisfy the Slater condition if the problem
admits a strictly feasible solution, i.e. there exists
a vector £ € R" such that

z(i,z) € int SOC(1) Vi € I. (4)

The Slater condition is one of CQs that guarantee
the existence of KKT multipliers for a given
optimal solution.
It is easy to show that conditions (4] are
equivalent to the inequalities

||2«(7, Z)|| < 20(i,Z) Vi € I. (5)
Therefore, in terms of , one can see that the
constraints of the problem (SOCP) satisfy the
Slater condition iff Iy = (). Hence, the emptiness
of the set Iy can be considered as a constraint
qualification.
In what follows, we will use the following notation
fori e I:

1 0 .. O
0o 0 .. -1

int SOC(i) :={z = (§0> e R™TL: |z]| < 20},

bd™ SOC(Z) ::{Z = <§0) c RMitL . HZ*H = 20,

z20 > 0}
Then, for any ¢ € I, it holds
SOC(i) = int SOC(i) UbdT SOC(i) U {0}, (6)
where 0 is the null vector in the corresponding
real space R7+1,
Since X = (), then it is easy to show that there
exists a vector £ € R™ such that
[|24 (2, 2)|| < 20(i,2) Vi € I\ Iy,
||2«(7, Z)|| = 20(3, Z) Vi € Iy. (7)
A vector T satisfying , is called a minimally
active feasible solution of the problem (SOCP).
For i € I, let z € R™*! and y € R™t!
be complementary, i.e. satisfy the following
complementarity conditions:
2Ty =0, 2€ 8SOC(i), y € SOC(i). (8)

Then (see [9]) one of the next conditions takes a
place:

a%) 2eintSOC(i) = y=0;
b%) 2z e€bdtSOC(i) = y=aRiz, a>0;
) z2=0 = Yy ecSOC(i).

Proposition 1. Let T be a minimally active
feasible solution of the problem (SOCP). Then
fori e Iy and x € X, there exists a corresponding
number o; = a;(x), such that

z(i,x) = 0;2(3, %), a; > 0. 9)

Proof. Let i € Iy and = € X. It follows from the
convexity of the set X that 0.5(Z + z) € X. From
this inclusion and the definition of the index set
Iy, one can conclude:
|24 (2, 0.5(Z + 2))|| = 20(7,0.5(% + x)),
|2 (6, 2)[] = 20(4, ), |[2«(i, 2)[| = 20(3, ).

(10)

Consequently,
0.5]]24 (2, Z) 4+ 24 (7, 2)|| = 0.520(¢, &) + 0.52¢ (4, x)

= 0.5]|2«(%, 2)|| + 0.5]|z«(7, 2)]||.

The equality

|24(8, ) + 24 (i, 2)|| = |2 (0, D) || 4 [|24 (4, 2) ]

obtained above can be rewritten as follows:

(2 (1, ) + 2 (1, 2)) T (2 (0, &) + 2:(i, ) =

|24 (i, 2)]|* +2[ 2 (0, D) ]| |2 (3, ) ||+ || 2 (3, 2) |

wherefrom we obtain

21, 8) 2 (i,) = |20, 2| - |22 (6, 2) |

Taking into account the latter equality and the
well-known relation a' b = cos(y)||al| - |||, where
@ is the angle between the vectors a and b,
we obtain that the cosine of the angle between
vectors z.(i,x) and z.(i,Z) is equal to 1, and,
hence, these vectors are collinear. This implies
that

24 (i, ) = a2z (3,Z) with some a; > 0.

It follows from and that

201, 2) = [l (i, 2) || = aullon i, B)| = @iz (6, ).

(11)

The equality obtained, zo(i,z) = «;20(i,2),
together with imply that relations @D hold
true for i € Iy and x € X. O

Let us fix a minimally active feasible solution Z
of the problem (SOCP) and denote

(i) = 2(3, %) Vi € Iy.
Then it follows from Proposition [1| that for an

immobile index ¢ € Iy and for a feasible solution
x € X, the non-linear condition

z(i,x) € SOC(i) <= ||z+(i,2)|| < 20(3, )
can be replaced by (m; + 1) linear equalities
z(i,x) = «;z(i,&) with one additional variable
a; > 0. Based on this, it is easy to show that
X = X, where

X ={zxcR": 2(i,x) € SOC(i) Vi € I\ Iy,
z(i,x) = ayy(i) with some a; > 0 Vi € Iy}.
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It follows from the considerations above that the
problem (SOCP) is equivalent to the following
one:
P.: max b' z

s.b. Ajx + c(i) = 2(3), 2(i) € SOC(i) Vi € I\ Io;

Aix + c(1) = a;(i), a; > 0 Vi € Iy,

where the decision variables are vector x € R"
and numbers «;, ¢ € Ij.

Notice that in the problem (P.), there is a finite
number of equality and inequality constraints

Aix + (i) = a;v(i), a; >0 Vi € I,

that are linear w.r.t. x € R” and o; € R, 7 € .
Moreover, there exists a feasible solution Z of the
problem (SOCP) such that the feasible solution

z(i,z), 1 € I\ I,
of the problem (P,) satisfies the following strict
inequalities:

>0, 1 € Iy, Hg*(l)H < fo(i), 1€ I\I().
Hence, the constraints of this problem satisfy the
generalized Slater condition (see [31]), and one
can use the classical KKT optimality conditions
for testing optimality of its feasible solution
(2%, o, i € Iy).
Taking into account the equivalence of the

problems (SOCP) and (P,), we obtain the
following result.

x, a; =1, 1 € Iy, ()

Theorem 3. [Optimality criterion 1] A feasible
solution ¥ € X of the problem (SOCP) is
optimal in this problem iff there exist vectors
y(i) € R™+L i € I, such that the following
relations hold true:

> Aly(

il

i) = —b, 2(i,2°) Ty (i) =0Vi € I;
y(i) € SOC(i) Vi € I\ Ip;
y(i) " y(i) = 0 Vi€ I

Conditions (|12]), are similar to the KKT
conditions (1)) but simpler than them. The
difference is as follows: the conic conditions
y°(i) € SOC(3), i € I, in i are replaced by the
linear ones y(i)'v(i) > 0, i € Iy, in ,
Therefore, finding a solution to system ((12

is no more difficult than finding a solutlon to the
KKT system .

It is evident that if Jo = 0, then conditions (12)),
coincide with .

It should be noted here that the optimality
criterion in the form of Theorem 3] does not use
any additional conditions on the feasible set of

the problem (SOCP) and is therefore an CQ-free
optimality criterion. The only possible difficulty

(12)

(13)
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in its application is the need to know the set of
immobile indices Ij.

In the next section, we will demonstrate an
alternative CQ-free optimality criterion that does
not explicitly rely on any knowledge of Ij.

4. An alternative CQ-free optimality
criterion for the second-order cone
programming

The optimality criterion presented in this section
is based on the following idea used in literature for
convex optimization problems (see, for example
[22]).

For a given convex problem, at the first step,
one attempts to obtain an exact extended dual
problem (EEDP) explicitly formulated in terms
of the data of the original primal problem (see
[32-35]). The exact (strong) duality property
entails that when the primal problem and its
corresponding dual are consistent, their optimal
values are equal, and the dual problem attains its
optimal value.

The dual problem (EEDP) has an extended
set of dual decision variables compared to the
Lagrangian dual. Note that some regularization
procedure is necessary to justify the exactness of
this dual problem.

At the second step, taking into account
the exactness of the extended dual problem
(EEDP), attempts are made to formulate CQ-free
optimality conditions for a feasible solution to the
original primal problem using an optimal solution
to this dual problem.

Below, we utilize this idea to derive an CQ-free
optimality criterion for the problem (SOCP).
Taking into account the specific nature of the
problem under consideration, we are able to
formulate the optimality conditions without an
explicit representation of the corresponding exact
extended dual problem. The regularization
procedure associated with this formulation is
implicitly embedded within the proof of the
criterion.

It is worth noting that the KKT optimality
conditions (see Theorem are also based on
a similar idea: these conditions are formulated
using the set of vectors y°(i), i € I, (the KKT
multipliers for a given optimal solution) which,
in fact, represents an optimal solution of the
Lagrangian dual problem (SOCD). However, in
the formulation of these conditions, this fact is
not explicitly mentioned.

We commence by formally introducing a set of
vectors that, in essence, constitutes a feasible
solution of the exact extended dual problem.
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Having fixed i € I and kg € N, 0 < ko < |I],
consider the following set of vectors:
{m(k,i) € , k=0,1,... ko}.
If m(k,i) #0 for all k =0,1,..., ko, denote
gi =min{k : 0 < k < ko, w(k,i) # 0}.
We say that for a given ¢ € I, the set of vectors
(14) satisfies Condition (A) if one of the following
conditions is true:
Al) n(k,i)=0forall k =0,1,...,ko;
A2) 7(g;,1) € SOC(i), w(k,i) T Rim(gi,i) > 0
foral k=q; +1,..., ko.

Rm¢+l (14)

Here and in what follows, the set of indices {k =
q,q+1,...,s} is assumed to be empty if s < q.

Let us prove a technical proposition.

Proposition 2. Suppose that i € I and that the
set of vectors satisfies Condition (A). Then
for any z € SOC(i), there exists = 0(z) > 0
such that

ko
> 0k ke Tr(k,i) >0 VO >0 (15)
k=0

Proof. If n(k,i) =0 for all k =0,1,..., ko, then

inequalities are trivially satisfied with any
6> 0.

Suppose that w(k,i) # 0 for £k = 0,1,...

this case, we have
Z eko k T k Z)

ZekokT k’L
k=q;

where z'7(g;,i) > 0 since z € SOC(i) and
7(q;,1) € SOC(i).

If 27 7(g;,4) > 0, then evidently, the inequalities
. hold true for a sufficiently large 6 > 0.

Suppose that z"7(g;,4) = 0. Since z € SOC(i),
we can distinguish the following three cases:

,k?o. In

(16)

1) 2 =0, 2) 2 € int SOC(i), and 3) z € bdT SOC(3).

In case 1), relations are trivially satisfied with

any 6 > 0.

In case 2), the equality z'7(g;,i) = 0 implies
7(gi,i) = 0 that contradicts the assumption
7(gi, i) # 0. Therefore, this case is impossible.

In case 3), the equality z'7(g;,i) = 0 and the
inequality 7(g;,7) # 0 imply z = «;(2)Ri7(qi, )
with some «a;(z) > 0. Hence, taking into account
the latter relations and Condition A2), we obtain
the following inequalities:

2wk, i) = og(2)m(k, ) T Rim(qi, i) >0,

for all k& = ¢; + 1,...,ko. These inequalities
together with equalities and z'7(g;,i) = 0,

ensure that relations are satisfied for any
>0. O

For a given z € X, introduce an index set
I (z):={iel:||z(i,x)|| = 20(i,2)}.

Theorem 4. [Optimality Criterion 2] A vector
¥ € X is an optimal solution of the problem
(SOCP) iff there exist an integer number ko,

0 < ko < |I,(z%)|, and the sets of vectors

{m(k,i) e R™T E=0,1,... ko},i € I,(29),
(17)
satisfying Condition (A) for all i € 1,(z°), such
that
> Al i) =0Vk=0,... k —1;
; 0
1€, (29) (18)
> Alw(ko,i) = —b,
i€l (x0)
and
. ONT .
z(t,x") 'w(k,i) =0
(1.0 (k) o
Vk=0,1,..., ko, Vi€ I(x").

Proof. Sufficiency. Suppose that there exists a
set of vectors satisfying Condition (A) and

relations and . Then it follows from

that

0= > 2(i,2°) "m(k,i)
1€14(20)
= > [Aa®+c(d)] (ki)
i€, (20)
= > (i) w(k,i > Alw(k,d),
1€l (z9) i€la(x0)
for all K =0,1,...,ky. From these equalities and
, we obtain
> (i) w(k,i) =0VE=0,...,k —1,
i1€1, (a0
€1 (x0) (20)
> i) ko, i) = b2’
1€14(x0)

It follows from Proposition [2] that for any = € X,
there exists § = f(x) > 0 such that
>

Tk, i) >0 Vie (. (21)
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For x € X, taking into account - , let us
calculate

bl =— Z x ' Al w(ko, 1)
1€14(20)

- ¥

1€14(20)

ko
zT A Z ok~ (k, i)
k=0

ko

=— > 26x)"> 0 Fa(k,i)

1€14(20) k=0

ko
+ Y @)D 0 Fr(k, i)
k=0

i€lq(x9)

ko
=— Z Zéko_kz(i, z) 7wk, i)+ b 20
i€14(20) k=0
These relations together with , permit one to
conclude that bz < b'20 for all z € X. Hence
2" € X is an optimal solution of the problem

(SOCP).

Necessity. Let ° € X be an optimal solution
to the problem (SOCP). Let us construct a set
of vectors ([L7]) satisfying the Condition (A) and
relations (18)), . We will do this iteratively by

performing the following iterations.

0

Iteration # 0. Consider the problem
P-0: max [,

st Ajz + c(i) —eo(i)p = 2(i),
z(i) € SOC(i) Vi € I,

where eg(i) = (1,0,...,0)T ¢ Rmit+l ¢ 1.

The constraints of this problem satisfy the Slater
condition. In fact, for any x € X, the vector
(z, p=—1, 2z(i),i € I)T with

2(1) = (20(i) = 20(i, ) + 1, 24 (i) = 2 (4, x)),0 € 1,
is a feasible solution of the problem (P-0)
satisfying the strict inequalities

[|2«(?)|| < 20(2) Vi € I.

If this problem admits a feasible solution
(z, @, 2(7),7 € I) with @ > 0, then set kg = 0
and go to the Final Step.

Otherwise, for any x € X, the vector

(x, u=0, 2(i) = z(i,x),i € I) (22)

is an optimal solution of the problem (P-0).
Since the constraints of this problem satisfy the
Slater condition, applying the classical KKT
optimality conditions to its optimal solution ,
we conclude that there exist vectors

Ya (1) ’ (23)
y2(i) eR™, i e,
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such that the following relations hold true for any
T € X:
> A1) =0, Y yd(i) =1,
icl icl
2(i,2) Ty2(i) = 0, y°(i) € SOC(i) Vi € I.(25)

(24)

Consider the index set
AL = {i € I:yJ(i) > 0}.

It follows from that AI; # 0. Let us show
that

l|ze(, 2)|| = 20(i, ) Vi € AL, Vo € X,
the in AIl

(26)

and consequently, indices are
immobile.

Suppose the contrary: there exist ig € Al
and z € X such that ||z.(i0,Z)|| < 20(i0, ).
Then from the equality in (25) with ¢ = i
and the conditions z(ig,7) € SOC(ig), y°(ig) €
SOC(ig), we can conclude that y°(ig) = 0. But
this contradicts the inequality y(ip) > 0 that is
fulfilled by construction. Hence equalities are
satisfied. Remind here that relations ,
are valid for all z € X.

Let us show that for all i € A} and x € X, the

following is true:

Joi(z) > 0 such that 2(i,z) = ()R’ (). (27)
Let i € AL and x € X. If y°(i) € intSOC(3),
then it follows from the equality in and the
condition z(i,z) € SOC(i), that z(i,z) = O.
Hence, in this case, relations are satisfied
with a; = 0. If y%(i) € bd™ SOC(3), then it follows
from and the inclusion z(i,z) € SOC(7),
that 2(i,z) = o;(7)R;y° (i) with some a;(x) > 0.
Consequently, the equality in holds true in
this case as well. Taking into account that y% (i) #
0 for i € A, we conclude that relations are
proved.

It follows from that for an immobile index
i € Al and for a feasible solution z € X, the
non-linear condition

z(i,x) € SOC(i) <= ||z+(i,2)|| < 20(3, )
can be replaced by (m; + 1) linear equalities
2(i,z) = a;R°(i) with one additional variable
a; > 0. Based on this, it is easy to see that
X = Xg, where

Xo:={x e R": z(i,x) € SOC(i),i € I\ I;
z(i,x) = a;y(i) with some a; > 0,4 € I},
I, .= Al
(i) := Riy°(i) € SOC(i) Vi € AlL.
In fact, if x € X, then it is evident that z(i,x) €
SOC(i) for all ¢ € I. Hence, z € X, and

consequently, Xg C X. Now suppose that x € X.
Then it follows from and that z € Xy

(28)
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and hence, X C Xj.
proved.

The set of vectors (23]) constructed above satisfies
the conditions

y'(i)=0VieI\I;
y°(i) € SOC(i), 3°(i) # 0 Vi € I1.
Go to the next Iteration #1 with the data .

Iteration # k (k > 1). At the beginning of this
iteration, we have the following set and vectors:

Iy =ALU---UAI, 7() = Rwy’(i) € SOC(i),
Fo(i) #0, i€ Algy1, s=0,1,....k—1.
Consider the problem

The equality X = X is

(29)

P-k: max [,
st Ajz +c(i) —ep(i)p = 2z(3) Vi€ I\ I,
Az + c(i) = a;y(2) Vi € I,
2(i) € SOC(i) Vi € I\ I, ; > 0 Vi € I,.

The constraints of this problem satisfy the
generalized Slater condition (see [31]).

If the problem (P-k) admits a feasible solution
(z, @, z(i),i € I\ Iy, a;,1 € Iy) with g > 0, then
set kg = k and go to the Final Step.
Otherwise, for any = € X, the vector
(x, w=0, z(i,z),i € I\ Iy;
oz,(x) = Zo(i,x)/ﬁ’o(i), 1€ Ik)
is an optimal solution to the problem (P-k).
Taking into account that the constraints of this
problem satisfy the generalized Slater condition
and applying the KKT optimality conditions to

its optimal solution (30)), we conclude that there
exist vectors

k .
ki yO@)) m;+1
1) = L) e R™T
0= (1)
yE(i) eR™, i €1,
such that the following relations hold true:

YAl =0, ¥ yi() =1,

il i€\
2(i, ) TyF(i) =0 Vi € I;
y*(i) € SOC(i)Vi € T\ Iy;
() Tyk (i) > 0Vi € I.
Consider the index set
Al = {i € I\ I, : y& (i) > 0}.
It follows from that
Algyr # 0. (34)

Similar to how it was done on the initial Iteration
# 0, one can show that

||2«(7, 2)|| = 20(4,x) Vi € Alj41, Vo € X,

(30)

(31)

(32)

(33)

(35)

2(i, ) = oy (2)Riy® (i), (36)
ai(z) > 0Vie Algyq, Ve e X.
Set
I =Ix U AIk—H =ALUALU---U Al
3(i) = Riy* (i), i € Algya.
It follows from that X = X}, where
X ={rx eR": 2(i,x) € SOC(3),i € I \ Ijy1;
2(1,x) = a;y(i) with some a; > 0,7 € Iq1}.
(37)

The set of vectors defined in —, satisfies
the following relations:

yF(i) =0 Vie I\ I, (38)
y*(i) € SOC(i), ys(i) # 0 Vi € Alyyr;  (39)
O Ry T =y @0 =0

Vie Al;, s=1,...,k.
Go to the next Iteration # (k + 1) using the set
I1 and vectors (i), @ € Ipy1, y°(4), ¢ € I,
s=0,1,...,k found above.

Final Step. It follows from condition that
after a finite number of iterations, we will get to
the Final Step with some kg, 0 < ko < |Iy|, where
Iy is the set of immobile indices of the constraints

of the problem (SOCP) (see (3)).
From and we have:
Iko :AflU"'UAIk;O C Ip. (41)

By construction, a number kg is such that for
k = kg, the problem (P-k) has a feasible solution

(z, @, 2(), 3 € I\ Iy, i, @ € Iy,)

with & > 0. Hence, z € Xj,_1 = X, where Xy, _1
is defined in with k = kg — 1, and

123, T)|| < 20(2,%) Vi € T\ Ig,.
Notice that for kg = 0, the set Iy, is empty.

Taking into account and , one can
conclude that Iy, = Io.

(42)

Consider the following problem:
P-R:

max b' z,

s.t. Aiz +c(i) = 2(i), 2(i) € SOC(i) Vi € I\ I,

Aiz + c(i) = 0;7(1), a; > 0 Vi € I,.
It follows from that the constraints of this
problem satisfy the generalized Slater condition.
Since X = Xj,_1, the optimality of the solution
2% in the problem (SOCP) implies the optimality
of the solution
(20, 2°(i) = 2(i,2°), i € T\ I,,

o) = z0(i,2°)/30(0), i € I,)

in the problem (P-R). Applying the KKT
optimality conditions to the problem (P-R) and
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its optimal solution, one can conclude that there
exist vectors y*(i), i € I, such that
Yo (i) e SOC(') Vi € I\ Iy;
y* () 7(1) = y* () "Riy* () 2 0
Vz e Al;, Vs=1,...,ko,

(43)
> AlyRo(i) = —b,
el
2(i,2°) Ty (i) =0 Viel
From the relations above, we get
YR (i) = 0 Vi € I\ I,(a). (44)

Notice that by construction, we have I, = Iy,
and, consequently, Iy C I,(2°) for all z € X.
Taking into account this inclusion, , and
(with £ = 0,...,ko — 1), we conclude that the
vectors y*(i),i € I k=0,1,...,ky, constructed
here, satisfy the equalities

yF(@) =0 Vie I\ I(z°), Vk=0,1,..., k.

It follows from the equalities above and relations
(39, (40) (with & =0,..., ko — 1), together with
. ) that the sets of Vectors

{m(k,1)=y" (i), k=0,... . ko}, ¥i € Lo(2"), (45)
satisfy Condition (A) and relations (18)-(19). O

Remark 1. In the theorem, it is affirmed that the
integer kg is less than or equal to |I,(z%)|. In fact,
the inequalities ko < |Io| < |I,(z%)| hold true and
in the statement of the theorem, one can replace
the inequality ko < |I,(x°)| by a tighter estimate
ko < |Io|. However, we prefer to leave here the
inequality ko < |I,(2°)| since in a general case,
one cannot expect to have any knowledge about the
set Iy. Notice that if the set Iy is known, one can
use a more simple form of optimality conditions,
namely Criterion 1.

Considering the problems (P,) and (P-R), one
can see that they are similar but at the same time
there are some differences between them.

It was mentioned above that I, = Ip. Let us
introduce a subset
Ipg = {Z ely: Zo(i,x) =0Vx e X}

For i € Ip\ Iy, we have v(i) = [;7(i) with
Bi = (i) /70(i) > 0, i.e. the vectors v(i) and
(i) coincide up to a positive nonzero factor.

For i € Iyg, we have v(i) = 0 and (i) # 0.

In the problem (P.,), for x € X, the corresponding
variables a;,1 € Iy \ Ipo, are uniquely determined
by the rule a; = zo(7,z)/v0(7), © € I\ Loo, and we
can choose any non-negative values for «;, 7 € Iyg.
In the problem (P-R), for z € X, the formulas
a; = 29(4,2)/50(t), i € Iy, uniquely define the
corresponding variables oy, © € Ij.
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4.1. A short discussion

It was mentioned earlier that Criterion 2 proved
in this section, is based on the utilization of
an optimal solution to the exact extended dual
problem (EEDP). In fact, the set constitutes
a part of an optimal solution

{y* (@), k=0,... ko},i €1, (46)

to the problem (EEDP). The vectors in
serve as a generalization of the vectors of KKT
multipliers for a given optimal solution 2.
However, unlike the vectors of KKT multipliers,
which may not exist for some problems, an
optimal solution to the exact extended dual
problem always exists provided that the optimal
value of problem (SOCP) is finite.

It follows from the iterative nature of the proof of
Theorem [ that testing the optimality criterion
is not much more difficult than checking the
KKT system. In fact, to construct generalized
multipliers , one has to test sequentially,
for k = 0,...,kp, the classical KK'T optimality
conditions in the second-order programming
problem (P-k) for the feasible solution (z, u =
0, z(1) = 2(i,x),7 € I) with a fixed T € X,
and one time in the second-order programming
problem (P-R) for the feasible solution (z°, af =
20(1,2°)/50(i), i € Io).

Note here the following:

e The number k satisfies the inequality ko < |l
and hence, it is finite. One may expect the
number ko to be less than |Ip|, since |Ip]

ko
> |Alg| and, as a rule, |AI] > 1 for k =
k=1

1,..., ko.

e The constraints of all second-order problems
(P-k), k = 0,...,ko, and the problem (P-R)
satisfy the Slater condition.

e For k = 1,...,kp, the KKT system for the
problem (P-k) is simpler than the KKT system
for the problem (P-(k-1)), and the KKT system
for the problem (P-R) is the simplest among
them.

If Iy = 0, then ko = 0 It is easy to see that in this
case, conditions (1§ D 19) coincide with the KKT
condltlons l ), where y = 7(0,4) for i € I,(z")
and ° ()—OforzEI\I( 0). Hence the KKT
conditions are a particular case of conditions
, with kg = 0.

In case Iy # (), conditions (18], are more
complex than the KKT conditions, since to test
them, one has to find an extended dual optimal
solution. But notice that the KKT conditions are
useless if, for the problem under consideration,
the dual gap is positive or/and the corresponding
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Lagrangian dual problem has no solution. In
such situations, the KKT conditions can never be
satisfied.

In contrast to the KKT conditions, Criterion 2
can always recognize the optimality of a given
feasible solution, as an optimal generalized dual
solution exists and there is no duality gap. This
represents the main and significant advantage
of conditions , compared to the KKT
conditions.

As mentioned earlier, verifying sequential
optimality conditions requires finding sequences
of vectors {z¥} and {y*} associated with
primal and dual variables, and checking certain
conditions in the form of limits of functions
constructed on the basis of these sequences. It
is important to note that if certain CQs are
not satisfied, the sequence {y*} may become
"irregular” (or not well-defined), since ||y*|| — oo
as k — oo. This irregularity may pose challenges
in numerical methods for constructing such
sequences and in verifying conditions in the form
of limits.

In contrast, to test the optimality Criterion 2, one
needs to find a finite set of concrete vectors
which are "well defined” and check a finite set of
equality and inequality conditions.

One drawback of our approach is the requirement
to know the set I in order to apply the optimality
Criterion 1. This can pose a challenge, as
identifying this set may take additional effort or
computational resources. However, it is worth
noting that if we do know this set, our optimality
conditions offer advantages over traditional KKT
conditions, providing a practical framework for
solving optimization problems.

The second drawback of our approach is that
when applying the optimality Criterion 2, we need
to construct an extended (generalized) vector of
Lagrange multipliers. Despite this, the criterion
offers the advantage of being CQ-free.

It is known that the violation of CQs can lead
to difficulties in implementation of numerical
methods of the primal-dual type wusing the
classical KKT optimality conditions. This
difficulty arises from the non-existence of classical
Lagrange multipliers. It can be overcome by
utilizing (iteratively and in an approximate form)
of some CQ-free optimality conditions, in either
sequential or ordinary form. Since the optimality
conditions obtained in the paper are CQ-free,
they can be used for this purpose as well as the
CQ-free optimality conditions in sequential form
as in [18-20] et al.

5. Examples

Ezample 1. Consider the problem (SOCP) with
the following data: n =6, I = {1,2,3}, m; = 3,
ma = 37 m3 = 2)

0 10 00 0

0 -1 2 30 1
=10y 10 000 |

1 01 -1 0 1

0O 00 0 00

0 12 1 01
A=l 1 01 1 10|

1 =10 0 10

11 -101 0
As=1 21 00 1 -1

01 010 1
c(l):(O,G,0,0) c(2) = (0,4,6,
c(3) = (—4,-2,-2)7, b= (4,2, - 32—5)
Set 2V (2,1,-3,0,1,1)" and calculate

2(i,2°) = A" + (i), i € I. In this example,

2(1,2%) =
2(3,2°) =

(1,0,1,0)7, 2(2,2°%) =
(3,3,0) .

Consequently, x° is a feasible solution of this
problem and I,(z%) = I.

Set kg = 1, and consider the following vectors:

(0,0,0,0) ",

7(0,1) = (1,0,—1,0)", 7(0,2) = (1,0,0,0)",
7(0,3) = (0,0,0)", w(1,1) = (-2,2,2,1)7,
7(1,2) = (3,-1,1,-1)T, n(1,3) = (3,-3,0)".

It is easy to check that the vectors m(k, i), k = 0,1,
satisfy Condltlon for all i € I = I,(a")
and conditions , 1 Hence, according to
Theorem I the Vector is an optimal solution in
the problem under consideration.

Now, suppose that in this example, the set Ij is
known: Iy = {1, 2}. Using this information, let us
test the optimality of the solution x° by applying
Theorem [

Set # = (1.0,0.8,-3.4,-0.2,1.8,2.2)" and
calculate
2(1,%) = (0.8,0,0.8,0)", 2(2,%) = (0,0,0,0) ",
2(3,%) = (3,0.4,0.8)".

It is easy to see that the vector Z is a minimally
active feasible solution and hence, we can choose
(i) = z(i, &) for i € Iy.
Set:

y(1) =

(1,2,-1,1)",9(2) = (-1,-1,1,-1) T,

y(3) = (3,-3,0)".

It is easy to check that these vectors and x°
satisfy conditions and . Hence we have
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illustrated that the conditions of Theorem [B are
fulfilled as well.

Now, let us show that for the optimal solution
2%, the (classical) KKT optimality conditions
formulated in Theorem [2] are not satisfied.

Suppose that in this example, for the optimal
solution x¥, there exist vectors y°(i), i € I,
satisfying . Then it follows from the conditions

y°(i) € SOC(i), 2(i,2°) € SOC(3),

y°(@) 2(i,2°) =0 fori=1and i =3
that yo(l) = (OK,O, —Oé,O)T, y0(3) = (53 _570)T
with some o > 0 and 8 > 0.
This implies

Ay (1) =0, A3y°(3) = B(-1,0-1,0,0,1)".

Consequently,

> A () =-b =

i€l

A39°(2) + B(=1,0 —
It is easy to check here that there are no y°(2) €

R* and 3 satisfying the latter linear system. Thus
we have shown that there do not exist vectors
y0(i), i € I, satisfying .

Let us show that in this example the duality gap
is zero. In fact, one can check directly that for
all sufficiently small e > 0, the vectors y(1,¢) =
e+ 12+ 36 -1 17, y2,¢) = (10, -1 —
e, 1436, —142¢) ", and y(3,¢) = (3+¢, -3, ¢) "
satisfy the following conditions:

1,0,0,1)" = —b.

3
ST Al y(ie) = —b, y(i,e) € SOC(i) Vi = 1,2, 3;
=1

3
S el (Dy(i,e) = 10 4 Te.
=1

Hence, these vectors form a feasible solution to
the dual problem (SOCD) and the corresponding
value of the dual cost function is equal to 10+7¢ >
bT2z% = 10. Consequently, in this example, we
have the equality val(SOCP) = val(SOCD),

but the dual problem has no optimal solution.

Thus in this example, despite the zero duality gap,
the KKT optimality conditions do not allow to
test the optimality of z°.

Ezxample 2. Now, we will analyze a problem
(SOCP) with a positive duality gap. Let us
consider a problem from subsection 2.2 in [27].
This problem can be formulated as problem
(SOCP) with the following data:

1 0
Ap=11 0 ,Azz(_ll (1))7
0 1

we conclude that, indeed, the vector x

c(1) = (0,0, =1)7, ¢(2) = (0, 0)7T, b= (0, —1) T,
I={1,2}, m; =2 my=1,n=2.

It has been shown in [27] that vector z° =
(0.5, 1)T is an optimal solution to the primal
problem, the corresponding Lagrangian dual
problem also possesses an optimal solution, but
a duality gap is positive and equals to 1.
In this scenario, it becomes evident that the
optimality of the given optimal solution can not
be verified using the KKT optimality conditions.
However, we will demonstrate that the optimality
conditions derived in this paper, allow us to
address this issue.

First, we will apply Theorem [3| In this example,
Ip = {1} and # = (1,1)" is a minimally
active feasible solution. Consequently, we obtain:
2(1,2°) := A12° + ¢(1) = (0.5, 0.5, 0) 7, 4(1) :=
A7 + (1) = (1, 1,007, 2(2,20) = Agz® +
¢(2) = (0.5,0.5)". One can easily verify that
20 is a primal feasible solution, and it and the
vectors y(1) = (0,0, 1)7, y(2) = (0, 0)" satisfy
conditions , . Hence, due to Theorem
0is an
optimal solution to the problem (SOCP) under
consideration.

One can check that the conditions of Theorem []
are satisfied with 7(0,1) = (1, =1, 0) ", 7(1,1) =
(0,0, -1)", 7(0,2) = 7(1,2) = (0, 0)".

6. Optimality conditions for SOCP
based on a lexicographic approach

In paper [21], for convex programming problems
in the form

CP: min fo(z), s.t. fi(x) <0, i€,

where z € R", f; : R” - R, i € I U{0}, are
given convex functions, an optimality criterion
was proposed based on another approach, namely
the lexicographical separations approach.

Like the optimality criteria 1 and 2 proved
in sections [3| and 4| for the problem (SOCP)
(Theorems (3| and [4] respectively), this criterion
does not require the fulfillment of any additional
conditions for the constraints of the original
problem. In this section, we will apply the
optimality criterion from [21] to the problem
(SOCP) and compare the result with the criteria
proven in the previous sections.

It is evident that the problem (SOCP) can be
formulated in the form (CP) with the following
convex functions:

fO(:l:) = _bTx7

fi(x) == ||z (i, 2)|| — 20(i,x), i € 1, (47)
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where, as before, z(i,z) := Az + c(i) € R™+
Z(’L'7SC)T = (Z(](?:,l'), ZI(’L',CC)), Zg(i,IE) € R,
zy(i,x) € R™i € I.

Then the criterion from [21] can be reformulated
as follows.

Theorem 5. [Optimality criterion 3] A feasible
solution z° of the problem (CP) with the

functions defined by formula , is optimal if

and only if there exist an integer number s, 0 <
s < |I(z%)], a vector A\ = (N\;,i € I), and an
ordered partition

Aly, Al ...
of the index set I satisfying

, Al (48)

(a) the nonnegativity condition \; >0, i € I,

(b) the complementary slackness condition
Nofi(a®) = 0,i € I

(c) the minimum conditions

Z )\Z-fi(x = mm Z Aifi(zx

1EAT lGAIk (49)
k=0,2,....,s — 1,
and

N+ ) Nifia®

1€AI (50)
— min (o) + 3 Mihle
i€AIl
where Qo = R" and

Qr1={r€Qi: Y Nifi(a"
i€l
—1.

)= > Nifi(x)}
i€AT,
k=0,...,s

Notice that the functions f;(z),7 € I, defined in
are convex but not smooth.

Let us compare the optimality criteria 2 and 3.

Criterion 3 looks simpler than Criterion 2,
because it requires less input data for its testing.
Indeed, in Criterion 3, we need to know the
number s, the partition (48), and |I]-vector X
while in Criterion 2, we need to know the number

ko and the set of vectors .

However, Criterion 2 is more constructive (since
it is explicit) than Criterion 3. To apply Criterion
3, it is necessary to check whether the partition
(48) and the |I|-vector A satisfy conditions (49),
These conditions have an implicit form,
since to check them, it is necessary to sequentially
solve the optimization problems , and
construct (explicitly) their optimal solution sets
Qr, k = 0,...,s. At the same time, to apply
Criterion 2, one just needs to check whether the

vectors in satisfy conditions and ,

which are explicit and can be easy verified.

Note that based on the explicit criterion 2, for
the problem (SOCP), it is easy to formulate an
tmplicit criterion, close in form to Criterion 3.

Theorem 6. [Optimality criterion 4] A feasible
solution x° € X is an optimal solution of the
problem (SOCP) if and only if there exists an
integer number s, 0 < s < |I,(2°)|, a vector
A = (N\i,i € I) and an ordered partition [{48) of
the index set I satisfying the following conditions:

(a) \i > 0,i € Al # 0,k =0,...,s — 1;
Ai >0, Aifi(2%) =0, i € AL;
(b) the minimum conditions (49), (50), where

Qo =R", Qry1={z € Q: fi(r) =0,i € Alx},
k=0,...,s—1.

The main difference between Theorems [Bl and [ is
the way the sets Q, k =1,...,s, are defined.

7. Conclusions

Despite the fact that the second-order cone
problems have been sufficiently studied, most
of optimality conditions for these problems
are formulated with some CQ. Constraint
qualifications, while useful in many optimization
problems, can impose restrictive assumptions on
the problem structure and hinder the applicability
of optimality conditions. By seeking optimality
conditions that do not rely on such qualifications,
researchers and practitioners can achieve a more
robust and flexible framework for solving SOCPs.

The novelty of the paper consists in new
optimality conditions for the second-order cone
problems, namely Criteria 1 and 2.  These
optimality criteria are obtained wusing the
approach based on the concept of immobile
index set of the constraints of the problem and
allow to detect optimality of a given feasible
solution without any CQs. The absence of
constraint qualifications in these criteria enhances
the applicability of the theory to a broader range
of optimization problems.

The findings presented in the paper enable us
to conclude that the approach to optimality
conditions, which is based on immobile indices
and was developed in our earlier works, can be
applied to the optimization of second-order cone
problems.

It is worth mentioning here that there exist
different formulations of exact dual problems. In
the paper, we used one of them. Alternatively,
it is possible to apply the same approach to
other exact dual formulations and develop new
optimality conditions that may have distinct
properties and other ways of implementation. In
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the future, we will apply our approach to different
classes of optimization problems.

In conclusion, it is important to recognize that all
known optimality conditions for conic problems,
in general, and SOCP problems, in particular,
have their drawbacks and favorable properties.
Nevertheless, by familiarizing oneself with a
wide spectrum of optimality conditions, one can
gain a more comprehensive understanding of the
problem and its inherent characteristics. This
empowers users to make informed decisions and
select the most suitable method according to their
specific requirements and preferences.
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Time-delay fractional optimal control problems (OCPs) are an important
research area for developing effective control and optimization strategies to
address complex phenomena occurring in various natural sciences, such as
physics, chemistry, biology, and engineering. By considering fractional OCPs
with time delays, we can design control strategies that take into account the
system’s history and optimize its behavior over a given time horizon. However,
applying the Pontryagin principle of maximization to solve these problems
leads to a boundary value problem (BVP) that includes delay and advance
terms, making analytical solutions difficult and demanding. To address this
issue, this paper presents a precise finite difference formula to solve the
aforementioned advance-delay BVP numerically. The suggested approximate
method’s error analysis and convergence properties are provided, and several
illustrative examples demonstrate the applicability, validity, and accuracy of
the proposed approach. Simulation results confirm the proposed technique’s
advantages for the optimal control of delay fractional dynamical equations.
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1. Introduction of various problems containing fractional-order

operators, e.g., differential equations [10],
Over the past few years, fractional calculus delay-dependent systems [11], etc.
(FC), as a generalization of classical calculus, Optimal control problems (OCPs) play a

has attracted the attention of scientists and crucial role in determining the best strategies

engineers for describing various types of physical
phenomena [1]. In fact, this calculus is
known as a powerful tool for the modelling of
complex dynamical systems related to memory
effects and non-locality [2]. The FC has some
applications in epidemic modelling [3|, finance
[4], diffusion equations [5], outbreak control [6],
quasi-synchronization [7], image diagnosis [8],
chaos control [9], etc. Due to the difficulty
of analytical solution for fractional dynamical
systems, some efficient approximation approaches
have been proposed for the numerical solution

*Corresponding Author
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for controlling dynamic systems over time,
with applications ranging from engineering and
economics to biology and robotics [12-14]. A
delay fractional OCP tries to find a control
law for a delay fractional dynamical system
by minimizing a cost functional in terms of
the corresponding state and control variables
[15]. The study of time-delay fractional
OCPs is critical to develop efficient control and
optimization strategies for addressing complex
phenomena in various natural sciences, such
as physics, chemistry, biology, and engineering.
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However, due to the high complexity of
fractional OCPs with time-delay, it is extremely
difficult to obtain their analytical solution
[16]. To solve this issue, in the past decade,
some numerical techniques have been developed
including finite difference method [17] [18],
Bernstein polynomials [19], Legendre polynomials
[20, [21], linear programming technique [22],
Lagrange polynomials [23], neural network [24],
Taylor expansions [25], Chelyshkov wavelets
[26], embedding process [27], and fractional
orthogonal basis functions [28]. More recently,
the paper [29] presented a collocation method
for solving nonlinear delay fractional optimal
control systems with constraints on the state and
control variables. Another study [30] focused on
time-optimal feedback control of nonlocal Hilfer
fractional state-dependent delay inclusion with
Clarke’s subdifferential. =~ The new work [31]
also introduced Mittag-Leffler wavelets and their
applications for solving fractional OCPs with and
without delay.

The field of fractional OCPs with time delays
presents a significant challenge due to the
complexity introduced by considering both FC
and time-delay terms simultaneously. = While
there is existing research on fractional OCPs
and time-delay systems independently, the
intersection of these two areas remains relatively
unexplored. Current methods for solving
delay-dependent fractional OCPs often face
difficulties in providing accurate and efficient
solutions due to the intricate nature of the
boundary value problem (BVP) resulting from
applying the Pontryagin maximum principle.
Analytical solutions for such advance-delay BVPs
are scarce, leading to a gap in the literature
regarding effective numerical solution techniques
tailored specifically for this challenging class of
problems. Therefore, there is a pressing need
for innovative approaches that can accurately
and reliably address the unique characteristics
of delay-dependent fractional OCPs, providing
researchers and practitioners with appropriate
tools for optimizing complex dynamical systems
subjected to FC and time delays.

This research article addresses the above-mentioned
critical research gap in the field of fractional
OCPs with time delays. The study’s significance
lies in its focus on developing effective
control and optimization strategies for complex
phenomena present in various natural sciences
and engineering, where FC and time delays
play crucial roles. By introducing a precise
finite difference formula to numerically solve
advance-delay BVPs arising from applying the
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Pontryagin maximum principle, this research
offers an innovative approach tailored specifically
for this challenging class of problems. The
study’s mnovelty is evident in its unique
contributions, including the development of
a novel numerical solution technique for
delay-dependent fractional OCPs, comprehensive
error analysis and convergence properties of the
proposed method, as well as illustrative examples
demonstrating its applicability and accuracy.
This research’s potential impact is substantial,
as it provides researchers and practitioners
with appropriate tools for optimizing complex
dynamical systems subjected to FC and time
delays, ultimately advancing the state-of-the-art
in this underexplored intersection of FC and
time-delay systems.

2. Problem Statement

Consider the following fractional dynamical
system with time-delay

CID)V,Z(T) = A1(1)z(1) + Ag(T)z(T — m)

TO T
+Bi(T)v(r), 710 <1< 718, (la)
(1) =9Y(1), T-m<T< T, (1b)
in which z € R? is the state vector, and

the symbol &DIz(7) signifies the left Caputo
fractional derivative [32]

1 T =28
IM/TO(T I d dg,

C]D)'Yz(T)

TO T

(2)

in which the derivative order is denoted by
v (0 < ~ < 1) Also, the parameter
m is the state time-delay, v € R" is the
control variable, and the coefficients A (1), A4(T),
and Bj(7) are continuous-time matrix functions.
Following the optimal control concept, it is
desired to determine the control v(7) minimizing
the following performance index

1 [
J:/
2 /.,

where the matrices R € R™" and @ € R9%? are,
respectively, assumed to be positive definite and
positive semi-definite.

(ZT(T)QZ(T) + UT(T)R’U(T)) dr, (3)

Theorem 1. (Pontryagin  conditions of
optimality) Under the constraint given by the
dynamical system (1)), if (2(7),v(7)) is a
minimizer of (3)), then the costate vector y(r)
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exists such that the following conditions are
satisfied:

e the Hamiltonian system, for 1o <1 < 774,

oH

C
DY2(7) = ——, 4a
D) = o (4a)
oH
R
DY —+ A 4
T ’Tfy(T) 62(7_) + 2( ) (T+m)a ( b)
e the stationary condition, for 1o < 7 < 7y,
OH
=0 5
ov(T) ’ (5)
e and the transversality condition
YD)y, =0, (6)

where EID);ny(T) (0 < v < 1) is the y-th order
right Riemann-Liouville fractional derivative of
y(7) defined by [32]

- 1 d (T )
DL y(7) = 1“(1—fy)dr/T (€ —71)"y(§)dg,
(7)
AQ(T) = Ad(T + m)X[To,Tffm](T)7 and X[a,b]

represents the characteristic function on the
interval [a,b]. The function H, called the
Hamiltonian, has also the following form

7—[::0.57<2T Qz(1) + v1 (1)Rv(1))
7) (A1(7)2(7) + Aa(T)2(T —m)  (8)
+By(r)u(r)).
Proof. First, we adjoin the dynamical

constraint to the performance index by
introducing the Lagrange multiplier y(7) € RY,
so the following augmented functional can be
formed

Juw) = [ [ =y SR dn (9)

Let df(7) denote the variation of the function
f(7); then we take the variation of J,(v) as

5.J0(v) :/: { [GZZ)]T(SZ(T)

Coon 7
+ i?z(T—m)] 0z(T —m)
[ OH T (10)
+ _ay(T) _%D;YZ(T)] 6y(7-)
KLk
+ _82}(7’)} ov(T)

—yT(7) %]DZ&Z(T)} dar.
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Next, it is easily derived that

/f { [&(f’?jm)]Téz(T - m)} dt

52 7' — dr
{y } (11)
7-f
- / (Ag(r)y(r)T82(r — m)dr

m

— /Tf (Ao (T)y(r +m))T62(7)dr,

70

where AQ(T) = Ad(’f + m)X[TO’Tf_m}(T), and X[a,b]
denotes the characteristic function on the interval
[a,b].  Furthermore, by using the fractional
integration by parts |32] and taking into account
the transversality condition @, we have

/Tf yI(7) %]D)léz(r)dT
™ (12)

_ / 7 (Fpy,u(n) " dx(ryar

T0

From Eqgs. , and , we deduce

5o(w) = / O” { [(fz{) + As(r)y(r +m)

I y(r)] b2(r)

OH o T (13)
+ | g~ o] aue)
on 1"
+ [BU(T)] 5U(7’)} dr.
On an extremal v*, we require that 6.J,(v*) = 0.

Thus, in Eq. , each factor multiplying a
variation has to be vanished. Since z(7) is
specified, it is concluded dz(79) = 0, but dz(7y) is
not equal to 0; thus, it is required that y(7s) = 0.
Furthermore, the necessary conditions given by
Eqgs. and are achieved by setting to 0
the coefficients of dz(7), dy(7), and dv(r) in

Eq. . 0

Applying the Pontryagin’s optimality conditions
given by Theorem [I] for the time-delay fractional
OCP — leads to the following fractional
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advance-delay BVP

(5D72(7) = Ai(7)2()
+A4(7)2(1 = m) = S(7)y(7), (14a)
T0 < T <74,
DY y(7) = Q=(7) + Af (T)y(7)
+A2(7)y(7 +m), (14b)
L 70 <7< Tf,
with the following conditions
{Z(T) =¢1(1), T0o—m<7<7, (15a)
y(ty) =0, (15b)

where y(7 4+ m) is the advance term in time,
z(T —m) is the time-delay argument, and S(7) =
Bi(t)R™'BI (7). Moreover, the optimal control
law has the following form

vi(r) = —R7'B{ (1)y(r), m<7<7p (16)

The analytical solution of the fractional
BVP . ., including the advance and
the delay arguments, is mnot accessible.
Thus, our main objective is to develop an
effective approximate procedure to solve the
above-mentioned BVP numerically.

3. Some Notations and Lemmas

The fractional derivatives in the senses of
left Caputo and right Riemann-Liouville have
previously been defined in (2) and ,
respectively. In the following, we give some
more definitions and properties of Caputo and
Riemann-Liouville fractional operators.

The left Riemann-Liouville fractional derivative
of z(7) is defined by [32]

)= tr=ayar . 7 O 7

where 0 < v < 1 denotes the fractional order.

R]D)'y

TO T

Regarding the left and right fractional derivatives
in the senses of Riemann-Liouville and Caputo,
the following properties hold [32]

OD7z(r) = XD7=(7)
e (UL

D, 2(7) = 7, 2(7) "
- Fé(T_f)w(Tf —7)7,

Definition 1. In order to approrimate the
left and right Riemann-Liouville fractional
derivatives, the shifted Grimwald-Letnikov (SGL)
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difference operators are defined as below [35]

[ 2l+p
1
Ao = 0 S w7 — (k- p)h), (19)
k=0

z(t + (k—p)h), (20)

v
T h’Y Z w
where h is the time step size, p is an integer, and
w,(j) = (—1)* < v ) Also, within the following

k
power series, the coefficients w,(J)

(1—2)" = Zw?)xk,
k=0

so the following recursive formula computes them

v+ 1
- k )w](cfy_)la

are satisfied

(21)

k> 1.
(22)

From and , some important properties

of the coefficients w,(:) can eagsily be deduced, as

stated in the following lemma.

Lemma 1. Let 0 < v < 1; then the coefficients

w,(:), given by FEq. , satisfy the properties

(1) (() v _ —1, w(V) =, (7) <0,
(2) —> 1wk <1 VnZl,
(3) >k wl(c V=0
Now, the space function £7(R) is defined as
LI(R) =
{=

k> 2,

(1+ |w|)?
% is the Fourier transform of z} .

It is easy to show that for 0 < y < 1, if z € L2(R),
then z € LIT(R).

[#(w)ldw < o0 (23)

i dIt12(7) 1
Lemma 2. Let 2(1) € C/(R), 57 € L (R),
=0fork=0,1,2,...,5, and 0 < v <
1; then
Nipe(r) = D)
- (24)

ADIH ()Rt + O(K),

+ Z wi(p)
=1

in which wi(p) is the coefficient of the power series

—e T . .
(% el — 1; in particular,

a7 1 AY:
Proof. The proof of this lemma is easily followed
from Theorem 1 in [34]. O

Using Lemma [2| we can formulate a third-order
difference operator for the Riemann-Liouville
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fractional derivative , as given by the
following definition.

Definition 2. We define a weighted SGL
difference operator for the Riemann-Liouwville

fractional derivative as follows
2+ gl
%AZZ(T) = TAz,OZ(T) — 5/\27712(7), (26)
where the operator Az,p has been given by .

Lemma 3. Let 0 < <1, and z(7), its Fourier
transform, and %DZH,Z(T) belong to L*(R). Then
forT e R

f%AZz(T) = f;Dlz(T) + O(h?), (27)

uniformly as h — 0, where the operator %AZZ(T)

has been defined in .

Proof. Let Flz(7)](w) = 2(w) = [e ™“¢z(¢)d¢
be the Fourier transform of z(7), where i = v/—1;
thus, we have F[z(7 — kh)](w) = e #*I2(w).
For each 7 € R, we also have F[ED]z(7)](w) =
(iw)7zZ(w). Applying the Fourier transform to the
both sides of Eq. (26]), for each 7 € R we obtain

FlaAnz(n]w) -
= (= e (T - e s w) (28)
= oa(iwh)(iw)" 2(w),
where
—z\7
oa(w) = (=52) (22— Je)
—1- %(5 +37)2? + O(a?).
There exists a positive constant Co such that
11 — oo(—iz)] < Colz|?>. Now, we apply the
inverse Fourier transform; since z(7) € LY2(R),
we derive

‘ﬁ]D)Zz(T) — %AZZ(T)‘

(29)

_ i * e—iwrx
2w
(FIEDL(r) — BAY=(r)](w))du
1 > —wT
= 27 € X
¢ J—00 (30)
(1 — o2(iwh)) (iw)" 2(w)dw|
1 o0
< [Pl
1 oo
< 02|h|22m,/oo 11+ |27 3(w) | dos
< Clhf?,
where C' = % 2+ WP (w) dw. O

Definition 3. From , we can  formally
define the second-order weighted SGL difference
(SGL2) operators as follows for the left and right

187
Riemann-Liouville fractional derivatives
1 n
BAYz(r,) = = S92 (70 — KR, (31)
k=0
1 n
B AY2(m) = — S 902 +EkR),  (32)
k=0
where h is the time step size and
o = 2o,
g,(:) = QJFT“’w,(J) — %w,(cpy_)l, k=2,3,....
(33)

Lemma shows that the SGL2 operator has
the second-order of accuracy at every time level.

Remark 1. Let z(19) = 0 and 0 < v < 1; then
by using integrating by parts, we have

Z(&)

2 ! '
%DTZ(h) = I'(1-—~) /ro (h =& “ (34)
o, 1 pr
F2-7) T2-7)/y (=g

Therefore, if the function z(T) has no derivative
at T = 719, then the SGL2 formula is of
accuracy order 1—vy. Moreover, the SGL2 formula
is of accuracy order 2 — v if 2'(19) = 0 and the
second derivative of z(T) does not exist at T = 7.

()

Now, we present the following properties for
{gk

} by using Lemmas |1| and

Lemma 4. For 0 < v < 1, the following
properties are satisfied by the coefficients in :

(1) g =143, o =-202,
() _ v(y+37v-2) g(v) <0,

2 A Wt
(2) _ZZ:lgk’Y <go'77 vn227

(3) Xe9) =0.

k>3,

4. Numerical Method Formulation

Following the theoretical parts given in the
previous section, here we formulate an accurate
finite difference method to solve the fractional
advance-delay BVP —. To this end, first
consider that the approximate values of z(7,,) and
y(7n) are denoted by z, and y,, respectively.
Applying the SGL2 formulas and on
the uniform grid points 7, = 79 + nh (n =
0,1,...,N) with h = % as the time step size,
a full discretization of the Pontryagin’s conditions
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— is formulated as follows
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approximate state and control functions.
Meanwhile, the performance index values J =
1.0807,1.0658,1.0510 were attained for v =
0.8,0.9,1, respectively. As can be seen from
Figure the numerical approximation goes to
the classic solution when v tends to unity. Also,
as depicted in Table [I} the cost functional values
obtained by our proposed scheme is less than
those previously achieved in |35] by using a linear
programming (LP) control strategy. Thus, the
given comparative discussion in this part verifies
the efficiency of the suggested technique for

solving the fractional OCP —.

Table 1. Comparison of the
approximate values for J (Example

).

gAZzn = A1 (Tn)zn + Ad(Tn)én
—S(Tn)yn, 70 < T < T4, (35a)
B Ay = Qzn + AT (7)Y
+A2(Tn)gn’ 0 <7< TF, (35b)
2 =P(ron), n=0,1,2,..., (35¢)
Lyn =0, (35d)
where 7_,, = 19 — nh, and
2n = Z(TTL - h)
¢(Tn - h)v
—h<
N ™ — h < 70, (36)
p1(Tn — hs 2, 2611),
70 < Tk < T — h < Tgy,
gn ? y(Tn + h)
P1 (TTL + h’7 Yi—1, yl)v
< :
N Ti—1 < T+ h <7, (37)
0,
Tf S Tn + h,

in which 0 <4,k < N — 1. Besides, the function
p1 is the linear interpolation polynomial

§— Tk Th+1 — §
_ 38

Al T 2 (38)
determined by the support points (7%, z;) and
(Tk+1, 2k+1). Therefore, the value of the optimal

control for n =0,1,..., N is approximated by
vy = =R BY (7)), (39)

where v represents the numerical approximation
of v*(1y,).

P1(&; ks Zhy1) =

5. Numerical Examples

Here, we employ three numerical examples to
show the effectiveness of the proposed finite
difference technique. Comparative results are also
given to verify the superiority of the suggested
scheme over the other methodologies available in
the literature.

Example 1. As the first case, consider a delay
fractional OCP in the form of minimizing

2
i=; /O (2(r) +v2(r)) dr,  (40)
subject to
§DIz(t) = 12(1 — 1) +o(r), 0<7<2,
z(r)=1, —-1<7<0.
(41)

Solving the problem — for different
values of ~, we portray, in Figure [I the

Y Method
LP strategy 35| | Proposed technique
0.8 1.0807 1.0658
0.9 1.0658 1.0658
0.1 1.0514 1.0510
1.: g
--=-y=09
0.9 1 —~ =1 (classic solution)

0 02 04 06 08 1
T (sec.)

1.2 1.4 1.6 1.8 2

4t -=--y=08
=-==y=0.9 |
—~ =1 (classic solution)

"0 02 04 06 08 1 12 14 16 18 2

T (sec.)

Figure 1. Simulation curves of z(7)
and v(7) for Example

Example 2. Let us take into account, as the
second example, the performance index

J= ;/01 {G1() + 22(1) + (1)} dr, (42)
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together with the delay fractional dynamical

equations
§DYz (1) = T21(7) + 22(T7 — 1), 0 < 7 < 1,
§DY22(r) = T22(7) = b1 (1 — })
—m(r— 1) +o(r), 0< 7 <1,
(43)
and the initial conditions
[21(7')]:[1] _1<7_<0 (44)
22(7') 1|’ 4 — -7

We plot the state and control variables in Figure[2]
for some values of . Also, the performance index
values J = 2.7999,2.2393,1.7548 were obtained
for v = 0.8,0.9, 1, respectively. Comparing the
results with those reported in [35] shows a good
agreement, a fact which confirms the efficiency of
our proposed scheme to solve the delay fractional
OCP —. In addition, the classic solution
is recovered by the fractional response in Figure
when ~ goes to 1, a fact which is in line with
the correctness of our numerical implementation.

--y=08 \

04 [====y=0.9 A
—~ =1 (classic solution)
02 ! ! ! ! ! . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T (sec.)
2 T T T T
; -=-v=08
=-==7=0.9
——~ =1 (classic solution) | |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

7 (sec.)

16p{" " v=08 P =
--=-y=0.9 RN
1.4 |——~ =1 (classic solution) \
7 e, \
12F et ~ \
/’, -~ \\ N
\, AN
z ! /,:’, Ny
= 08l ‘}, \\ \\
\
06 VY \Y
Y \
04t N\
\
021y W
o | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T (sec.)
Figure 2. Simulation curves of

21(7), z2(7), and v(7) for Example
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Example 3. As a practical case, here we consider
the minimization of

ty
J:/ (1042%(7')—%1)2(7')) dr, (45)
0
subject to the simplified fractional model
—a 0 0
§DI2(r)=| 0 0 1| 2(r)
0 —w? —2w
[0 ka 0
+[0 0 0 |=2(7-0.33) (46)
|0 0 0
[0
+ | 0 [o(r), 7>0,
-~ W2

which s connected to a wind tunnel at the
NASA Langley Research Center. The vector
z(T) represents z(1) = (z1(7),22(7),23(7T)), the

1
parameters in the model (46) take the values — =

a
1.964, £ = 0.8, w =6, and k = —0.0117, and the
initial conditions are considered as

—0.1
8.547 |,
0

z(1) = -0.33< 1 <0. (47)

Simulation curves of z1(7), z2(7), 23(7), and v(7)
for 7/ = 20 and v = 0.8,0.9,1 are shown in
Figure This figure confirms the convergence
of the fractional response to the classic solution,
given in [36], as 7 goes to 1. Comparison of
our numerical findings with those reported in
[35] also shows that the new scheme is accurate
and efficient to solve the delay fractional OCP

@3)-ED-

6. Conclusion

In this study, we presented an approximate
numerical solution for time-delay fractional OCPs
using a novel finite difference formula. We began
by formulating the optimality conditions as a
system of fractional advance-delay BVPs and then
applied our accurate finite difference method to
solve these complex problems. The error analysis
and convergence properties of the proposed
method were discussed in detail, demonstrating
its reliability and effectiveness. Through

several illustrative examples and associated
simulation results, we showed the accuracy,
validity, and correctness of our approach.
In particular, our third example, which is

connected to a wind tunnel at the NASA
Langley Research Center, served as a practical
case demonstrating the applicability of our
method to real-world problems in engineering
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0.02
ol 79: e W R
p/
¥
-0.02 'l'
/
= l/
~— -0.04 17
¥
-0.06
--y=08
-0.08 —-=-y =09
— =1 (classic solution)

0 2 4 6 8 10 12 14 16 18 20
7 (sec.)

-20

= ---y=08

% =-==~y=0.9 i
— v =1 (classic solution)
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—~ =1 (classic solution)

0 2 4 6 8 10 12 14 16 18 20
T (sec.)

Figure 3. Simulation curves of 21(7), 22(7), 23(7), and v(7) for Example

and aerodynamics. Furthermore, comparative
experiments highlighted the superiority of our
new method over other approximation schemes
developed in previous studies. These results
not only validate the effectiveness of our
approach but also emphasize its potential
for addressing challenging problems in various
natural sciences and engineering disciplines.
Looking ahead, future perspectives of our work
include exploring extensions of the proposed
method to more complex systems and further
practical applications. Future research directions
may also involve further refining the algorithm,
exploring additional applications across diverse
scientific disciplines, and potentially integrating
advanced computational techniques to enhance
the method’s efficiency.
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In this study operating room scheduling (ORS) problem is addressed in multi-
resource manner. In the addressed problem, besides operating rooms (ORs) and
surgeons, the anesthesia team is also considered as an additional resource. The
surgeon(s) who will perform the operation have already been assigned to the
patients and is a dedicated resource. The assignment of the anesthesia team has
been considered as a decision problem and a flexible resource. In this study,
cooperative operations are also considered. A mixed integer linear programming
(MILP) model is proposed for the problem. Since the problem is NP-hard, an
artificial bee colony (ABC) algorithm is proposed for the problem. The solutions
of the ABC are compared with the MILP model and random search.
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1. Introduction

For many hospitals, operating rooms (ORs) are the
costliest unit, but they are also the unit that makes the
biggest contribution to the hospital's income.
Therefore, the planning of ORs is important for
hospitals [1]. Scheduling activities are important in the
effective management of ORs. Patient assignment to
ORs and determining the starting time of the operations
becomes a complex problem due to additional
resources [2]. In many hospitals, ORs are scheduled
manually. As a result of the manual solutions of such a
complex problem, ineffective schedules are created. By
using optimization methods in the operating room
scheduling (ORS) problem, it may be possible for the
hospital management to serve more effectively to
patients and managed the ORs efficiently [2].

ORS problems are an important problem that is studied
frequently. Literature reviews on the ORS problem are
reachable to related articles [3-8]. ORS problems can
be classified according to various criteria. These
criteria can be considered as the resources, resource
types, scheduling period, objective functions, patient
types, solution methods and additional features [9].
ORS problems are resource-constrained problems. The
limited resources considered in ORS problems are
surgeons, downstream beds [10], nurses, anesthesia
team and equipment/tools. If the resources under
consideration have been previously assigned to
patients, they are classified as dedicated resources. If
the assignment of resources is considered as a decision

*Corresponding author

problem, it is classified as flexible resources [11].
According to the scheduling period, it is considered as
a single/multi period. If scheduling is done for only one
day, it is called a single period, if it is done for more
than one day, it is called multi-period [12]. The
scheduling of ORs is considered in two stages in
hospitals. In the first stage, the patient's operation is
assigned to a future date and it is long-term planning.
The second stage is short-term planning, and it is the
stage of determining the operation start times and
assignment of ORs to patients on the relevant day. In
short-term planning, only daily planning is done in
hospitals [2].

Classification of the patients can be made as elective
and emergency patients. In some studies, only elective
patients are considered. Because in many hospitals,
separate ORs are dedicated for emergency surgeries
[2]. There are also studies that consider both elective
and emergency patients [13]. In some studies, patients
are prioritized according to the urgency of their surgery
[14].

Many different objective functions are considered in
ORS problems. There are multi-objective studies as
well as studies that consider single objective function.
Minimizing total cost, tardiness, overtime, idle time,
waiting time, number of ORs, total completion time,
maximum completion time (makespan), maximizing
resource balancing [15], maximizing number of
patients [16], service level are objective functions of the
ORS problems [4].
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Solution approaches of the ORS problems can be
classified as exact and heuristic solutions. Since ORS
problems are NP-hard problems, heuristic algorithms
were proposed for solving large-sized problems [17].
Heuristic algorithms do not guarantee the best solution.
Mathematical modeling  [18],  decomposition
algorithms ([19] and [20]), branch and price, branch
and cut [21], column generation [22] are exact solution
methods that guarantee the best solution.

Real-life constraints should be taken into account as
much as possible while defining the ORS problem. In
other words, the problem should reflect the real-life
problem as much as possible [23]. For this purpose,
additional features are taken into account in many
studies. In some studies, some parameters are
considered fuzzy or stochastic [11]. Another feature
that has been addressed is necessity of more than one
surgeon in an operation [2]. Such operations are
considered as cooperative operations. All employed
surgeons must be available in order to perform the
operation of the relevant patient. In some studies,
making up of the team is considered [24]. In addition,
the skill compatibility feature and the eligibilities on
ORs and surgeons are considered. Not every patient can
be assigned to every OR or surgeon with eligibility
constraints [2].

The ORS literature was reviewed considering the
classification of the problem. In most of the early
studies on the subject, only surgeons and/or the ORs
were considered as resources [25]. Fei et al. [25],
proposed a column generation method for the solution
of ORS problem. Fei et al. [26], proposed hybrid
genetic algorithm (GA) for ORS problem. They
considered multi- period feature. Vijayakumar et al.
[27], considered nurses and equipment as additional
resources. They proposed heuristic algorithms.
Priorities of patients was taken into account. Agnetis et
al. [19], proposed a decomposition algorithm for ORS
problem. Fiigener et al. [28], considered multiple
downstream units for ORS problem. They proposed an
exact solution method. Aringhieri et al. [29], proposed
two-level heuristic algorithm for the ORS problem with
downstream beds. Jebali et al. [30], used stochastic
programming for ORS with downstream beds. They
considered multi- period feature. Pariente et al. [31],
proposed heuristic algorithm for ORS problem with
objective function of maximizing service level. They
considered priorities of patients. Wang et al. [32],
considered nurses and anesthesiologist as additional
resources for the solution of ORS problems. Constraint
programming was used in the study. Heydari and Soudi
[33], used stochastic programming for ORS problem.
They  considered downstream beds  and
elective/lemergency patients. Vali- Siar et al. [12],
considered nurses, anesthesiologist and downstream
beds as additional resources. They proposed genetic
algorithm (GA). Hamid et al. [24], considered
downstream beds and equipment as additional
resources for the ORS problem. NSGA Il algorithm
was proposed for the solution of the problem. Addis et
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al. [34], used robust optimization for multi- period ORS
problem. Ahmed and Ali [35], used fuzzy TOPSIS and
MILP model for the problem of ORS with objective
functions of maximizing patient preferences and
minimizing total cost. Coban [36], proposed a heuristic
and an optimization model for the ORS problem with
equipment. Khaniyev et al. [37], proposed heuristic
algorithms for ORS problem. They considered
uncertainty on parameters. Zhang et al. [11], used
stochastic programming for the problem of ORS with
downstream beds. Objective function of the problem is
minimizing total cost. Britt et al. [38], considered
multi- period ORS problem. Downstream beds and
equipment were taken into account as additional
resources. Roshanaei and Naderi [21], used benders
decomposition algorithm for ORS problem. The
objective function of the problem was maximization
total scheduled surgical times. Park et al. [2], proposed
a mathematical model for ORS problem with
preferences and cooperative operations. Rachuba et al.
[39], taken into account downstream beds for the
problem of ORS. Simulation is used for the solution of
the problem. Mazloumian et al. [18], proposed a robust
multi- objective integer linear programming (MOILP)
model for the solution of ORS problem with
downstream beds. Azaiez et al. [40], proposed heuristic
algorithm for ORS problem with makespan
minimization. Makboul et al. [41], considered priorities
of patients for ORS problem. Robust optimization was
used for the problem. Oliveira et al. [42], considered
anesthesiologist as an additional resource for ORS
problem with multi- period. Integer linear
programming (ILP) model was proposed for the
problem. Lotfi and Behnamian [1], proposed multi-
objective variable neighborhood search algorithm for
multi- period ORS problem.

Heuristic algorithms have been proposed in very few of
the studies in which additional resources such as
nurses, downstream beds, and anesthesia team are
taken into account. In many studies, only surgeons are
taken as additional resources. In addition, there are
studies that consider downstream beds as additional
resources. There are few studies that consider the
anesthesia team ([32],[12],[42]). Among these studies,
Vali-Siar et al. [12] proposed a GA. Other studies used
optimization or simulation methods.

In ORS problems, setup times have been neglected in
many studies. However, in real life, the ORs are being
prepared for the next operation when an operation is
completed. Different equipment and tools are used in
different operations. Some tools and equipment are
mobile. After an operation is completed, setup must
begin for the next operation immediately. During the
setup phase, the cleaning of the OR, the transportation
of the necessary tools, the sterilization of the used
resources, the preparation of the surgeons, nurses and
the anesthesia team are carried out [43]. Setup of an
operation varies depending on the operation scheduled
before it in the same OR. For example, when two
operations using the same mobile devices are scheduled
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sequentially, the setup time may be shortened
according to the sequential scheduling of operations
using different mobile devices. In other words, setup
times are sequence dependent [44]. There are few
studies that consider sequence-dependent setup times in
ORS problems. It was observed that additional
resources considered in ORS problems such as the
surgeons, beds and anesthesia team were neglected in
many studies about ORS problem with setups [44].
Arnaout and Kulbashian [45], considered sequence
dependent setup times in the ORS problem. Additional
resources were not considered in the problem. The
objective function was makespan minimization.
Simulation was used for the problem. Arnout [46],
proposed a heuristic algorithm for the solution of the
ORS problem with sequence dependent setup times.
Additional resources were not taken into account.
Hamid et al. [43], used simulation for the ORS problem
with sequence dependent setup times. Intensive care
unit (ICU) beds were taken into account as an
additional resource. The objective function is
makespan minimization. Zhao and Li [47], considered
sequence dependent setup times in the ORS problem.
The use of additional resources was not taken into
account in the study. They minimized the total cost. A
nonlinear programming model and constraint
programming used to solve the problem.

In this study, the problem is defined by considering a
state hospital. Anesthesia teams are taken into account
in the study. Anesthesia teams consist of specialist
doctors, nurses and anesthesia technicians. An
anesthesia team accompanies the patient during the
operation. Assigning an anesthesia team to patients is
an decision problem. In other words, the anesthesia
team is a flexible resource. The relevant anesthesia
team can serve only one patient at a time. Since there
are limited number of anesthesia teams in hospitals,
patient waiting occur if there is no team available. In
addition, the case of more than one surgeon
involvement in some operations is considered.
Surgeons can only perform one operation at a time. The
patient's operation may be start as long as the employed
surgeon or surgeons are idle. Since the assignment of
surgeon(s) to operations are predetermined, surgeons
are considered as a dedicated resource. In addition, the
setup time of the OR for the relevant patient varies
depending on the previous operation in the same OR.
In other words, operation setup times are sequence
dependent. By solving the problem, the anesthesia team
and OR are assigned to the patients and the order of the
operation is determined. A MILP model and ABC
algorithm are proposed for the problem. The proposed
algorithm is compared with the MILP and random
search.

According to the literature review, it was seen that
sequence-dependent setup times were not addressed in
many studies [48]. In addition, heuristic algorithm has
not been proposed for the ORS problems, which took
into account the sequence-dependent setup times and
additional flexible/ dedicated resources. Literature is

given in Appendix Table Al.

In this study an ORS problem is addressed that is not
considered in the literature. Sequence dependent setup
times, both flexible and dedicated resources are taken
into account and a very complex operating room
scheduling problem is addressed. In many studies that
is proposed heuristic algorithm to similar problems,
mathematical models are used to calculate objective
function value of the solutions, due to complexity of the
obtaining a feasible solution considering all resources.
Collaboration with optimization model may be time
consuming. In this study a heuristic algorithm is
proposed to solve this complex problem. The unique
value of the ABC algorithm is the decoding algorithm,
calculation of objective function of the solutions,
considering all flexible/dedicated resources.

With this study, a heuristic algorithm is proposed to a
problem that is not considered before. The success of
the proposed algorithm is demonstrated comparing the
results of heuristic with MILP model results through
small size problems. Only small size test problems are
solvable in reasonable time (3600 seconds). For large
size test problems, the ABC algorithm is compared
with random search.

In the second section of the study, the problem
definition and mathematical model are given. In the
section third, heuristic algorithm is given. In the fourth
section, test problems are derived and parameters of
heuristic algorithms are determined. In addition, the
success of the heuristic is demonstrated. The last
section is the conclusion section.

2. Optimization model

The addressed problem is described in detail in this
section. A MILP model has been proposed. The
proposed model is applied to an example problem.

2.1. Problem definition

A state hospital was taken into account in defining the
problem under consideration. In the study, operational
(short time) scheduling activity was addressed. The
assignment of OR to patients, the order of the
operations, assignment of anesthesia team to operations
are achieved by the solution of the addressed problem.
In order to perform the operation of n number of
patients, the patient must be assigned to an OR among
m ORs. An operation of a patient may begin as long as
the surgeon or surgeons who will perform the operation
are available and an anesthesia team must be assigned
to the operation of the patient. Each surgeon and
anesthesia team can only operate on one patient at a
time. Some operations may require more than one
surgeon. If the surgeon or at least one of the surgeons
who will perform the operation is in the operation of
another patient or if there is no idle anesthesia team,
patient waiting occur. Since both surgeons and the
anesthesia team are taken into account, a multi-resource
problem is defined. Since the surgeon(s) who will
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perform the operation of the patient is determined
before the operation day, surgeons are a dedicated
resource. The anesthesia team to be assigned to the
patient is considered as a decision problem and is a
flexible resource. Before starting the operation, OR
must be prepared for the operation. Setup is done in the
same OR immediately after the operation of the
previous patient is completed. In the setup phase, the
cleaning of the OR, sterilization and positioning of the
necessary equipment and devices are conducted. The
setup of the operations can be done simultaneously in
different ORs. Setup times are sequence dependent.

Characteristics of the model:

e Two different type of resource is considered
as flexible and dedicated resource. Surgeon(s)
that perform each operation is predetermined
and is a dedicated resource. The assignment of
anesthesia team to operations is conducted by
the MILP model and is a decision problem.
The anesthesia teams are a flexible resource.

e Appropriate constraints have been added to
the model so that each resource can only
perform one operation at a time.

o Before the operation, setup of the operation is
conducted.

e More than one surgeon may be involved in an
operation.

o If at least one surgeon that will involve in an
operation is in another operation at a time,
there will be a waiting times of patients.

e If an anesthesia team is needed for different
operations at the same time and there is no
anesthesia team available, waiting times will
be occurred.

Assumptions:

e The operation times and setup times are
deterministic.

e The surgeon(s) that perform each operation
are predetermined.

e The setup of an operation is conducted after
the completion of the previous operation.

e Patients do not have anesthesia
preference.
All patients have equal priority.
The resource responsible for the setup is
ignored.

team

2.2. MILP model

Sets and Indices

p, | and k show patient indices and N={p,lk|
p=l=k=1,...,n}

o0 shows OR index and M={o| 0=1,...,m}

r shows position index and N={r| r=1,...,n}

d shows surgeon index and U={d| d=1,...,u}

g shows anesthesia team and 4A={g| g=1, ...,a}

G. Bektur, H.K. Aslan / IJOCTA, Vol.14, No.3, pp.193-207 (2024)

Parameters
t,: Operation time of the patient p
SQ,: Setup of OR for patient p that is scheduled on the
first position
ST, . Setup time of OR for patient | that is scheduled
after patient p
B: Very big number

H '{1, If f surgeon d operates the patient p
pa |, Otherwise
Decision Variables
'{1, If patient p is assigned to room o on positionr
Yoo’ 0, Otherwise
X _{1, If patient p is assigned to anesthesia team g
P9 (0, Otherwise

foi:
’ 1,If operation completion time of p is less than
the operation start time of patient |
0,1f operation completion time of lis less than
the operation start time of patient p
C, Operation completion time of patient p
W, Operation starting time of patient p
L,: Waiting time of patient p
T;: Setup completion time of patient |
Crnax: Maximum completion time

Model

Min Z,= Cpax @
T, +B(1-y,,,) =5Q, VI ro0andr=1 (2
T,—B(1-y,,,) <SQ VI roandr=1 3)

T+ B(Z “Viro yk,r—l,o) = Cy + STy,

Yk Lr o [k r>1 (4)
Ty = B(2 = Yiro = Yir-1,0) < Cic + ST

VLo Itk r>1 5)
C=T,+t,+1, VI ©6)
Wo=T,+1, Vp @

Cl < Vl/p + pr,l + B(Z — x,,g - xp‘g)

vp,l,gandp <l (8)
Co =W +B(1—fr)+B2—x,9—xp4)
vp,Lgandp <l 9)
CL < W, + Bfy, + B(2— Hygq — Hyg)

vp,,dand p <l (10)
C, <W +B(A—f,)+B2—-Hy,q—Hy)
vp,l,dandp <1 (11)
YgXpg =1 Vp (12)
YpYpro<1 Vro (13)
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2rXoYpro=1VP (14)
XpYoro— ZiVir-10<0 Vroandr>1 (15)
Cimax 2 Cp vVp (16)
Ypro00 Xpgr fp1 € {0,1} and

Cor Tt Voo Iy, Cmax 20 a7

Constraint (1) minimizes makespan. Constraints (2-3)
calculate the setup completion time of the patients that
is scheduled on the first position of each OR.
Constraints (4-5) calculate the setup completion time of
the patients that is scheduled except for the first
position of each OR. Constraint (6) calculates the
operation completion time of the patients. Constraint
(7) calculates the operation starting time of the patients.
Constraints (8-9) prevent simultaneous operations on
patients assigned to the same anesthesia team.
Constraints (10-11) prevent simultaneous operations on
patients assigned to the same surgeon(s). Constraint
(12) ensures that an anesthesia team is assigned to each
patient. Constraint (13) satisfied that maximum one
patient can be assigned to a position of an OR.

Constraint (14) provides that assignment of each
patient to an OR. Constraint (15) allows patients to be
assigned in sequence. Constraint (16) calculates Ci, -
Constraints (17) are sign constraints.

An example is given in Figure 1. Parameters of the
problem is given in Appendix Table B1. Accordingly,
patients 1,8, and 2 were assigned to OR 1, patients 4, 7
and 3 were assigned to OR 2, and patients 9, 5 and 6
were assigned to OR 3. First Anesthesia team was
assigned to the 1st patient, and the 2nd Anesthesia team
was assigned to the 4th patient. The anesthesia team
assigned to patients is indicated in parentheses next to
the patient number in the Figure 1. The anesthesia team
assigned to other patients is given in the Figure 1. (Dx)
denotes the required surgeon(s) for operation of the
relevant patient. For example, for patient 6 the second
surgeon (D2) employed for the operation. If the Figure
1 is examined, it is seen that the anesthesia teams and
surgeon(s) are performed only one operation at the
same time. The setups of operations can be done at the
same time. The setup of the operations starts as soon as
the previous operation is completed in the same OR.
The objective function of the optimal solution is 814.

Setup
OR1 [ 2@ | [ operation
21 157 315 347 407 447 610 729
29 94 110 204 237 453 610
or3| GBI | [ s@@20308 [ ] [ @02 ]
11 157 177 315 453 488 729 814

Figure 1. Gantt Chart of the optimal schedule

3. ABC algorithm

3.1. Steps of the algorithm

ABC algorithm was proposed in 2005 by Karaboga
[49]. ABC algorithm was designed by modeling the
foraging behavior of bees. ABC algorithm is an
algorithm based on swarm intelligence. The algorithm
has 3 stages: employed bee stage, onlooker bee stage
and scout bee stage. The algorithm makes
intensification at the employed and onlooker bee
stages. It makes diversification at the scout bee stage.
At the end of the employed bee stage, the probability
value of the solutions is calculated. Accordingly, the
probability values of high-quality solutions are also
high. Probability values are taken into account when
choosing a solution at the onlooker bee stage. High
quality solutions are more likely to be selected [50].
New solution is generated for selected solution by one
of the insertion or swap methods. If the new solution
produced is a better solution, the existing resource is
replaced with the new solution, otherwise the I; value
of the relevant resource is increased by one. In the
algorithm, bees are in a position to turn to higher quality
resources. For resources whose I; value is equal to the
limit value, the scout bee stage is run and the related

solution is replaced with a randomly derived solution.
The steps continue until the predetermined number of
iterations is achieved [51]. The ABC algorithm is given
below [49,51].

Procedure: ABC algorithm

Input: Problem parameters, Iteration

number (T), Limit value, Population

size (2N)

Output: Optimal or near optimal

solution

Construct initial population with

size N randomly and calculate the

fitness (f(i)) of the each solution;

t-0;

While (t<T)

Assume trial value of each

resource 0;

//Employed bee phase

For i=1:N
Match resource i with a
resource randomly and
generate a new resource
by two point crossover
and calculate fitness
value of the new
resource;
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If new resource better
than resource i
Replace resource i
with the new
resource;
trial (i)~0;
Else
trial(i)<trial(i)+1;
End
End
Determine the maximum fitness
value as F;
Calculate probability value of
resources;

Probability (i)« 09(f)+01;
//Onlooker bee phase
Assign each onlooker bee to a
resource considering
Probability values;
For i=1:N
Match resource i with a
resource randomly and
generate a new resource
by two point crossover
and calculate fitness
value of the new
resource;
If new resource better
than resource i
Replace resource i
with the new
resource;
trial (i)<0;
Else
trial (i)« trial(i)+1;
End
End
Record the resource with best
fitness value;
//Scout bee phase
Find the resource with maximum
trial number as 1i*;
If (trial(i*)>1limit)
Replace resource 1 with
a random solution;
trial (i*)0;
End
tt+1;
End
Fitness values of the solutions are calculated by
Equation 18. Z(i) is the objective function value of the

resource i.
1

1+2(i)

1+1Z0l

if Z>0
ifZ<0

f(i)= (18)

3.2. Representation of the solutions and decoding
algorithm

The matrix of V"7 is used to represent the solutions.
Pop denotes the number of individuals in the

population. The ¥, °” matrix consists of the number of
Pop rows and the number of n (number of patients)
columns. The number of columns is equal to the
number of patients and the number of rows is equal to
the population size. V} €[1,n] and V;\ # V' . Each row
constitutes of permutation representation of the
patients. In other words, patients are ranked randomly
in each row of the ¥7,°? matrix. The representation of
the solutions is given in Figure 2. The assigned OR and
the anesthesia team of patients are determined by the
decoding algorithm. Therefore, this information is not
included in the representation of the solutions.

1% Ind. Vi V2 VI

2" Ind. V2 /43 j2 V) €[1,n] and
: : : : Vpi +Vivp,i,l

pop™ Ind. | Vlzwzz | Vzpoza | | V;lpop |

Figure 2. Representation of the solutions

Objective function of the number of Pop solutions are
calculated by decoding algorithm. With the decoding
algorithm, the patients are assigned to the ORs and the
anesthesia team and order of the operations are
determined. In addition, anesthesia teams and
surgeon(s) operate only one operation at the same time.
Some of the abbreviations used in the algorithm are
given in the description of the MILP model. Newly
defined abbreviations are given below.

OT, : Operation completion time of the last patient that
is assigned to OR o

0™: The OR that the next patient will be assigned

gp- The anesthesia team that is assigned to patient p
PA,: Operation completion time of the patient that is
assigned to anesthesia team g

po: The patient that is last assigned to OR o

k,: The number of patients that is assigned to OR 0
seqy: The patient that is scheduled the order of k in OR
0

The operation times of the patient Vp1 that is assigned
to OR o’ and the patient V;* that is assigned to OR o”
is not overlap as long as the one of the following
conditions is met.

Case 1: The operation completion time of patient ;" is
smaller than operation starting time of patient V;*. This
situation is represented by Equation 19. Case 1 is
shown in Figure 3.

< 1
Cvpl < WVll (19)
Wy, Crs Tva Wy Cvy
o .. Vo1 Setup V' |43
0" Vi, Setup V! vt
W1 Cy1 Ty CV1
Vieg Vieg Wvli 1

Figure 3. Case 1

In Figure 3, the operation time of V' and V' do not
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overlap. Because the operation completion time of
patient ;' is equal to the operation start time of patient
V.

Case 2: The operation start time of patient ;' is greater
than the operation completion time of patient V. This
situation is represented by Equation 20. Case 2 is
shown in Figure 4.

val = CVzl (20)
WVI} CVI}
o' ”.‘ Vi, Setup ;! .“‘ A
0" ‘ Vi, | Setup V2 Vi
WVZ1—1 CV11-1 TVll CVll
Wy

Figure 4. Case 2

In Figure 4, the operation time of V' and ;' do not
overlap. Because the operation starting time of patient
Vp1 is greater than the operation completion time of
patient V.

By using the decoding algorithm, feasible solutions are
obtained from each solution representation and the
objective functions are calculated.

In the decoding algorithm, first of all, for each solution,
the OT,, values, which shows the operation completion
time of the patient who was last assigned to the OR o,
are taken as 0. The first patient in each row is assigned
to the first OR. In the first solution, the first patient is
shown as patient V! and the OR to which it will be
assigned is o*. The setup of the first patient V! begins
at time 0. The setup completion time of the patient V!
(Ty,) is calculated. Since patient Vi is in the first order

of the OR it is calculated as T\, = SQy1. After the

setup is completed, the operation starts and the
operation start time is shown as Wya. The operation

completion time (Cy,1) is calculated as Wy, 1+t,1. The

time that OR is used is recorded as an interval
(WVII—Cvll). The patient is randomly assigned to the

g‘*,ll anesthesia team. The operation time of the
anesthesia team is taken as the interval (W1 — PA,1)
and the value of PAy. is equal to the value of Cy..

Patient V! who was last assigned to OR o* is recorded
as p,+. The next patient V3 is assigned to the OR o* that
is the smallest setup completion time (0" «
arg moin(OTo +STprvp)) Typ value is calculated as

(0T + STy 1) OF if no patient has been assigned to
the relevant OR yet is calculated as (0T, + SQV21).
First, after determining the o* OR to which the V}
patient will be assigned, the Ty is calculated. The
patient's operation completion time is calculated as
Wy + 1. If this value coincides with the operation
times of other ORs, the surgeon(s) in the conflicting
ORs and the surgeon(s) employed in the operation of
patient V& are checked. If the same surgeon(s) is

employed, the operation start time of the V} is
postponed. If different surgeon(s) are employed, the
patient 7} is assigned a different anesthesia team than
the patients with the overlap. If there is no free
anesthesia team, the earliest completed anesthesia team
is assigned to the patient. These steps are repeated for
all patients. The decoding algorithm is given below.

Procedure: Decoding algorithm

Input: A solution (), problem
parameters

Output: Objective function of the
solution

0T, < 0; k,<0;
//The first patient V! is assigned to
first OR and first //anesthesia team;
0"« 1; TV11 « SQV11;CV11 « SQV11 + tvll,’

* . . .’ 1.
gvlwl,PAg;% < Cyai 0Ty & Cpaipoe < Vijkoe

ko +1; seqd «Vi; Wya < Tya;
For i=2:n
0" « arg mom(OTo + STp{),Vil)’.
TVil « 0T, + STp;*,Vil" p(’)* « Vil,'
seq) < Vi; Wys e Tya;
xe—Tw1+th z0;
//The operation starting time
of patient V! is determined
considering //the surgeons;
While (j<=m)
A«—l,’
For 1=1:k;
U-seq; ;
If (x <Wy)or (WVi1 > Cy)
//No overlap
Else
Ze—z+1;
Overlap(z)=U;
If (Hyg == HVil,d)
inl — Cu,
X < inl + tVi1;
j<—1 ; A0 ;
End
End
If (A==0)
Break
End
End
If (A==1)
Jj+1;
End
End
Z<—O,‘
//Assignment of anesthesia team

and updating of operation
starting //time considering
anesthesia teams;

For j=1:m
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For 1=1:k;
U-seqj ;
If (x<Wy)or (W, = Cy)
3
//No overlap
Else
z—z+1;
Overlap(z)=U;
G\{gy}:
End
End
End
If (G=={})
gy1 < argmin PAg«;
i g
inl « max (PAgr*/il’ WVil),‘
Else
‘ PA,+;
sy are g
WVi1 < max (PAg‘*’il’ inl)"
End
Cpa Wy +tya; Pz‘lgi*/i1 < Cyri
OT,~ « CVil,' ko < ko +1;
End

4. Computational results

4.1. Parameters of the heuristic

Although in most of the studies on heuristic algorithms
parameter levels are determined without an analytic
method, in this study Taguchi experimental design
(TED) method is used to determine the levels of the
ABC algorithm parameters. The parameters of the ABC
algorithm are N, T and limit value. Firstly, alternative
parameter levels are determined through preliminary
experiments and given in Table 1. L27 orthogonal array
is chosen due to there are 3 parameters and 3 levels for
each parameter. In TED method, signal-to-noise ratio
(S/N) is used as a measure to determine the
characteristics of engineering problems. To optimize
the ABC algorithm parameters “the smaller, the better”
performance criterion is used in TED method due to the
addressed problem has a minimization objective
function. The calculation of S/N is given in Equation
21. In Equation 21, n is the number of observations in
each experiment and Y; is the objective function of
ABC algorithm with the related parameters. The
optimal parameters are selected considering the highest
S/N values. Minitab 16 for Windows (Minitab Inc.) is
used to apply TED method to problem.

S 1
2 =10 xlog G XL, ¥?)

(21)
For the test problem with 7 ORs algorithm was run at
the relevant parameter levels. The main effects plot for
SIN ratios for the algorithm is given in Figure 5. In
ABC algorithm, N level sets to 1000, T level is 100 and
limit is 10.
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Table 1. Parameter levels of the ABC algorithm

Parameters Levels
N 500/750/1000
T 50/75/100
limit 5/7/10

Main Effects Plot for SN ratios
Data Means

N T fimit
69,500
» 69525
2
=t
=
~ 69550
wv
b
© 69575
i
g
g
= -69,600
69,625
69,650
500 750 1000 50 75 100 5 7 0

Signal-to-noise: Smaller is better

Figure 5. S/ N ratios of the algorithm

4.2. Comparisons

Properties of test problems are given in this section.
The number of ORs (m) setto 3, 5, 7 or 10. The number
of patients was taken as 3*m, 5*m, 7*m and 10*m. The
number of surgeons was taken as 4, 7, 10 and 14, and
the number of anesthesia team as 2, 3, 5 and 7. The
parameter t, were derived according to a uniform
distribution in the U(40,170) range. Sequence-
dependent setup times are derived in accordance with
the uniform distribution in the range of U(20,50),
U(10,40) or U(30,85). The H,, ; parameter is derived so
that 60% of the patients receive service from only one
surgeon, 25% of the patients receive service from two
surgeons and 15% from 3 surgeons. For each problem
type two test problems are derived.

Test problems are run with the MILP model, ABC
algorithm and random search. The results of random
search also is an upper bound for the related test
problem since for all test problems random search gave
worse solution than ABC algorithm. In random search,
random solutions are generated and the objective
function of these solutions are calculated using the
proposed decoding algorithm. The random search is run
the same duration of ABC algorithm for the related test
problem.

The time limit of the MILP model is 3600 seconds. The
results are given in Table C1-C4 in Appendix section.
Obijective function values, CPU values and Error values
obtained by using the relevant algorithm are given in
the tables. Error value is calculated with Equation 22.

Error =
(Solution of the algorithm—The obtained best solution)

. , (22)
The obtained best solution

The results with 3 OR are given in Table C1. Model
gave optimal solutions for 7 test problems with number
of 9 or 15 patients. Also, the heuristic algorithm found
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optimal solutions to these problems. ABC algorithm
gave better results except six test problems. MILP
model found no feasible solutions to number of 5 test
problems with the number of 21 or 30 patients within
3600 seconds. For other test problems feasible
solutions were found by MILP model. Accordingly, the
ABC algorithm gave the better results for all test
problems. The results with 5 ORs are given in Table
C2. MILP model found feasible solutions to test
problems with the number of 15 or 25 patients within
time limit. MILP model could not find a solution to test
problems with the number of 35 or 50 patients within
time limits. Accordingly, the ABC algorithm also
found better solutions for test problems with 5 ORs.
The results of 7 ORs are given in Table C3. MILP
model found feasible solutions to test problems with
number of 21 patients. No feasible solutions were
found other test problems by MILP model for the
number of 7 ORs. The results of 10 ORs are given in
Table C4. According to Table C4, MILP model found
feasible solution to only one test problem. The ABC
algorithm found better solutions than MILP model and
random search.

5. Conclusions

ORs are one of the most important resources of
hospitals. Therefore, effective scheduling of ORs has
an important role in the effective management of the
hospital. ORS problems are multi-resource problems.
In this study, the ORS problem was defined by
considering the anesthesia team as well as the surgeons.
While surgeons are a dedicated resource, the anesthesia
team is a flexible resource. In the ORS problem,
sequence dependent setup times are taken into account.
Although the ORS problem is an important problem,
there are few studies that take into account the
sequence-dependent setup times. A MILP model is
proposed. ABC algorithm has been developed for large
scale test problems. A heuristic algorithm is proposed
for the first time to solve the ORS problem with multi-
resource, sequence-dependent setup times. An
algorithm has been developed to calculate the objective
functions of the solutions. The proposed ABC
algorithm is compared with MILP model. As a result,
the ABC algorithm gave more successful results than
MILP model. In future studies, the problem can be
handled with multi- objective functions. Objective
functions such as tardiness minimization, maximization
of resource utilization may be considered besides
makespan  minimization. In  multi- objective
optimization problems, pareto optimal solutions are
found. In multi- objective optimization, all obtained
solutions are compared with each other to select non-
dominated solutions in solution space that is increased
the complexity of the problem. Different methods may
be used such as Augmented e- constraint method to
obtain pareto optimal solutions to multi- objective
optimization problems. Extracting Pareto optimal
solutions from the solution space can significantly
increase the running time of the heuristic algorithm. In

this study, surgeons and anesthesia teams are
considered as resources. In future studies, the resource
conducts the setup and other resources such as
machines used in operations may be taken into account.
In this study all patients have same priority. In future
studies patients may be prioritized. In this study,
operations and setup times are considered
deterministic. Stochastic parameters can be taken into
account. Different heuristic algorithms may be
proposed to solve the problem or exact solution
methods may be used to solve the problem.
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Table Al. Related studies

(5]
S
c
Add. : 2 Add
Article Res. ¢ & Obj.Funct Method Pro.
Zhang, 2021 d a a Minimizing total cost Column Gen. Based a,b
Heuristic, stoch. Prog.
Rachuba, 2022 d b a Maximizing total Chance const. Opt., a,b
number of patients Simulation
Park, 2021 a a a  Minimizing number of ORs and Mathematical model c.e
overtime
Mazloumian, 2022 d a a Minimizing total waiting Robust MOILP Model a,b
Minimizing postponed
Minimizing loss incurred
Lotfi, 2022 a b ¢ Minimizing total comp. time Multi- obj. variable neigh. b
Minimizing makespan Search
Khaniyev, 2020 - - a  Minimizing waiting, idle and Heuristic algorithms a
overtime
Hamid, 2019 a ade a a Minimizing total cost NSGA Il f
Maximizing service level
Maximizing consistecy score
Britt, 2021 ade b a Minimizing total cost Hybrid heuristic alg. a,b,c
Minimizing number of ORs
Azaiez, 2022 d b a Minimizing max. compl. time MILP, Heuristics b
Avringhieri, 2015 a,d a a Minimizing total cost of Two level heuristic,
waiting time ILP model
Addis, 2016 - - a  Minimizing total Robust optimization a,b
waiting time and tardiness
Roshanaei, 2021 a a a Maximizing total scheduled Benders decomposition,
surgical times MILP
Wang, 2015 abc, b a Minimizing makespan MILP, Constraint prog. f
Makboul, 2022 a,d c a Maximizing score of surgeries Robust opt. a,b,f
Fei, 2010 a a a  Minimizing cost Hybrid GA b
Coban, 2020 e a a Minimizing total cost Heuristic, MILP model
Pariente, 2015 a b a Maximizing service level Heuristics f
Oliveira, 2022 a,c ¢ a Minimizing deviations ILP model, simulation b
Ahmed, 2020 a b a Max. Patient preference Fuzzy TOPSIS, MILP f
Minimizing total cost model
Agnetis, 2014 a b a  Maximizing total score Decomposition b
Jebali, 2015 d b a Minimizing costs Stoch. Prog. a,b
Vijayakumar, 2013 abe a a Maximizing number of patients Heuristic b,f
Heydari, 2016 d b ¢ Minimizing makespan and Stochastic prog. ab
overtime
This study a.c ¢ a Minimizing max. compl. time Heuristic, MILP de

Add. Resources: a: Surgeon, b: Nurse, c: Anesthesiologist, d: Downstream beds, e: Equipment/Tools

Additional Resource Type: a: Dedicated, b: Flexible, c: Hybrid

Patients: a: Elective, b: Emergency, c: Hybrid

Add. properties: a: Uncertainty on parameters, b: Multi- period, c: Preferences, d: Setup times,
e: Cooperative operations, f: Priorities of patients

B. Parameters of example problem

The proposed MILP model was coded in the GAMS 24.0.2 program. Solved with CPLEX solver. For the first test
problem, the MILP model was run. In Table Al parameters of the problem are given. There are 9 patients, 3 ORs,
4 surgeons and 2 anesthesia teams.
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Table B1. Parameters of SQy,, STy, Hp 4 and ¢,

STy Hp 4
Pt S 1 2 3 4 5 6 7 8 9 1 2 3 4
1 158 21 29 32 34 12 39 25 33 32 3 0 1 0 O
2 119 26 15 24 29 38 3 37 27 27 3% 0 1 0 O
3 157 20 11 37 22 11 32 15 14 28 18 0 1 1 1
4 65 29 20 22 22 22 28 15 16 13 20 O O O 1
5 138 34 33 17 32 31 35 35 19 19 26 0 1 1 1
6 85 32 20 35 34 27 18 30 17 24 22 0 1 0 O
7 94 14 26 40 33 39 17 26 12 33 28 1 0 1 O
8 60 35 36 40 38 22 10 26 16 17 20 1 0 0O O
9 146 11 13 32 32 26 20 35 27 39 3y 0 1 0 O
C. Solutions of test problems
Table C1. Solution of test problems with 3 ORs

MILP Model ABC Random Search

n ST VA CPU  Error VA CPU  Error A Error
9 U(10,40) 814* 1882 0 814 6.59 0 814 0
9 U(10,40) 630* 2804 0 630 5.61 0 632 0.003
9 U(20,50) 759* 1620 0 759 491 0 759 0
9 U(20,50) 742* 1874 0 742 4.64 0 758 0.022
9 U(30,85) 530 3600 0.017 521 6.13 0 521 0
9 U(30,85) 514 3600 0.024 502 545 0 502 0
15 U(10,40) 980* 1235 0 980 9.39 0 995 0.015
15 U(10,40) 1065* 2152 0 1065 7.78 0 1087 0.021
15 U(20,50) 1061 3600 0.002 1059 7.96 0 1059 0
15 U(20,50) 878* 2252 0 878 9.28 0 878 0
15 U(30,85) 998 3600 0.034 965 7.74 0 989 0.025
15 U(30,85) 983 3600 0.005 978 7.59 0 1001 0.023
21 U(10,40) 1482 3600 0.086 1365 11.86 0 1385 0.015
21 U(10,40) 1281 3600 0.063 1205 14.79 0 1227 0.018
21 U(20,50) 1434 3600 0.075 1334 12.49 0 1337 0.002
21 U(20,50) - 3600 - 1166 1257 0 1200 0.029
21 U(30,85) 1698 3600 0.103 1540 12.71 0 1621 0.052
21 U(30,85) - 3600 - 1338 13.65 0 1452 0.085
30 U(10,40) 1908 3600 0.181 1616 23.86 0 1663 0.029
30 U(10,40) - 3600 - 1500 20.52 0 1559 0.039
30 U(20,50) 2277 3600 0.368 1665 16.98 0 1738 0.044
30 U(20,50) - 3600 - 1644 17.58 0 1658 0.009
30 U(30,85) 2172 3600 0.225 1773 22.45 0 1868 0.054
30 U(30,85) - 3600 - 1916 16 0 1927 0.006
* optimal Average  0.062 0 0.02

solution
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Table C2. Solution of test problems with 5 ORs

| MILP Model ABC Random Search

n ST CPU  Error z CPU Error Z Error
15 U(10,40) 680 3600 0.012 672 10.75 0 684 0.018
15 U(10,40) 579 3600 0.032 561 1244 0 564 0.005
15 U(20,50) 580 3600 0.133 512 10.04 0 513 0.002
15 U(20,50) 566 3600 0 566  11.8 0 577 0.019
15 U(30,85) 793 3600 0.025 774 12.89 0 798 0.031
15 U(30,85) 731 3600 0.046 699 10.53 0 778 0.11
25 U(10,40) 1276 3600 (0.44 886 23.33 0 920 0.038
25 U(10,40) - 3600 - 915  17.49 0 923 0.009
25 U(20,50) 1359 3600 0.162 1170 24.35 0 1189 0.016
25 U(20,50) 1391 3600 0.218 1142 19.97 0 1184 0.037
25 U(30,85) 1930 3600 (.885 1024 21.69 0 1198 0.169
25 U(30,85) - 3600 - 1012 23.56 0 1032 0.02
35 U(10,40) - 3600 - 1191 233 0 1230 0.033
35 U(10,40) - 3600 - 1317 33.58 0 1378 0.046
35 U(20,50) - 3600 - 1514 27.9 0 1698 0.121
35 U(20,50) - 3600 - 1494  29.1 0 1495 0.001
35 U(30,85) - 3600 - 1277 31.86 0 1319 0.033
35 U(30,85) - 3600 - 1293 30.96 0 1387 0.073

50 U(10,40) - 3600 - 2022 40.71 0 2023 0
50 U(10,40) - 3600 - 1892 35.37 0 2077 0.098
50 U(20,50) - 3600 - 2180 41.71 0 2223 0.02
50 U(20,50) - 3600 - 1967 39.75 0 2094 0.065
50 U(30,85) - 3600 - 1872 38.53 0 1999 0.068
50 U(30,85) - 3600 - 1960 41.46 0 2111 0.077
Average 0.19 0 0.046
Table C3. Solution of test problems with 7 ORs
MILP Model ABC Random Search
n ST(p,)

Z CPU Error A CPU  Error Z Error

21 U(10,40) 542 3600 0.146 473 17.27 0 497 0.051
21 U(10,40) 641 3600 0.009 635 14.56 0 645 0.016
21 U(20,50) 747 3600 0.201 622 16.83 0 629 0.011
21 U(20,50) 929 3600 0.078 862 16.33 0 927 0.075
21 U(30,85) 801 3600 0.004 798 19.92 0 801 0.004
21 U(30,85) 712 3600 0.029 692 14.11 0 785 0.134
35 U(10,40) - 3600 - 876 31.26 0 985 0.124
35 U(10,40) - 3600 - 1022 36.01 0 1108 0.084
35 U(20,50) - 3600 - 1163 3253 0 1189 0.022
35 U(20,50) - 3600 - 1064 26.07 0 1089 0.023
35 U(30,85) - 3600 - 1193 328 0 1198 0.004

35 U(30,85) - 3600 - 927 28.63 0 1010 0.09
49 U(10,40) - 3600 - 1198 46.04 0 1267 0.058
49 U(10,40) - 3600 - 1275 41.35 0 1355 0.063
49 U(20,50) - 3600 - 1198 38.9 0 1299 0.084
49 U(20,50) - 3600 - 1340 42.65 0 1374 0.025



Artificial bee colony algorithm for operating room scheduling problem with dedicated/flexible resources... 207

49 U(30,85) - 3600 - 1540 39.15 0 1643 0.067
49 U(30,85) - 3600 - 1602 40.86 0 1620 0.011
70 U(10,40) - 3600 - 1998 65.94 0 2104 0.053
70 U(10,40) - 3600 - 1619 68.37 0 1779 0.099
70 U(20,50) - 3600 - 1868 66.32 0 1963 0.051
70 U(20,50) - 3600 - 1765 63.92 0 1910 0.082
70 U(30,85) - 3600 - 1766 68.58 0 1856 0.051
70 U(30,85) - 3600 - 1925 65.78 0 2034 0.057

Average 0.077 0 0.055

Table C4. Solution of test problems with 10 ORs

| MILP Model ABC Random Search
" STeh Z CPU Error Z CPU Error Z Error
30 U(10,40) 1101 3600 0.59 691 28.35 0 741 0.072
30 U(10,40) - 3600 - 780 29.31 0 803 0.029
30 U(20,50) - 3600 - 735 24.28 0 743 0.011
30 U(20,50) - 3600 - 733 25.44 0 764 0.042
30 U(30,85) - 3600 - 639 25.09 0 658 0.03
30 U(30,85) - 3600 - 826 24.54 0 995 0.205
50 U(10,40) - 3600 - 1154 50.48 0 1163 0.008
50 U(10,40) - 3600 - 985  46.8 0 1051 0.067
50 U(20,50) - 3600 - 943 51.19 0 1012 0.073
50 U(20,50) - 3600 - 1082 53.68 0 1083 0.001
50 U(30,85) - 3600 - 1075 511 0 1159 0.078
50 U(30,85) - 3600 - 1119 46.44 0 1252 0.119
70  U(10,40) - 3600 - 1686 75.05 0 1721 0.021
70 U(10,40) - 3600 - 1623 75.81 0 1641 0.011
70  U(20,50) - 3600 - 1706  73.99 0 1714 0.005
70  U(20,50) - 3600 - 1262 80.06 0 1405 0.113
70 U(30,85) - 3600 - 1469 81.6 0 1614 0.099
70  U(30,85) - 3600 - 1563 73.56 0 1593 0.019
100 U(10,40) - 3600 - 2332 1127 0 2383 0.022
100 U(10,40) - 3600 - 2373 106.3 0 2393 0.008
100 U(20,50) - 3600 - 2086 135.8 0 2254 0.081
100 U(20,50) - 3600 - 1927 1371 0 2121 0.101
100 U(30,85) - 3600 - 2034 146.9 0 2287 0.124
100 U(30,85) - 3600 - 2300 155.2 0 2406 0.046
Average 0.59 0 0.057

An International Journal of Optimization and Control: Theories & Applications (http://ijocta.balikesir.edu.tr)

This work is licensed under a Creative Commons Attribution 4.0 International License. The authors retain ownership of the
copyright for their article, but they allow anyone to download, reuse, reprint, modify, distribute, and/or copy articles in [JOCTA,
so long as the original authors and source are credited. To see the complete license contents, please visit
http://creativecommons.org/licenses/by/4.0/.


http://creativecommons.org/licenses/by/4.0/

An International Journal of Optimization and Control: Theories & Applications

ISSN:2146-0957 eISSN:2146-5703
Vol.14, No.3, pp.208-219 (2024)
http://doi.org/10.11121 /ijocta.1464

RESEARCH ARTICLE

Existence and uniqueness study for partial neutral functional
fractional differential equation under Caputo derivative

Ndolane Sene®”, Ameth Ndiaye?

@Section Mathematics and Statistics, Institut des Politiques Publiques, Cheikh Anta Diop University, Dakar

Fann, Senegal

b Département de Mathématiques, FASTEF, Université Cheikh Anta Diop, Dakar Fann, Senegal

ndolanesene@yahoo.fr, amethl.ndiaye@Qucad.edu.sn

ARTICLE INFO ABSTRACT

Article History:

Received 9 October 2023
Accepted 9 February 2024
Awailable Online 12 July 202/

Keywords:

Fractional resolvents operators
Fixzed point theorem

Holder theorem

Neutral functional fractional
differential equation

Caputo fractional derivative

AMS Classification 2010:
53B25; 53C40

The partial neutral functional fractional differential equation described by
the fractional operator is considered in the present investigation. The used
fractional operator is the Caputo derivative.
fractional resolvent operators have been defined and used to prove the existence
of the unique solution of the fractional neutral differential equations. The fixed
point theorem has been used in existence investigations. For an illustration of
our results in this paper, an example has been provided as well.

In the present paper, the

() er |

1. Introduction

Modeling by taking into account the memory
effect is the attraction of the fractional calculus.
The concept of memory is not taken by the
ordinary derivative, thus modeling with the
ordinary derivative gives incomplete dynamics.
The works related to fractional calculus continue
to impress the mathematician communities.
There exist now many papers addressing the
application of fractional calculus, we cite the
following paper which brings information on
the application of this field of mathematics
to biology [143], engineerings [4-7], physics
and applications [8-12] and fluid modeling [13-
16[. Modeling with the Caputo derivative is
more adequate due to the inconvenience of the
Riemann-Liouville fractional derivative. It is
noticed that the Riemann-Liouville derivative
of the constant function does not give zero,
it is a serious inconvenience in the pratic
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because many initial conditions are constant
or null. Due to this fact, we model in
this paper using the Caputo derivative. The
field of fractional calculus has attracted many
authors due to the diversity and existence of
many fractional operators. He has the Caputo
derivative |17} 18], and the Riemann-Liouville
derivative version of the fractional operator also
exists, see more details in the paper [19]. We
have the Atangana-Baleanu derivative which
has two versions, the Caputo version and the
Riemann-Liouville version. The Caputo-Fabrizio
derivative exists but is with the exponential
kernel [20]. Note that the Antangana-Baleanu
derivative has as a kernel the Mittag-Leffler
function as described in the paper [21]. There
exist many other derivatives as conformable
derivatives, Hilfer derivatives, and others, the
difference between them is not significant, just
the kernel change in many of them. In this
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paper, the application of fractional calculus to
neutral fractional differential equations has been
considered. The problem considered in this paper
is represented by the following neutral fractional
differential equation

D¢ (x(t) — Bx(t —h)) = Az(t) + Cz(t —h) t >0
To =@ € Cx.

(1)

The literature review concerning the fractional
neutral functional differential equations as
described in the equation (1)) or similar to
the previous equation is very large. In [22],
the authors addressed the neutral differential
equation using Caputo derivative, and with
the utilization of the resolvent operator, the
authors also used fixed point theorem to prove
the existence of the solution of the considered
neutral differential equation. In [23], Wen
et al provide the Complete controllability of
nonlinear fractional neutral functional differential
equations described by the Caputo derivative. In
this paper, the authors provided an interesting
example of a mneutral fractional differential
equation to illustrate their main results. In [24],
Wang, et al. presented applying an iterative
technique, sufficient conditions are obtained for
the existence of the solution of the nonlinear
neutral fractional integrodifferential equation
described by the Riemann-Liouville derivatives
of different fractional orders. In this paper, the
existence has been proved without the resolvent
operators.  In [25], using the conformable
derivative Li et al. provided the existence of
the unique solution of the class of the fractional
Integral neutral differential equations. In [26], the
author proposed the investigation in a fractional
context related to the existence and uniqueness of
solutions for fractional neutral Volterra-Fredholm
integrodifferential equations. In [27], we can
find the application of Krasnoselskii’s fixed
point theorem on periodicity and stability in
neutral nonlinear differential equations. In
integer versions many investigations have been
made related to neutral differential equations
in different types, the studies related to the
existence, and the controllability are already
made as well, see the following Ezzinbi et al
papers investigations [28,[29]. In [30], Sene
proposed a new fundamental result concerning
the contribution of the resolvent operator for
proving the existence of the unique solution of
the fractional integrodifferential equation under
the Caputo derivative.

209

It is very important to model with the Caputo
derivative or with integer derivative, it is also
important to be sure that the investigations can
be made on the considered fractional model.
To make sure that the model is well defined
in mathematics, it is important to prove the
existence and uniqueness of the solution of the
model using one known fixed point theorem. This
paper’s novelties can be summarized in different
points. The first is to prove the existence and
the uniqueness of the solution using resolvent
operators. This problem is interesting because
the resolvent operator in the fractional context
is a new problem in the literature. The second
problem is that the fractional neutral functional
differential equations described by the Caputo
derivative have been used. The last novel and
interesting thing is that we used the fixed point
theorem to prove our main results in this paper.

The present paper is organized in the following
form. In Section 2, we recall the necessary
tools for our investigation as the fractional
operators and the fixed point theorem. In Section
3, we start with the main results concerning
the existence of the solution of the fractional
neutral differential equation using the resolvents
operators. In Section 4, we illustrate our main
results with an example to highlight our results.
In Section 5 we finish with the conclusion and
future direction of investigations.

2. Preliminaries

In this section we recall the preliminary definition
necessary for our investigations. We begin
with the fractional operator, we continue with
the fractional resolvents necessary to define our
solutions.

Some important results on the fixed point
theorem can also be recalled because they will
be used in our investigation, we mean Schauder’s
Fixed Point Theorem used in many papers in the
literature.

Definition 1. The Riemann-Liouville integral of
order a > 0 for a continuous function defined on
[0,1] is given by:

1

0 = 5 /0 (t— 1) f(dr, ()

with T() := [;° e “u*du.

Definition 2. If f € C"([0,1],R) and n — 1 <

a < n, then, the Caputo fractional derivative is
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given by:

DOfE) = IS ()
1

_ ! g n—a—1 r(n) s)ds
e |
Q

Lemma 1. Taokingn € N* and n—1 < a <n,
then the general solution of D*y(t) = 0 is given

by

y(t) = 3 it (4)

such that c; e R;i=0,1,2,..,n — 1.

Lemma 2. Tokingn € N* and n—1<a <mn,
then, we have

I°D%y(

)+ Z cit? (5)

such that c; e R;i=0,1,2,..,n — 1.

Definition 3. Let X be a Banach space. Then a
map T : X — X 1is called a contraction mapping
on X if there exists q € [0,1) such that

1T () = T(y)ll < qllz -yl

forallz,y € X.

Theorem 1 (Banach’s fixed point theorem). [31)/
Let Q be a non-empty closed subset of a Banach
space X. Then, any contraction mapping T of €2
into itself has a unique fixed point.

Theorem 2 (Schauder’s fixed point theorem).
(31] Let X be a Banach space, and let N : X —
X be a completely continuous operator. If the set
E ={y € X :y = ANy for some X € (0,1)} is
bounded, then N has fixed points.

3. Main results

In this section, we give the procedure to get
the analytical solution of the neutral functional
differential equation including the resolvent
operator. The novelty of this section will be
the use of the Laplace transform to get resolvent
and to get the analytical solution. We start this
procedure by applying the Laplace transform we
get the following form

Let’s give the solution of the fractional differential
equation given by Eq. . The form is described
in the following lemma, for the simplification we
consider f (t,x4) = Ax (t) + Cz (t — h).

Lemma 3. Let the neutral fractional differential
equation described by the Caputo derivative,
under the initial condition described in Eq. ,
the solution are described by the following form

z(t)=¢ () By (—=h) + Bx(t — h)
F Lot =) [f(s,xs)]ds t>0 (6)
z(t)=¢(t) te[-h0].

Proof. The procedure of the proof uses the
application of the Riemann-Liouville integral to
the equation Eq. . Using the lemma [2 in the
equation [T we get

x(t) — Bx(t — h) —/0 (t—s)* L[ (s,2)] ds
-+ o, (7)

where cp is a real constant. Using the initial
condition of the equation , we obtain

z(t) =¢ () By (—h) + Bx(t — h)
et —= )" [f (s,xs)]ds t>0
z(t)=¢(t) te[-h0].

O

The next problem will consist to rewrite the
solution described in Eq.  (6) the neutral
fractional differential equation in terms of the
resolvent operator. ~ We make the following
lemma.

Lemma 4. We consider that FEq. are hold
and then we should have the following relationship
described by the following form

z(t) = Ry (t) [¢ (0) — Bo (—h)] + Bx (t — h)

+ (=) 71 S, (t — 5) [AB] 2(s — h)ds

+ (= 8)* 7 S, (= 5) [Cla(s —h)ds  £>0
[

where the resolvent operator in our context
is defined by the following expressions for
simplifications.

Proof. The proof, we apply the Laplace
transform to the equation represented in Eq. (6)
we get the series of transformations given in the
forthcoming equations. We have that

5= ~[p(0) = By (~h)) + Bay —q Az +q7"Ca
— g T+ A [p (0) - By (—h)

+ ¢ [¢°T + A7 Bz, + [¢°T + A" Czy, (8)
x(t)=p(t) €t e[—h,0] (9)



Ezistence and uniqueness study for partial neutral functional fractional differential equation . ..

For the rest of the proof, we suppose that

LAT.(6)} () = [T+ A" (10)

where the so-called in our present paper the
fractional analytic semigroup {7,(t)},s,, there
is that there exist constant M such that M =
SUP4[0,+o0f [T ()] < 00 and for any a € (0, 1), we
can found a constant C,, verifying the condition
that |A*T, (t)] < Cat™“. Replacing Eq. (10) in
Eq. (8), we get the following relationships

=g / 15T, (5) [0 (0) — By (—h)] ds
—|—qo‘/ e 15T, (s) Bipds
0

+/ e 1T, (s) CZpds. (11)
0

Before beginning the simplification in the
previous expression we suppose the following
density of probability is well known in the
literature of fractional calculus and can be found
in, we have the following form

(12)

The form of its Laplace transform can be
represented by [ e %w, (/)dd = 79", this
relation will be replaced by its values in the
forthcoming calculations. We now begin the
simplification in Eq. (11), for the next
calculations the sketch is inspired by the paper
in the literature, we have to calculate the first
form of Eq. (11) given in the following equation

a1 [7 e~ 9T, (s - - s
g /0 T, (5) [ (0) — Bo (—h)]d

- /O o (gt =@ T, (1%) [ (0) — Bop (—h)] dt
[~ 1d
- _/0 qdt

we continue the variable change and we use the
probability density described in Eq. (12), we get
the following forms

(7@, (12) [0 (0) - By (=) dt
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£ [ 6 0 - B s

_/ld
0

3 [ ~@*T, (t%) [¢ (0) — By (fh)]] dt

/ / 6oz
([l 3 vmsecnl )

We take the second expression from Eq. (11) and
continue the simplifications, we have the following
relationships

[T (#) [ (0) — Bip (=) dbat

/ e~ T, (s) Capds
0

:/ / at® e T, (1) Cxy, (s) dsdt
0o Jo

:'/OM/OM/OM 5o (0) WO, (1)
[ [ () e
e ()

We take the last calculation for giving a more
simple form of Eq. (11), the formula which we will
simplify is given by the following relationships

t*" 10y, (s) dOdsdt

s) dodsdt

Zn (s) d6’ds> dt.

a/ e 15T, (s) Bipds

/ / aq®t® te= T, (t%) Bzpdsdt (13)

A

Applying the integration by parts, and
introducing the function described in Eq. (12),
according to the calculations, we arrive at the
following calculation for Eq. (13), that is

T, (t%) Bopds| de”(@"

{o¢] o0
qo‘/O e~ T, (s )B:rhdS—/ e Bz (t — h)dt

/ {// @a AT( eﬂ) )C(t;j)adeds} dt

(14)

We now try to compute the inverse of the Laplace
transform by inverting Eq. (11) by considering
the simplified form described in the previous
equation, we get the following form as the final
expression

- / " GuTu (°6) [ (0) — By (—h)|d6 + Br (t — h)

waf, o
waf o

) paAB (s — h) Taf (t — )™ dOds

VL poTob (t — 5)* Ca: (s — h) dfds,
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where ¢, () = 1677w (67%). With the
previous representation of the solution we can
now define our resolvents operators which we
will consider to continue our investigation, the
resolvents are represented as

Ro (1) 2 = /0 " on (O)Tn (190) wdd,  (15)

and

S (t)z =g /0 060 (0) Ta (t°0) 2df. (16)

Using Eq. (15) and Eq. (16) we get the solutions
represented in the Lemma 4 when the following
condition is respected ¢ > 0. The second form of
the solution is that = (t) = ¢ (t), t € [-h,0]. We
end the proof of our lemma. O

Lemma 5. The resolvents operators Ry, (t) and
Sa (t) are strongly continuous, and furthermore
verify the relationships that they are bounded
operators and satisfies the conditions that

[Ro () || < M ||z
and

1S () 2|l < 7y

(17)
]

where M is constant.

Now, we are ready to prove the existence of the
mild solution of the neutral fractional differential
equation defined in Eq. . We make a
certain number of assumptions necessary in our
investigations.

(A1) The resolvent operators R, (t) and Sy, (t) are
compact operators for every ¢t > 0.

(A2) The function Cz(t — h) is messurable,
continuous and satifies the condition that there
exists ¢ € (0,1) and m € LY9([0,T],R"), we
have that |Cx(t — h)| < m(t)p (||z¢||) for allxz € C
and furtermore almost all ¢ € [0, 7.

(A3) Let for the function Bz(t — h) and we
have existence of a constant 5 € (0,1) and two
constant k£ and k; satisfying the condition that
Bzx(t — h) € D(AP) and for z,y € C and t €
[0,a] we have |A°Bxz — APBy|| < k|z — y|| and
|APBx|| < k(||| + 1).

For the main results of our present paper, we
make the following theorem.  This theorem
proves the existence of the mild solution. In
our investigation, we use Schauder Fixed Point
Theorem, which is more appropriate for this
study.

Theorem 3. Under the hypotheses (Al), (A2)
and (A3) the problem has at least one mild

solution.

Proof. We begin by proving the boundedness of
some mathematical expressions. Let the function
that

t
g/ (6= 5)° 7t AT PS0 (1 — ) ABur(s — )| ds

0

t

/t (t— 8)0‘71 So (t — s) ABx(s — h)ds
0

< / (t = 5)* " [A105, (t — 5) A7 Ba(s — )| ds
0

We use the assumption described by (A3) and
the statement posed in lemma 5, the next
established results are well known in fundamental
mathematics as the Lebesgue integrability of the
function into the integration, we get the following
relationships

t
< / (t—s)* ‘APBSQ (t —s) APBx(s — h)‘ ds
0

/t (gt OLOEA)Cy

0 T (1+ap)(t—s)"7

ol (148)Ci_p ki
I'(1+ap)

ol (14 5) Ci_p ky
I'(1+ap)

/t (t— 3)0‘71 Se (t —s) ABx(s — h)ds
0

)kl(th” + 1)d8

(el + 1) / (t - 5)° ' ds

(lell +1)T7
(18)

As in the previous bound we also continue
the simplification by trying to find a bound
for the next integration, we have the following
relationship

< I&/()t ‘(t—s)a_l Cm(s—h)’ds.

/t (t—s)*" Sa(t—s)Ca(s — h)ds
0

Applying Holder
assumption described in
following relationships

inequality and using the
(A2), we get the
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/t (t—s)*"Su (t — ) Ca(s — h)ds
0
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Let’s consider that the function and the constant
that

0 (Jlaill) = A~ k]

i / NG ]M ol (1+6)C (22)
< — t—s)1-Fds m p(||x 1-5 ap
e | e s 2 () L
_ Mo amnNalE) 0D, (o)) and
S 1-8 ° 1+$=5)(1-8)
Tl+a) p4a) (1+%§) K- Ma el (23)
'l+a)

These two previous relationships will help us in
the application of the fixed point theorem which
we want to illustrate. The application of the fixed
point need to defined an operator as the following
form ® : B, — C'([—h,a], X) such that

@z () = Ra (1) [¢ (0) — Bo (=h)] + Bz (t — h)

! a—1
+ /0 (t—38)*" " So(t—s)[AB]xz(s — h)ds

! a—1
+/0 (t—38)*" " Sa(t—s)[Clz(s— h)ds

respect to t>0
Dz (t)=¢(t) et € [—h,0]

Note that the set B, is defined as all x; € B,
satisfy the condition that ||x¢|| < r. The proof
should de be divided into three parts, In the first
part the operator ® maps to itself. The first step
is denoted by stepl. We have the following.

Step 1: Let us prove that ® maps to itself.
We suppose that the following relationships will
play important role in the proof-by-contradiction
process, we have that

(9(T)+K/0°°p(s)ds> <L (21

r r

lim
r—00

We begin the proof by contradiction by applying
the norm used in our paper to the function
defined in Eq. (19), we also assume that all the
assumptions have been verified as well, we have
the following form

@2 Il < M llpll + M |47 ky (lell + 1)

+ |47k (ol + 1)
ol (1+8)Cip,
Y |

I'(1+ap)
Ma  aMNa(H5H)0-0 e (s)d

+ 175/ p(s)ds

F(1+O‘)r(1+a)<1+%;) 0

(lell +1)T7

=
P+a)(1+55)

And then the previous equation can be written in
the form that

12 (1)l < Mgl + M [4~] kn (el + 1)

ol (1—1—5) 01_5 o
I'(1+af) T

+ ‘Aﬁﬁ‘ k1 +
t

+e(||:ctu>+f</ p(s)ds
0

Let that for each strictly positive constant r, there
exist exist x € B,, such that ¢z ¢ B,. For
simplification in the calculations, we add a further
constant notation that is

My = Mgl + M |47y (gl + 1) + |47 |k
(24)

The previous assumption can be written
mathematically by the condition described in the
following form

r < llgx ()] < My +e<r>+K/0 p(s)ds (25)

The next step consists to divide the previous
Eq. (25) by our constant r, we get the following
relationships

My 0(r)

1< o (@) < =1+ =

—i-I:/O p(s)ds (26)

Applying the limit respect to r at infinity, we get
the following relationship which will contradict
our preliminary assumptions, we have that

Q(T)Hf/otp(s)ds}

1< ||gz (t)]| < lim inf [r
(27)

We notice that Eq. (27) is in contradiction with
the assumption reported in Eq. (21). This means
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that [|®x (t)|] < r, we conclude that ® maps to
itself.

Step 2: In the second step, we will prove that the
operator ® : B, — B, is continuously using the
classical method for proving the continuity. We
set that {z"} C B, respect to the property that
2" — x on the set B,. In our present context
using the assumption that (A) and the fact that
xy — x4, we have in particular the following
intermediary condition that Cz™(t—h) —
Cz(t — h) ae t € [0,7] when n — oo.
Furthermore with the assumption (A), we have
in particular that ||Cz™ (s —h) — Cz (s — h)|| <
m(s) [|p (z™(s)) — p(z(s))]l- We notice with
the previous condition that, the fact that the
function p is Lipschitz continuous implies the
convergence to zero of the previous relationship.
In addition, wusing the classical dominated
convergence theorem, we get the following
transformation and convergence, which are

[[@2" (t) — @z (t)|| < [[Bz" (t —h) — Bz (t —h)| x
+ /t (t—s)*' S, (t — s) [ABz™(s — h) — ABxz(s — h)]| ds
0
t
+ /0 (t = )% S (t — 5) [Ca™(s — h) — Can(s — h)]| ds
< (k+1)) AP |B|la"(t) — =(t)||x

+ / (t— )% |Su (t — 5) [AB2" (s — h) — ABa(s — h)]| ds
0

+ / (t— )% S (t — 5) [C2™(s — h) — Cals — h]| ds
0

Using the previously established results and the
Lipchitz property in the assumption (A), and
adding the condition in Lemma 5, we have the
following form

@™ (8) = @ ()] < (k+1)) AP B " (1) — (1) x

Ma t o1 "o )~ ABas .
+m/0 (t — $)° L [[AB2"(s — h) — ABx(s — h)]|d
Mao t o1 N
i [ 9 G s - ) - Cats — s
(28)
We observe by using Eq. (28) that

|| @™ (t) — Pz (t)|| — 0 as n — oo where it follows
that the continuity of the operator ®. The next
section will be consecrated to prove that the set
{¢x : x € B,} is relatively compact.

Step 3: As recalled at the end of the previous
step in this part we try to prove that the set
described by {¢x : = € B, } is relatively compact.
Let x € B, and t;1 < t3 < T. We use two
sub-operators, we have the following form

¢at = Ro (t) [¢ (0) — Be (=h)|+Bx (t — h) (29)

We have the following expressions by applying the
norm used in our space

[P (t2) — P ()]

< [I(Ra (t2) = Ra (1)) [¢ (0) = Be (=)l x

N —

+ HBQ? (tg — h) — Bx (t1 — h)HX
< [[(Ra (t2) = Ra (1))l x [ (0) = B (=h)]
+ 1Bz (t2 = h) = Bz (t1 — h)lx

We first use that the resolvent operator R, is
strongly continuous, and then we get that when
to — t1 thus || Pz (t2) — Pz (t1)|| — 0. We set the
second operator as the following form

by :/0 (t —5)* 1 Sy (t — 5) [AB] (s — h)ds
(30)

Let x € B, and t; < t9 < T, to evaluate the
convergence as in the previous section, we have
the following relationships

oz (t2) — Py (t1)]]
= /0 ’ (ta — 8)° 7' 8o (t2 — s) [AB] (s — h)ds

- /Ot1 (ty — 5)* 71 Sy (t1 — 5) [AB] (s — h)ds||

<1 (ta= )% Su (ks — 5) [AB] 2(s — h)ds|

* / (t2 = )°7" S (t2 = ) [AB] (s — h)ds

- /Otl (t1 = )" Sa (t2 — 5) [AB] (s — h)ds||

-+l /Ot] (t1 — $)* ' Su (ta — 5) [AB] (s — h)ds

- /Otl (tr = 5)* " Sa (t1 — 5) [AB] (s — h)ds||

<[ S 0 ) (4B~ 1)

* /Of [(t2 = )" = (t1 = 5)°"] Sa (02 — 5) [AB] (s — h)ds|
*l /otl (t1 =)™ [Sa (t2 = 5) = Sa (t1 — 5)] [AB] (s — h)ds]|

(31)

The previous relation in Eq. (31) can be rewritten
in terms of three integral denotes here by the
following form

[Py (t2) — Py (1) < [ + 12 + I3, (32)
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we have the following relationships for the
simplification of our expressions, we have that

L= ‘ /ttg (ts — )1 S (s — 5) [AB] (s — h)ds
1 (33)
L=l [ s =)o — (1) — 5o
Il } a
XSy (ta — s) [AB] z(s — h)ds
fs = /0 (11— 5 [Sa (2 — 5) — Sa (t1 — 9)

X [AB] z(s — h)ds
(35)

We now proceed to the calculations of the
expressions represented in Eq. (33), Eq. (34) and
Eq. (35), we have the following calculations

I = / . (ta = )" Sa (ta — 5) [AB] x(s — h)ds

t1

to
< / (tg — 5)* ’AlfﬁSa (ty — s) AP Ba(s — h)‘ ds
t1

(" a1 al(1+B)Cip
7/;1 (t2 8) F(l—i—aﬁ)(ﬁ—s)a(l

r(1 - 2
o ( +B) (& Bkl(Hl'tH‘Fl)/ (t278)04/3—1 ds
t1

k(] + 1)ds

L'(1+ap)
_FA+p)Cip _ a8
= g e+ 1) 2= 1)
(36)
We continue with the second expression
represented by the variable [ in Eq. (34), we

have the following calculations

L= / [t = )77 = (82 = 9)°7"] Sa (t2 = ) [AB] (s — h)ds

0

< /Otl [(tl — )" = (t2 — 5)0_1} ’Al*ﬁsa (t2 — 5) AP Ba(s — h)‘ ds

Oz]WCl_g 1 a—1 a—1
< fiaa [ =9 = =9kl + )
aﬂ[cl*lﬁ e g a—1 Na—1 .
< Faamllad+1) [ [ =07 = =9 as
MCq_
< SR (el + 1) (82 — 1)

“T'(l+a)

where we are assumed that }Al_ﬂ} < Ci_g. We
continue with the third integral, we have the
following bound
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Iy =

/O“ (11— ) [Sa (t2 — 5) — Su (t1 — )] [AB] (s — h)ds

< /Oh (t — 5)° HAI_‘aSu (ty — 5) — AYPS, (1 — s)H HA”B} (s — h)) ds

t1
< / (1~ )" |42 (12 — 5) — A5, (0 — )] el + 1)ds
JO

_ tka(leell + 1)

AVBG, (ty — ) — AVBS, (g — s)H

sup [
¢ s€[0,t1]

(37)

Note that from the continuity of the resolvent
operator S,, follows also the continuity of
the operator A'78S,.  Then from Eq.(36)
to Eq.(38), we observe that to — ¢; thus
|y (t2) — Ppz (t1)||x — 0. We finish this
sub-section with the term represented by

e = / (t—s)* 1S, (t —s) [Cla(s — h)ds
0
(38)

Let £ € B, and t; < ty < T, to evaluate
the convergence as in the previous section, we
have the following relationships and referring
to the previous section we have the following
relationships

||(I)CSL‘ (tg) — bz (tl)”X < LTi+1I,+ 13 (39)

where
L= ‘ /tQ (ts — 5)°1 S (ts — 8) Cax(s — h)ds
’ (40)
I = ‘ /O (12— )t — (1 — 7] "
XSy (ta —8) Cx(s — h)ds

Iy = ‘ /Otl (t1 — )% [Sa (2 — 5) — Sa (1 — 9)]

xCz(s — h)ds ‘
(42)

We do the same as the previous sub-section but
here the Holder inequality is used many times, we
begin with the expression represented by

to
I = ‘ / (tg — 8)* 1 S, (tg — s) Cax(s — h)ds
t1
aMp (|l]) [ [* 1
S Tra) [, @77 Il

(43)
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For simplification in the rest of the calculutaion
we take that Ly = |[m|| p1/np, 1) and £ = %, and
then we get the following relationship

1 < @Mp(lzel]) Ly (82 — 1) 0077
b= T(1+a)(1+r) ‘

We now continue with the expression represented
by the Iy in Eq. (34), here also the Holder
inequality is used for the simplification of the
upbound, we have the following relationships

I = Hfgl [(tg ) (4 — s)a*}
XSy (ta —8) Cx(s — h)ds

l-a loa 1=n
< Y [J52 (1— 9)5 — 1— )5 )
X ”mHLl/n[tl,tQ]
1-n
ML 1 1 1+
= cattaplle|) [yhs gl 4 (1, — 1) ]
< _aMLyp(|lze]}) (ts — tl)(1+'€)(1*77)

= Fra(m) 7
(44)

We finish by repeating the same calculations
with the expression described in I3 at Eq. (35).
We have to do the following results after the
application of the Holder,

I = Hfgl (t1 — 8)* 7 [Sa (t2 — ) — Sa (t1 — 5)]

xCx(s — h)ds
Lap(llze )=
= (14r)' "
X SUPge[o, ] [So (t2 — 8) — Sq (t1 — 8)].
(45)
The first remark is that the resolvent
operator S,, follows also the continuity of

the operator A'7AS,.  Then from Eq.(43)
to Eq.(45), we observe that t — ¢; thus
| Pz (t2) — Pex (t1)]|xy — 0. That ends the
proof of the third step by concluding that the
{¢x : x € B, } is relatively compact. O

4. Illustrative example

In this section we add an illustrative example to
illustrate the findings of our paper, we take the
partial neutral functional fractional differential
equation under Caputo derivative described by
the form that

N. Sene, A. Ndiaye / IJOCTA,

Vol.1/, No.3, pp.208-219 (2024)

p*[att.2) -~ ["atepei 0.0)dy

2r(t, 2
AN (16)
x(t,0)==x(t,m)=0, 0<t<1, (47)
x(@,z)ng(@,z), -7 <6<0, (48)

where the function g is an continuous function and
measurable, x; (0,2) = x (t + 0, 2), ¢ (0, z) is also
assumed to be continuous and the function f is
specified later in the example. The next section
will be to write the previous equation in terms
of Eq. (1) representing our mean result. The
second step will be to verify all the assumptions
considered in this paper.

For the rest we suppose that X = L? ([0, 7]). We
define an operator A: D (A) C X — X such that
Av = v" where the considered domain is defined
by the set

D (A) = {v € X : v;v'are absolutely continuous;
v" € X :v(0) =v(m) =0}.
(49)

Thus and the operator defined by A generates
a compact semigroup T'(t) in X and it is
having some properties summarized as the
following properties. We have that T (t)v =
> et (v,en)en where v € X, The
second properties is that for each v € X,
we have that A7Y20 = Y% L(ye,)e,.
The third properties is that the operator A/2
can be obtained by the form that A2y =
Yoy n (v, en) en, where where the set D (A1/2) =
{veX:Y 2 n(ve)e, € X}. Note that in
the previous part we works with e, (z) =

-
that the family {e,} with n =1,2,3, ... represent
an orthonormal base for our set X. Let consider
that Bz (t —h)(z) = [) 9(z,y)z (0,y)dy. We
assume that g is continuously differentiable
and satisfies the condition that b(¢,.,0) =
b(t,.,m) = 0. Let the function f is Lipschitz
continuous according to the following properties
that [ (L&)~ f (L&) < allé — & where
£1,& € R. Finally, the fractional differential
equation represented by Caputo derivative of
order a = (0.5 can be presented as the form

sin (nz) where 0 < z < . It is not hard to see



Ezistence and uniqueness study for partial neutral functional fractional differential equation . .. 217

Dy [z (t) — Bz (t — h)]

=Ax(t)+ f(t,zy) t>0 (50)

xo=¢ €Cx (51)
where f(t,z;) = tl% sinz;. we can see that

the function f is Lipchitz continuous, and
it is trivial to see the assumption (A2) is
satisfied. The verification of the last assumption
assumption (A3), the sketch of the proof can
be found in, we proceed as the following, let
that foﬂ fowgz(z,y)dydz < oo, furthermore we
consider that %g(z,y) is measurable too and
satisfying the conditions that ¢(0,y) = g(m,y) =

1
0 and § = <f07r N [%g(z,y)falydz)2
For simpliﬁcation in our calculations we let that
Jo 9(zy dy = Upv(z). Using the fact
that fo (2,y)dydz < oo generate that Up
is bounded into the set X and we have that
Upv e D (AI/Z) and HAI/QUhH < 0. The second

< oQo.

1
assumption § = (fow N [%g(z,y)]zdydz> ? < 0
and using the definition of e,,, we get the following
relationship

oo = [Ten(["o

S

Thus Hfo Fg(z,y)v(z)dy|| < 6 and then we
get ||A1/2Uh H < 4, wchich generate the
satisfaction of the assumption (A3). The present
results can be compared with the results in the
same direction in [25,32,|33]. The difference is
the used resolvent operators. The nature of the
resolvent depends on the used problem and the
used fractional operators. It is important to see
that the resolvent operators defined in this paper
for existence depend on the order of the fractional
operator. But in general, the works are in good
agreement.

(z,y)ze (0,y) dy> dz

(z,y)zdy, cos nz)
(52)

5. Conclusion

In this paper, we have focussed on the
existence of the unique solution of the partial
neutral functional fractional differential equation
described by the Caputo derivative. The novelties
of this work were the use of the fractional
resolvents operators to arrive to prove existence
via fixed point theorem. The present investigation
can be made with the other operators by in
our idea it should depend on new fractional

resolvent operators.  Their definitions should
differ according to the fractional operators.
This idea can be an open problem for future
investigations.
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1. Introduction
Consider the following FBVP
u" = —Xu, té€la,b] (1)
which satisfy the conditions
al1u (a) = atyu’ (a) (2)
bilu (b) = bigul (b) (3)

where atq,ats, biy, by intuitionistic fuzzy num-
bers, A > 0, at least one of the numbers a?; and

a'y and at least one of the numbers b1 and béy are
nonzero.

The subject of fuzzy differential equations (FDEs)
was first introduced by Kaleva [1] and Seikkala [2]
and has been expended and studied by many re-
searchers for the purpose of modeling problems
in science and engineering [3-6]. Most practical
problems require the solution of an FDE satis-
fying fuzzy initial or boundary conditions., so a
fuzzy initial value problem (IVP) or boundary
value problem (BVP) should be solved. There are
several approaches to solve fuzzy problems such
as the Hukuhara derivative or Seikkala derivative,
the differential inclusion and the derivative based

*Corresponding Author

on the Zadeh’s extension principle which is widely
used for FDEs [7-16].

Puri and Dan introduced the H-derivative [17],
and later it was further explored by Kaleva |1] and
Seikkala [2]. But in some cases the H-derivative
method has a disadvantage that a fuzzy differen-
tial equation may have only solutions with nonde-
creasing lengths of the diameter of the level sets
[1,/18]. This disadvantage was solved by Hiiller-
meier [19], who interpreted a FDE as a family
of differential inclusions. Another approach to
solve fuzzy problem has been proposed, including
Zadeh’s extension principle expanding the ordi-
nary differential equations to the fuzzy cases [20].
Then the arithmetic operations are considered to
be operations on fuzzy numbers [21].

An effective concept of the differentiability
of fuzzy-valued functions is given as the
strongly generalized differentiability concept (gh-
differentiability) which was first introduced by
Bede et al [22]. The fuzzy solutions with gh-
differentiability have some not an interval solu-
tions which are associated with the existence of
switch points [23]. In addition, Gasilov et al. ar-
gued that the solutions obtained by the method of
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Khastan and Nieto [7] are difficult to evaluate, be-
cause the solutions to the four different problems
may not reflect the nature of the phenomenon be-
ing studied [9].

Recently, intutionistic fuzzy set theory (IFST) has
become very popular. It is used in various indus-
tries, robotics, in audiovisual systems etc. There-
fore, many researchers have dedicated their time
to the development of IFST. Atanassov [24] gen-
eralized the concept of fuzzy set theory by intu-
itionistic fuzzy set (IFS) which is an extension of
fuzzy set introduced by Zadeh [25]. The degree of
acceptance in fuzzy sets is only considered, other-
wise IF'S is characterized by a membership func-
tion and a non-membership function so that the
sum of both values is less than one [26}27]. The
concept of intuitionistic fuzzy metric space has
been introduced Melliani et al. [28] and differen-
tial and partial differential equations have been
discussed under intuitionistic fuzzy environment.

On the other hand, Melliani et al. [10] gave the
the existence and uniqueness theorem of a solu-
tion to the intuitionistic FDE. Numerical solution
of intuitionistic FDE by Runge-Kutta method has
been introduced with intuitionistic treatment in
[29] and by Euler method has been discussed by
Nirmala and Chenthur Pandian based on the a—
level [30].

In literature, although there are many approaches
to solve the FDEs, there are only few papers such
as [11-14,31] in which the eigenvalues and the
eigenfunctions of the FBVP are examined by us-
ing different methods such as H-differentiabilty,
gH-differentiability and the Zadeh’s extension
principle.

The main aim of this research is to find eigen-
values of FBVP under the intuitionistic Zadeh’s
extension principle [32].

In this work, the solutions of the intuitionistic
fuzzy eigenvalue problem are studied. The rest
of this study is organized as follows, In Section 2,
consists of basic definitions related to intuitionis-
tic fuzzy set theory. In Section 3, intuitionistic
fuzzy problem and a numerical example is given.
Conclusion of the paper is in section 4.

2. Preliminaries

Before proceeding to the solution method, the no-
tations and definitions that will be used through-
out the paper are given. To denote an intuition-
istic fuzzy number, a bar of the form™? is placed
over a letter. Also, u’(t) is written for intuition-
istic fuzzy-valued functions defined over the real
numbers.
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Definition 1. 26/ Let A C X and let pa(t) :
— [0,1], Ca(t) : X — [0,1] be two functions
such that 0 < pa(t) +Ca(t) < 1. The set

AT = {(t.pa(t),Ca(t) st € X,
pa(t),Ca(t) : X —[0,1]}

is called an intuitionistic fuzzy set of X.

Here pa(t) is called membership function and
Ca(t) is called non-membership function and the
set of all intuitionistic fuzzy sets of X will be de-
noted by IF(X).

Definition 2. [26] Let AP € IF(X). The set
Ale,p) = {teX:a, fe(0,1];
pa(t) >a, Cat) <pB, 0<a+p<

is called the («, 5)-level of the intuitionistic fuzzy
set At
Theorem 1. [26/ Let Al e IF(X). Then
Ao, B) = A(a) N A*(B) holds.Here A(a) is
a—level set and A*(B) is f—level set.
Definition 3.
At € TF(R"™) satisfying the following properties
is called an intuitionistic fuzzy number in R™
1) A? is a normal set, i.e., 3 tg € R™ such that
pua(to) =1 and va(ty) =0,
2) A(0) and A*(1) are bounded sets in R",
3) pa : R™ — [0,1] is an upper semi-continuous
function, i.e.,

vV ke [0,1],
set.
4) Ca : R" — [0,1] is a lower semi-continuous
function, i.e.,

Vkel0,1)({t € A:Ca(t) > k}) is an open set.

5) The membership function pa(t) is quasi-
concave, 1.e.,

Vnelo1],VayeR"
pa(nt + (1 = n)z) = min(pa(t), pa(z)),

6) The non-membership function (a(t) is quasi-
convex; i.e.,

vV nel0,1], Vz,y € R"
Ca(nt + (1 —n)z) < max(Ca(t), Calz)).

The set of all intuitionistic fuzzy numbers of R"
will be denoted by IFN(R").

Definition 4. [10] A triangular intuitionistic
fuzzy number (TIFN) A* € IF(R™) is defined with
the following membership and non-membership
functions:

[26] An intuitionistic fuzzy set

({t € A: pa(t) < k}) is an open

t—aq

wap) 1St =< a2
—t
pa(t) =49 a2 ax <t<as

0; otherwise

1}
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and .
aa;:as{; aj <t<a
t— .
Calt)={ =2 ay<i<ay

1; otherwise
Here a] < a1 < az < az < aj and it is denoted by

Al = (a17a27a3;a>{7a2aa§>'
Remark 1. [35] Let A ¢ IFN(R). Then [E]a

—18
and {A*} are closed and bounded intervals such
that

[ﬁ}a = [A7, AZ] = [(az — a1) & + a1, a3 — (
and
[@]O‘ = [ag — (a2 — a}) a, (a3 — a2) a + ag] .

Definition 5. [32] Let X and Y be two sets and
g: X =Y bea function. Let At be an intuitionis-
tic fuzzy set in X. Then f(;l\’) is an intuitionistic
fuzzy set in'Y such that for everyy € Y

oy sup{pa(z) g (@) =yhiy €9 (x)
Hy(3) W) = { 0. Ve (o),
and

Cg(2> (y) = { inf {CA%U) rg(r) =yl;y €g(x)

Definition 6. [33] The function

x>0
x <0

1s called the Heaviside step function.

3. Numerical Method for the FBVP

Here, the eigenvalues and the fuzzy eigenfunctions
of the intuitionistic fuzzy problem — are in-
vestigated. Then, similar to the method applied
by Titchmarsh [34], we will use the solutions of
that satisfy the fuzzy initial conditions instead
of the fuzzy boundary conditions. To solve intu-
itionistic fuzzy IVPs, the method created by Akin
and Bayeg is used [33]. To do this, firstly the crisp
IVP will be solved.

Then, the solution of intuitionistic FIVPs will be
obtained from classical solutions using the intu-
itionistic Zadeh’s extension principle. The fuzzy
solutions do not require the analysis of existence
of switching endpoints of o and 3 levels, because
Heaviside (step) function will be applied during
the interval operations on « and 3 levels.

Now, let the linear and homogeneous differen-
tial equation be considered separately with
intuitionistic fuzzy boundary conditions and

,respectively.

a3 —a2) ol gion principle.

T. Ceylan / IJOCTA, Vol.14, No.3, pp.220-228 (2024)

X' +Ax =0
L wiamea, @
X (a) = a's, X' (a) = a”y
and
U+ AT =0 )
U (b) = by, U (b) = biy.

where a'q, alq, biq, big
fuzzy numbers, A > 0.

intuitionistic triangular

Theorem 2. (33 Let x' (t) and U (t) be
the solution of the intuitionistic IVP in (4))
and obtained by intuitionistic Zadeh’s ex-
Let o and B levels of )/g\’
(t) and W? (), ai, and b} (k=1,2) be given
by [Xa (, ) ( A W (6,2), 98 (t,A)] and
[ * 7 ) ) (t )‘)]7 [(\I/*); (t7 )‘)7(\1]
[(a I] [(br)a » (br)a ] and [(af), - (a}) 7],
[ ], respectively. Then the a and 3

levels of the solution can be determined as fol-
lows:

o = 3 [l = (@) (@) 8 (Kuw(®)] Kun()
2
Xa = k; [(ar)y + ((ar)y — (ar)y) O (Kir(®)] Ku(t)
(X")g = k; [(@7)e = ((ap)y = (af),) 0 (K (®)] Kir(t)
2
(xX")5 = 1«2::1 [(a})q + ((a})q — (a),) 0 (Kuk(1))] Kun(t)
and
¥ = 3 [l - (@ - (2) 0 (Ran(0)] Kan()
Ui = g::l [(ar)q + ((ar)g — (ar)y) 0 (Kak(t))] Kar(t)
2
(V)5 = 1;::1 [(ai)s = ((a)s — (a})y) € (Kak(t))] Koan()
2
()4 = k; [(af)s + ((af)y = (af),) 0 (Kax(8))] Kok (t)
Here K11 (t) and Kok (t) are Heaviside function.
2
Xo = ; [(ar)s = ((ar)y — (an);) 0 (K1e(t)] Kux(t)
XE = :1 [(ar)g + ((ar)s — (ar)y ) 0 (K1k(t))] Kik(t)
(X"a = :1 [(a)s = ((ap)d = (ai)3) 0 (K1x(t))] K1k (t)
00 = 32 e + () 602) 0] )

First, let us look for the solution to the problem
in Equation . Then, by performing similar op-
erations, we find the solution to the problem .
First of all we solve the following crisp IVP re-
lated to the fuzzy IVP in Eq. and then apply
intuitionistic Zadeh’s Extension Principle to the

*)z—)t (t7 )‘)] 5
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solution [33]:
el (©
X (a) = az, X' (a) = a1
where a1,ao and A are real numbers. The gen-

eral solution of the differential equation @ can
be written as:

Xa(t) = Cixa(t) + Caxa(t), (7)

where C] and Cy are arbitrary constants; xi(t)
and x1(t) are linearly independent functions sat-
isfying the Eq. @

Let us substitute the initial conditions to find the
coefficients C and C5 in equation Eq. . There-
fore, the following system of equations is obtained:

Cixi(a) + Caxa(a) = az (8)
Cixi(a) + Caxh(a) = a1

In Eq. C and B are unknown coefficients and

the following notations are used for convenience.

w11 w12
W = < >;
w21 w23

w11 =

= (a) 7= ()

According to these notations, is written in the
matrix form:

We =a.

Using Cramer’s method, C7 and C5 are obtained
as follows:

P LA L
wi W
Here
w w
W] = wi w;z = W11W22 — W21W12,
a w
|W1| = ai w;z = w22 — A1W12,
o |wnn oa | B
|Wa| = wey  ay | GAWIL T G2W21.

Thus, C7 and C5 can be rewritten as

Wi aswas — ajwia
o — Wa|  ajwin — aswoy
, = —

C7 and C5 can be rewritten as follows to simplify
the above results, respectively

C1 = aafa —aifiz,
Cy = aifu1 —axfn

where f;; = W;i,j =1,2.

From the results for C'y and (5, the classical so-
lution of the given crisp IVP can be derived as
follows:

() = Cixa(t) + Caxa(t),
= (a2f22 — a1f12) x1(t)
+ (a1 fi1 — azfo1) x2(t).
This solution can also be written as:
XA(t) = a2 (fa2x1(t) — farxa(t))
+a1 (fuxa(t) — fizxa(?)) .

Next the following notations are used for the sake
of its comprehension:

K (1) faaxa(t) = faixa (),
Kig(t) = fuxae(t) — fiaxa(t)- 9)
Thus the solution of the crisp IVP @ can be writ-
ten as:
Xa(t) = asKq1 (t) + a1 K2 (t) . (10)
It is easy to see that the solution in Eq. is lin-

x1(a), wi2 = x2(a), w21 = x1(a), w22 = Xekfly dependent only on the initial values. Now,

Zadeh’s extension principle is applied to the intu-
itionistic fuzzy sets and the solution of the fuzzy
IVP as follows:

Xi)\(t) = aian (t) + ailKlg (t) (11)

In terms of o and B levels of the intuitionistic
fuzzy numbers it is obtained that

where xo (6, ), (ar),, i (X7), (8 A), (af), are
lower bounds for a—levels and S—levels, respec-
tively and xg (), (an)g, i (X)g (6A), (af)f
are upper bounds for a—levels and G—levels, re-

spectively
Using the Heaviside function and interval arith-

metic the o and J levels of the solution )ZZ A\ (1)
can be written as follows:

Xa = él [(ak);r - ((ak)z - (ak);) 0 (Klk(t))] Klk(t)

£ =3 [(a0)s + (@) — (@)5) 0 (Kuo)] Kulo)

k=1
(0 = 3 s — (@0)] — (@), 0 (aalo)] Kol
() = é (@) + (@) — (@)7) 0 (Kuule))] Kuel)

(12)

For F]\Z ,\(t)} a, a solution is found for the problem

by doing similar operations. So the solution
of the crisp IVP Wy (¢) can be written as:
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Uy(t) = by () + biKaa (1) (13)

Then Zadeh’s extension principle is applied and
the solution of the fuzzy IVP as follows:

\Ifi)\(t) = a9 Ko (t) 4+ a'1 Koo (t) . (14)

By taking a—levels and S—levels, into account in
the solution and using the Heaviside function,

the solution Wiy (t) can be written as follows:

¥ = % [ ~ (0] ~ (@0);) 0 (Kas(0)] Kanlt)
2
¥ = 3 [(an); + (@)~ (@0);) 0 ()] Kot
2
(V) = 35 1600F ~ (@)f ~ ()3) 0 (an(0)] Kae()
(05 = $ e + ()] - (@0)7) 0 (an(0)] Koe()

(15)
Because the eigenvalues of the problem —
if and only if consist of the zeros of function
W(x, V) (t,\) in [34], Wronskian function is
found from the classical solutions and
for classic eigenvalue A as follows :

W () (5, A) = xa(O) WA () — XA (0 TA®).

Now we give the following numerical example to
demonstrate the proposed method.

(16)

Example 1. Consider the intuitionistic fuzzy
boundary value problem

—u" = (17)
2iy (0) = 1iad’ (0) (18)
Liy (1) = 3 (1) (19)

where 1 = (0,1,2;—1,1,3), 2 = (1,2,3;0,2,4),
3i=(2,3,4;1,3,5), 40 = (3,4,5:2,4,6) intuition-
istic triangular fuzzy numbers and A = p*, p > 0.
From problem — , we get two intuitionistic
FIVPs as follows:

X" +p*x =0,

and

U4 p? 0 =0, U(1)=3 U (1)=4. (21)
Let us first solve the crisp IVP:
x(0)=1, x'(0)=2.

By solving the differential equation in the crisp
IVP, the general crisp solution is obtained as:

X (t, ) = C1 cos (pt) + Casin (pt) .

X"+ p*x =0,

T. Ceylan / IJOCTA, Vol.14, No.3, pp.220-228 (2024)

The functions K11(t) and Ki2(t) are obtained as
follows:

Ki1(t) = cos(pt)

1.
Kio(t) = ’ sin(pt). (22)
Thus the solution of the crisp IVP can be written

using (22]) as:

X(tA) = axKi(t) + a1 K2 (t)
2
= sin(pt) + cos (pt) (23)
Similarly, the solution W (t, \) is written as:
4 .
U (t,\) = ; sin (pt — p) +3cos (pt —p). (24)

40 I I ’/ \ A
30

20 -

-20 [

/
301 \ /
‘ /

Figure 1. The function W (\) =
(3p + %) sin (p) + (4 — 6) cos (p) .

Then, Wronskian functions can be gotten from

Eq. as:

W ()

W (x;¥) (¢, )
= <3p + i) sin(p) + (—2) cos(p).

The classic eigenvalues of problem — con-
sist of the zeros of the W (X) functions. For this

reason, an infinite number of eigenvalues satisfy-
ing the equation W (\) = 0 can be obtained by
calculating p values in Matlab programme in Fig-
ure [1

Table 1. Eigenvalues of the fuzzy problem.

Pn An
n=1 3530241 10.90581
n=2 6.38091 40.71581
n=3 9.49291 90.11511
n=4 12.61831 159.22151
n=2>5 1574981 248.05621

n~ nm (nm)?
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The first five eigenvalues are found numerically
and then the approrimation of the remaining
eigenvalues is written in tabl e[l

From and a—levels and S—levels of the

solutions x'y(t) and Wi\(t), respectively can be
found as follows:

Xo (A) = 2—a—2(1—a)0(Ku(t))] Ku(t)
+[3—a—2(1-a)b (Ki2(t))] Ki2(t),

oA = [a+2(1—a)f(Ku()] Kiu(t)

+la+1+2(1—a)b (Kia(t))] Ki2(t),

(X" (&, 8) = [268+1—(48)0 (K11(t))] K11(t)
)

+[2 428 — (48) 0 (K12(t))] Ki2(t),

(X)L @t B) = [1—28+(48)0(Kn(t)] Ku(t)
+[2 =28+ (48) 0 (K12(1))] K12(t).

and
U, = [d-a-2(1-0a)0(Kau(t))] Kau()
+[6—a—2(1-a)d (Kxn(t))] Ka(t),
Uy = [2+a+2(1-a)f(Kau(t)] Ka(t)
+B+a+2(1-a)b(Kx(l)) Ka(l),
(U9, = [3+28—(48)0(K2(1))] Ka(t)
+[4+28— (48) 0 (K22(t))] K22(t),
(V) = [B—28+4P)0(Ku(t))] Ka(t)

+[4 =28+ (48) 0 (K22(1))] K22(t).

where 6(t) is the Heaviside function, Ki1(t) =
cos (pt), Kia(t) = %sin(pt), Ko (t) = cos (pt — p)
and Koo(t) = %sin(pt - D).

In particular, p1 = 3.30241 in Table [1] and sub-
stitute (25) and (25) are selected. The a and (3

levels of the solutions X (1) and \Iﬂpl( ) are given
in Figures [3, [4 and Figures 4 [3

Consider the FBVP given as in (17)-(19), using
gh-differentiabilty by converting the FDE into a
family of systems of classical differential equa-
tion [35]. Now we have that the graphical rep-
resentation of the endpoint functions x,, X& in
Figure @ and U, WI in Figure @ obtained of
(1,1)-system for every a € [0,1]. In Figure [f
and it is seen that the X and T functions do
not fulfil the fuzzy solution properties duo to the
existence of switching points in the entire interval

[0,3.5].

Figure 2. The )?A(t) solution in Ex-
ample 1. The black line represents
the reel solution. The red and blue
lines represent upper solution for 8 =
1 and a = 0, respectively and the
dashed red and blue lines represent
lower solution for 5 = 1 and a = 0,
respectively

@

r

Figure 3. The blue region of the in-
tersection of fuzzy solution [x]® and
[x*]* of the intuitionistic fuzzy solu-
tion in Example 1

Figure 4. The Uiy (t) solution in Ex-
ample 1. The black line represents
the crisp solution. The red and blue
lines represent upper solution for 8 =
1 and a = 0, respectively and the
dashed red and blue lines represent
lower solution for 5 = 1 and a = 0,
respectively
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Figure 5. The blue region of the in-
tersection of fuzzy solution [¢)]” and
[¢*]” of the intuitionistic fuzzy solu-
tion in Example 1

Sh A b b LA o 2 N e s oo
— T
~—
-

o

Figure 6. The yx solution of the
(1,1)-system related to (I7)-(19) in
the sense of gH-derivative.The blue
line and the red line represent respec-
tively the left and right end-points of
the 0-level of the solution the black
line represent the reel solution in Ex-
ample 1

Figure 7. The ¢ solution of (1,1)-
system related to — in the
sense of gH-derivative.The blue line
and the red line represent respectively
the left and right end-points of the 0-
level of the solution the black line rep-
resent the reel solution for Example 1

0.5 1 1.5 2 25 3 35

0 0.5 1 15 2 25 3 35

4. Conclusion

The main contribution of this article is the study
of intuitionistic fuzzy eigenvalue problem with
boundary values given by intuitionistic fuzzy
numbers. The eigenvalues of the fuzzy problem
are found mainly on the idea of the intuitionis-
tic Zadeh’s extension principle. To do this the
method proposed in Theorem 2 is used. Then one
of the obtained eigenvalues is arbitrarily selected
and substituted in the fuzzy solutions to obtain

the intuitionistic fuzzy eigenfunctions Xi(ti and

Wiy (t) which are shown in Figures and
To prevent switch-points as illustrated in Fig-
ure [0]and in Figure [7, Heaviside function is used
during the interval operations on « and [S-levels.

The approach using the gH-derivative is equiv-
alent to the study of some systems of classical
differential equations, which can lead to an addi-
tional study of switching points as shown in Fig-
ures [0 and Moreover from this approach, the
sign of the solution is considered itself and the
signs of its first and second derivatives.

By using the method in this paper, fuzzy eigen-
functions are obtained without dealing with these
unfavourable situations.
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1. Introduction

For convex functions the following double in- v
equality has great significance in literature and < / T(W)r(v)dv
is known as Hermite-Hadamard’s inequality [11/2]: N

Let 7 : I — R, 0 # I C R, 3, € I with B 2
1 < 39, be a convex function, then
where 7 : I — R, ) # I C R, 51, € I with
21 < 29 is any convex function and 7 : [5¢, 0] —
R is non-negative integrable and symmetric about

2 _ it
T<%1+%2> < ! / 7(v)dv V=TT
2 o — 11 S,y
T(501) + () Thgse ilflequalities have many extensigns and gen-
< (1) eralizations, see [4]- [50]. Dragomir et al. [7],

obtained the refinement of the first inequality in
(1). Yang and Hong [42], obtained the following
The inequality holds in reversed direction if 7 Hermite-Hadamard-type inequality which is a re-

is concave. finement of the second inequality in (I). Tseng
Fejér 3], established the following double inequal- et al. [35], established the Fejér-type inequali-
ity as a weighted generalization of : ties that refined Yang and Tseng [42] and

*Corresponding Author
229


http://creativecommons.org/licenses/by/4.0/

230 Latif et al.

Tseng et al. [35] established the Fejér-type in-
equalities which are weighted generalizations of
results from [7] and [42]. Dragomir et al. [12] pro-
vided further Hermite-Hadamard-type inequality
related to that refine the second inequality in
(1). Tseng et al. [36,/37], obtained some very fas-
cinating results related to Fejér’s result which
are weighted generalizations of a result proven
in |12]. Tseng et al. [38] considered the follow-
ing mappings defined over an interval [0,1] and
discussed important results that characterize the
properties of the those mappings and also proved
Fejér-type inequalities that provide refinements of
the Hermite-Hadamard’s and Fejér’s inequal-

ity :

Gmw=;P<wq+u_ayﬂ;w>
o <a%2 +(1-a) %142”‘2” ,
Qa) :== % [7 (s + (1 — @) 5)

+7 (asee + (1 — @) 51)],

x| + o
d
2 ) v

72

mi)ﬂ/T((w—l—(l—a)

1

2

/T<au+(1—a) %1;%2>r(u)dy,

1

roy= 1 f [ (a2

o) }“;J‘?ﬂ r(v)dv,

+(1—a)%1+%2)

2

o3 (552) 0+ (52))
wr((550) e (557) )] o
Pra) = 50

L) (59 (25
(50 (5 (5]
%12+V>

72

RN
| —

T (a%l +(1-a)

/ IJOCTA, Vol.1/, No.3, pp.229-248 (2024)

1

L(a) : om0 G —a)

2
J/
22
1 [
L, (o) = /
T 9 .

[T (a1 + (1 — @) v) + 7 (ase + (1 — ) v)] dy,

[T (s + (1 — a)v)

+7 (s + (1 — ) v)]r (v)dv

and
1 [
Sr (@) ::/ {T(Ox}q—i-(l—a)%leV)
2/, 2
+7 <a%1 +(1-a) V+2%2>
+7 <a%2 +(1—-a) %12_“/)
+7 <a%2 +(1—-«a) V—;%Q)] r(v)dv,
where 7 : [50, 5] — R is a convex function and

r @ [51,502] — R is non-negative integrable and
symmetric about v = %

Remark 1. It should be noted that H = H, =1,
P=P =NadL = L, = S, on [0,1] as

r(v) = %Qim, v €[5, 52].

Tseng et al. |38], proved new Fejér-type inequali-
ties related to the mappings G, Q, H,, P., I, N,
L, and S, defined above. These results general-
ize known results obtained in connection to the
Hermite-Hadamard inequality and therefore are
useful in obtaining various results for means for
a given convex function 7 and particular weight
function 7.

Here we point out few important findings from
Tseng et al. [35,39] that were used to prove re-
sults from [38].

Lemma 1. [35] Let 7 : [51, 32] = R be a convex
function and let 321 < k1 < vy < 1y < Ko < 31y
with 11 + v9 = K1 + Ko. Then

T (Vl) +7 (1/2) < T(/ﬁ?l) +7 (KVQ) .
The assumptions in Lemma [I] can be weakened as
in the following lemma:

Lemma 2. [39] Let 7 : [5, 32] = R be a convex
function and let 01 < K1 < 11 < Ko < 20 and
1 < k1 <o < ko < s with vy + v = K1 + K.
Then
T()+7(1a) <7(k1)+ 7 (K2).

Lemma 3. [39] Let 7, G, Q be defined as above.
Then @ is symmetric about %, Q is decreasing on
[0, %] and increasing on [%, 1],

G(20) < Q@) ac o).
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G(20)>Q(a), ac [i;]
ooz, e[

and
G2(l-a)<Qa), ac {11]

Here we cite two important results form Tseng et
al. |38].

Theorem 1. [38/ Let 7, r, H, P,, L, and S, be
defined as above. Then

(i) The inequality

/:T(u)r

(v)dv

1 1 o)
g/ P.(a)da < = [/ T(W)r(v)dv
0 2 pal
2
+Z ba) £ 7 () / r(v) dy] (3)
2 s
holds.
(ii) The inequalities
2
L, (a) <P ( (1-a)
1
2
+a- %2)
1
< TLa)tTia) [*
ny
and
0<N(«

< Tba)t ”2)/ r(v)dv—N(a) (5)
holdfor all a € [0,1].

(iii) If 7 is differentiable on [s1, s3], then we
have the inequalities

1=
0<a [ / 7 (v)dv
sy — 1,

-7 (%I i %2>] inf 7 (v)
2 VE[31,512]

0§PT(a)—T<%1—;%2>/%27“(1/)d1/

71

(2 = 2a) (7' (2) = 7' (541))

<

o= (- i%z) —7 ()
x/:r(u)du, (10)
0< N(a)-1I(a)
b= ( ’i@ ~7 (a))
/( Jdv (1)
and
0< 8 (a)—1I(a)
o= ( ’i}m —7 ()
/< yav (12)

hold for all o € [0, 1].

Theorem 2. [3§] Let 7, r, G, Q, Hy, P, and S,
be defined as above. Then

(i) The inequalities

<@ [ s

1

T (501) + 7 (5r2) [
< 2/ r(v)dv,

(v)dv

71
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and
2
T (%1 +%2> / r(v)dv
2 oy
P
<Q@ [ rwdr< P,
31
€ ! 1l (14)
(0% 3,
hold.

(ii) The inequality

0< 50 (a) - Gla) |

71

2

r(v)dv

< % |:T(%1)";T(%2) —{—Q(a)]
x/:zr(u)dy_sr(a) (15)

hold for all o € [0, 1].

Convex functions are a fundamental concept
in mathematics, and geometrically-arithmetically
convex functions, or GA-convex functions, rep-
resent an exciting generalization of this concept
that offers new insights and applications.

Definition 1. [7] Suppose I C (0,00) is an in-
terval of positive real numbers. A function T :
I — R is considered to be GA-convez, if

T (V67T <ar(v) + (1 — )7 (k) (16)
for all v,k € T and o € [0,1]. A function 7 :

I — R is GA-concave if the inequality in (@
reversed.

We have gathered crucial information regarding
GA-convex and convex functions, which we will
utilize to demonstrate our main findings.

Theorem 3. [7] If [»1,0] C (0,00) and the
function G : [In 3¢1,In 355] — R is convex (concave)
on [In s, 1n 3], then the function T : [301, 30] —
R,7(a) = G(lna) is GA-convex (concave) on
[521, 520].

Remark 2. It is obvious from Theorem [ that
if T i s, = R is GA-conver on [, 0] C
(0,00), then T o exp is conver on [ln s, In ). It
follows that Toexp has finite lateral derivatives on
(In 521,10 509) and by gradient inequality for convex
functions, we have

Toexp(v) — Toexp(k)(v — k) > @(exp k) exp(k),
where p(exp k) € [7'/_ (expk), T, (expr)| for any
v,k € (Inse,In o).

The following inequality of Hermite-Hadamard

type for GA-convex functions holds (see [31] for
an extension for GA h-convex functions):
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Theorem 4. [31] Let 7 : I C (0,00) = R be a
GA-convex function and >y, 25 € I with 30 < 5.
If T € L([501,2]), then the following inequalities
hold:

1 11 (v)
T (r1502) < Mo — Inom /%2 ” dv
< T(%l)—FT(%Q). (17)

- 2
The notion of geometrically symmetric functions
was introduced in [25].

Definition 2. [25] A function r : [5,0] C
(0,00) — R is geometrically symmetric with re-
spect to (0,00), if

r(v)=r <%1%2>

1

holds for all v € [5, s].

Fejér type inequalities using GA-convex functions
using geometrically symmetric functions were pre-
sented in Latif et al. [25].

Theorem 5. [25/ Let 7 : I C (0,00) — R be a
G A-convex function and s, 20 € 1 with 3¢ < 5.
If 7 € L([501,22]) and 1 : [51, 0] C (0,00) = R
s nonnegative, integrable and geometrically sym-
metric with respect to \/»12, then

r (/7) /%1 r® g, < /%1 W@,

T ()7 () [T ()
< 5 /%2 > dv. (18)

Suppose that 7 : I C (0,00) — R is GA-convex
on [ and s, € I, let H, F 2,7, : [0,1] = R
be defined by

o 1 71 o 1—a
) T ln%2 — 1n%1 / T (l/ ( %1%2) )dl/,

s YV

H(«
b5 1

1 a, l-a
.F(CY) = lnm—lnm/}( TKT (l/ K )dl/d/{,
1

Pla) :=

~ 2(Inse — In )

»2 1 lta 11—« 1t+a l—a
X — 7| v2 +7( 22 v 2 dv
sl v

1 1

and
T(a) = / [ ((veaw) (V) ™)
v () () )| " as,
where 7 : [5, 2] C (0,00) — R is nonnegative,

integrable and geometrically symmetric with re-

spect to /31 12.
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Latif et al. [21] obtained the following refinements
for the inequalities (17)):

Theorem 6. [21] Let the function T : I C
(0,00) — R be as above. Then

(i) H is GA-convex on [0, 1].
(ii) We have

inf | () = H(0) = 7 (VZi72)
aec|0,
and
L[
sup H(a) =H(1) = / dv.
ael[lor,)l] (a) () In 2¢0 — In 219 s v v

(iii) ‘H increases monotonically on [0,1].
The following theorem holds:
Theorem 7. [21] Let 7 :
be as above. Then
1

(i) -7:(04+1) f( —a) for all o in [0, 5].
(ii) F is GA-convex on [0,1].
(iii) We have

[51,22] € (0,00) — R

sup F(a) = F(0) = F(1)
a€l0,1]
1 721
B (In 565 — In 501)? /%1 v () dv
and
inf Fla)=F <1)
a€l0,1] 2

In 9 — In 29 VK

1 S
/ / —7 (Vvk) dvdk.
1 P2l

(iv) The inequality
T (\/I/H) < F <;>

1s valid.

(v) F decreases monotonically on [0,3] and
increases monotonically on [%, 1].

(vi) The inequality H(a) < F(a) holds true
for all a € [0,1].

(21 Let P : [0,1] — R and
(0,00) — R be defined as above.

Theorem 8.
T 1 [, 0] C
Then
(i) P is GA-convez on (0,1].
(ii) The following hold:

1 %
inf P(a)=P(0 / ™) 4
a€l0,1] Ins —Insg J,, v
and
sup Pla) = P(1) = A TTE)
a€(0,1] 2

(iii) P increases monotonically on [0, 1].

Theorem 9. |27/ Let 7,7, I, be defined as above.
Then I, is GA-convez, increasing on [0, 1] and for
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all a € [0,1], we have the following Fejér type in-
equalities:

r(vam) |

1

()

14

dv <7Z,(0) <Z, (@)

<=3 [ v < () L
1 (19)

Mathematical inequalities are very useful tools in
establishing a number of important results in var-
ious branches of mathematical and physical sci-
ences. Later on, mathematicians observed that
the convexity plays an important role to prove
novel results in theory of inequalities. Moreover,
over the past three decades researchers are trying
to generalize the classical convexity notion and
convex functions so that they can prove new gen-
eralized and novel results in the field of mathe-
matical inequalities that can also serve as refine-
ments of previously proven results.

Indeed there are several generalizations of the
classical convexity and convex functions in
classical sense but one of them is know as
the geometrically-arithmetically convexity (GA-
covexity) and geometrically-arithmetically convex
functions (GA-covex functions). Using the no-
tion of GA-covexity, Noor et al. |[31] and Latif et
al. [25] proved results of Hermite-Hadamard and
Féjer type.

The study explores a recent research study that
builds upon previous work and offers fresh in-
sights. Using their knowledge of studies con-
ducted in [10-15,/17}18},[34H39}|41H45], we define
new mappings pertaining to two specific inequal-
ities, namely and . We then utilize these
mappings to establish new Féjer type inequali-
ties for GA-convex functions, employing innova-
tive techniques and a variant of Lemma[d] for GA-
convex functions to achieve results that refine
and that are variants of inequalities given
in Theorems [Il and Theorem Pl The researchers
also highlight the implications of their findings
and suggest future research directions, underscor-
ing their commitment to advancing the field and
making meaningful contributions.

2. Main Results

Let 7 : [s,20] C (0,00) = R be a GA-convex
mapping and let G, Q, H, H,, I, P, Pr, N,
Sy :[0,1] — R be defined by

G(a) = 5 [r (o (V) ™) + 7 (o (V) ™)

Qa) == % [’7’ (%f‘%%_a) +7 (%2%%_0‘)] ,
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() S [ (v )
a) = ———— ~7 (v 2% v
Inse —Insg /,, v 172 ’

Hola) = [ (v (v )

1 v
1 [ o 1-a\ T (1/201V
Pre)= | %(%2”2)(1f)

1
ﬁ(a) = 2 (ln Moy — In %1)

X / ’ [7’ (%f‘ul_“) 47 (%gul—“)] —,

Lr(a) = 1/%2 ks (%?Vl_a) +7 (%S“yl_a)] Mdl/
and

se@) =3 [ [r (s (v ™)
+7 (%f‘ (M)l_a> +7 (%2”‘ (vv)
+7 (%5“ (\/%)170“)} r(v) dv.

1%
Remark 3. It should be noted that H = H, = L,
P=P.-=Nand L =L, =S8, on [0,1] when we

take r (v) = m, v € [, 7).

2
1

—
|
Q
~—

In order to obtain the results of this section the
author proved the following important lemma:

Lemma 4. [27] Let 7 : [5,50] C (0,00) - R
be a GA-convex function and let 3 < k1 <11 <
vy < Ko < 209 with vivg = K1ko. Then

T(11) +7(v2) <7 (k1) + 7 (K2) .

The assumptions in Lemma [4] can be weakened as
in the following lemma:;:

Lemma 5. Let 7 : [5,0] C (0,00) — R be
a GA-convex function and let ey < k1 < 11 <
Ko < 29 and 31 < K1 < vy < Ko < 39 with
Mry = R1kg. Then

T(11) +7(v2) <7 (K1) + 7 (K2) .

We also need the following new lemma to prove
our main results.

Lemma 6. Let 7, G, Q be defined as above. Then
Q is symmetric about %, Q is decreasing on [0, %}
and increasing on [%, 1}. Moreover the following
inequalities hold:

g@@gg@,ae@jy (20)
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G(2a)>Q(a), ac€ [i,;] , (21)
G2(1-a)>Q9(a), ac B,ﬂ (22)

and

G(2(1—a)) < Q(a), aeBJ] (23)

Proof. The GA-convexity of Q(«) on (0,1] fol-
lows from the GA-convexity of 7 on [, s5]. It
is clear that Q(a) is symmetric about 3. Let
O<a <ag < % < a3z < ag <1, then according
to Lemma [4] the following inequalities hold:

The inequality

a2 l—a2 a2 1—ag
T <%2 %1 ) —+ 7 (%1 ¥y )

<rT (%5‘1%%_0‘1) + 7 <%f‘1%%_0‘1)

holds for v; = %32%%_0‘2, vy = %f”%%_‘”, Kl =
a1 1—aq _ a1 l-aq
%2 %1 3 Ko = %1 %2 .

The inequality
T (%5‘3%%7%) 47 (%?3%570‘3)

<rT <%§‘4%%_a4) +T <%f‘4%%_°‘4)

holds for 17 = %5‘3%%_0‘3, vy = x]? s,

g, 1—ay _ o oq l—ay
Thus, Q is decreasing on [0, 5] and increasing on
1

[3:1]- _ '
Now, we consider the following two cases:

1
Case 1. a € [0, Z]

2a0—1

By choosing v, = %%0‘ (\/%1%2) , Vo =
%%oz (m)2a*1 o, l—a 11—«

, K1 o= 5 Y, Ko = ',
in Lemma [4 we get

r (o4 (V) !) 47 (87 (vemm) ™)

<rT (%5‘%%_0‘) + T (%f‘%%_o‘)

1—as _
, R1 =

for all « € [0, ﬂ

Case 2. a € [i, %]

By choosing vy = 55 % vy = 0
20-1 2a-1

K1 = %%a (\/%1%2) « , Rg = %%a (‘/%1%2) @

in Lemma [4] we get

T (%S%%fa) +7 (%f‘%%*a)

<7 (A (vrm) ) (87 (V)™ )

for all a € [§, 3]

Thus and are established. Using the

symmetricity of Q, and follow from (20))
and , respectively. O

The author skillfully utilized Lemma [ to obtain
refined versions of Fejér type inequalities .
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These refined inequalities not only extend the
mappings related to , but also provide valu-
able insights into their properties. Overall, the
author’s work represents an important contribu-
tion to the field of inequalities.

Theorem 10. /28] Let 7, H,, Pr and r be de-
fined as above. Then

T (V31502) /%2 7ﬂ,(/l/)all/ = Hr (0) < Hr (@)

71

<H- [ W) g, _p (0) < P, ()

1 v

2
<P (1) = T(%1)+T(”2)/ ") gy (2a)
2 oV
Theorem 11. [27] Let 7, Z,, N and r be defined

as above. Then

rvam) [ < 1.0 <7, 0

<=3 [ )+ v "L
=N(0) <N (a) <N(1)
rGa) +70a) [ ()

12 2/%1 dv. (25)

Corollary 1.
Then, we have

127] Let T, r be defined as above.

< % [T (\/ %1%2)‘*‘#

7 (5e1) + 7 () [
< trie) |

1

1

i) ria)] [,

). (26)

14

Theorem 12. 29/ Let T, r, G, Sy, L, be defined
as above. Then, we have the following results:

(i) Ly is GA-convez on (0,1].
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(ii) The following inequalities hold for all o €
[0,1]:

H, (0) < G (a) /: T(V”)dy
<L <o) 7T,
o Erte) 10,
cTbaltrn) (210,
S (1—a) < L (a) (28)
and
S@HS0-0) L)

(iii) The following bound holds true:

2
up £, (o) = TEALETER) [P0,
a€l0,1] 2 oV
(30)
Theorem 13. [29] Let 7, r, G, I, S, be defined

as above. Then, we have the following results:

(i) S, is convex on [0,1].
(ii) The following inequalities hold for all o €

0, 1]:
7, (a) < G (o) /%2 r (V”) dv < S, (o)
<t-a)3 [ )

rGa) tre) [l >du

+a
Z (1 - a) <S5 (a) (32)

and
L@W+LA=0) o6 0. (33)

2
(iii) The following identity holds true:

7 (5a) + 7 (322) /”2 r),,

sup S, (@) =

a€(0,1] 2 v

kAl

(34)

Now, we can prove a new variant of Theorem
for GA-convex functions.

Theorem 14. Let 7, r, G, H, P,, L, and S, be
defined as above. Then



236 Latif et al.

(i) The inequalities

/%ZT(V
P2l

: 4 2
! G A

Y Y
! 2 rw)r(v
g/o Pr(a)dagi[/m ( )V ¥) 4,
RISy SO
hold.
(ii) The inequalities
L@ <P < (1-a) [T,

1

+o. T0a) 7 () /”2 r®),,
2 oV
T(a) +7(0e) ()
< 5 T dv  (36)
and
0<N(a /”2 T(V
1 4

2
< Taltrle) [P0, @) en
1
holdfor all a € [0,1].
(iii) If 7 is differentiable on [s1, ], then we

have the following inequalities:

! /:T(”)dv—r(mﬂ

In 59 — In 219 v

x inf r(v) <P, (a)— - Mdu,

VE [51,502] 1 v

) ,r
NEZEZ)
X1

(In 209 — In 517) (%27‘/ (s02) — 217 (%1))

Oga[

(38)

0< P ()

<
« /% ” rE/V)du, (39)
0< Ly () = Hr(a)
) (Inse2 — ) (507 (322) = 507 (341))

1
x / %QTE/”)du, (40)
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0 S Pr (Oé) - ‘CT (Oé)
- (In s — In 37) <%27', (502) — ar (%1)>
- 4
x / T I(j”)dy, (41)
0 <P, () —H, ()

(In »e9 — In 1) (%27/ (522) — ar (%1)>
4
y / - T(y”)dy, (42)

(In 30 — In 37) (%27', (502) — ar (%1))

1
X / %QT(V”)dV (43)

<

0<N(a)—Z (o)

and

0<S (o) -7, (o)

’

()

1
X / %QT(V”dV (44)

hold for all o € [0, 1].

(In s — In 37) (%27'/ (500) — 517

Proof. (i) By using integration techniques and
the assumptions on r, we get the following iden-
tities:

/”2 T(V)'I“(V)dy

v

ez
[ o (22)
P2l 0 v
Mdowll/, (45)
v
}41%72% r (%) 72 r (%)
2 7 (V) dv+ [, 57(v) dv
paal %14 %21 v
i1 2
172
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LT () e
:/m/;[ (s w%) 7 (0t O‘)]L:)dadu

AARCICON

o o (2] "
(47)

=2 r(w)r(v) v 7(50) + 7 () (V)
/ ” + 1 2 /},1 v ]
:/ﬁ/[ () +7 ()]

1
Ve 3 1309\ 7 (V)
+/%1 /0 [T (b)) + 7 (7y )] - dodv.
(48)
According to Lemma[d] the following inequalities
hold for all o € [0, 5] and v € [301, \/315%):

The inequality

(V dady

2
T<u>+f(m%2)§7<\/m>+7( ke
v v
(49)
holds with the choices 11 = v, vy = Z22 g =

v

2
1 .
/v and kg = \/%.

The inequality

1 —a
7 (y/mv) < 5 [T (%% al/a) + 7 (%f‘vl )] (50)
holds with the choices 11 = 1» = /v, K1 =

1oza — yopl-a
P and ko = #{'v

The inequality
2
v

holds with the choices 11 = vy =

sy (222) 7 and ky = ey (222)°)

The inequality

L (o) ()]
_7(a)+T()

holds with the choices v1 = s “v°,

(%?1/1*0‘), K1 = 1 and Ko = V.
The inequality

(e (52) 7)o (e (5]

. . l—«a
holds with the choices v| = 2§ (Z122 vy =
2 v ’
«
%% @ (”1;‘2) , K1 = and Ko = 0.

Multiplying the inequalities - by @ and

integrating them over o on [0, % and over v on
[%1, \/%] and using 1dent1t1es 1 , we de-
rive .

(i) Using substitution rules for integration and
the assumptions on r, we have the following iden-

tities:

VS
P (o) = / T (301 7%) Mcl1/

1

v
+/ ’ T(%S‘Vl_o‘) ) (V)dy

1722

N v
m yiaWZ% -«
_ o l-a o [ F1%
_/%1 [7‘(%11/ )+T<%2< » ) )]
« "My (sa)
v
and
JE
L, (o) = % [ . T (551 79) 4 (VV) dv
2
—i—/ T (%‘zxul_o‘) r(v) dv
Neovs v?
T
—i—% / T %S‘Vl_a) ngy) dv
1

for all a € [0, 1].

. -«
By choosing v1 = »{" (%) , vy = HSviTY
l-a .
K1 = V1T Ky = & (%) in Lemma
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we observe that the inequality:
-«
7_<%1 (%1%2) >_|_7_( ay1-)
v
-«
<71 (AT + ( (%1:42) ) (56)

holds for all & € [0,1] and v € [%1, ,/%1%2}.
Multiplying the inequality by T(;), integrat-
ing both sides over v on [%1, ,/%1%2] and using

identities (H4]) and , we derive the first in-
(36)

equality of . The second and third inequali-
ties of (36 can be obtained by the GA-convexity

of 7 and (|18]).
Using substitution rules for integration and the
hypothesis of r, we have the following identity:

for all « € [0, 1].
By Lemma [ the following inequalities hold for
1

31
all a € [0,1] and v € [%1,%14%24}:

The inequality

holds for vy = »{'v

K1 = 719 and R = %? (‘/%1%2)1—04.

The inequality
) %1 9 ) a)

T (%2
\/%1%2) —a) (59)

-«
a,,l—a o <V %?”2>
)

<7’ %2
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l —a
holds for v, = (
, k1 = o and ko = %2 ,/%1%2

V

Multiplying the inequalities (| 1 9) by :
3 1

1 1
and integrating them over v on %1, ;! %2

using , we have

%a (7/11/%2 ) 1-

{T (>r1) + 7 (32)

1
N(O‘)§§

;T o)

2
X / Mdy
1 4
for all a € [0,1]. The second inequality in is

a consequence of .
Applying Lemma [4] we observe that the inequal-

ity:

(60)

\]
~
X
Q
%
=
Y
—
|
Q
~—
+
\]
~

2 (Vo))
<71 (VT 47 <%§ (%1%2)1—(1) (61)

when v; = (,/%11/), vy = x§ (./%1%2) ,
o

K1 = %f‘yl @ and kg =

2
Multiplying the inequalities (61]) by ( ) and in-
tegrating them over v on [%1 ,/%1%2] and using
the first part of the identity , we get .

(iii) Integrating by parts, we have
1 /W 1

In My — In sl

X [1/7', (v) — . <%1%2)}

1 /’{27' v)
dv
lnzg—lnzl v

—r (rma).

Using substitution rules for integration, we have
the following identity:

1 /%2 rw) 1

In 29 — In21g v In sz — In 2

(Ins —Inv)

(62)

VA |
X / - [T(V) +7 (%1%2)} dv. (63)
o v v
Since T : [s1,2] — R is harmonic convex on

[51, 222], hence ¢ : [In 5¢1, In s5] defined by g (v) :=
T oexp (v) is convex on [ln s, In ).

Using the convexity of g and the fact that r () >
0 on [In s, In sr9], the inequality
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g (alns + (1 —a)v)—g )] r(lnv) g(nsn)—g (W) In 52
+[g(alnsn + (1 —a) (Insg + Insm —v)) 5 /ln;q r(Inv) dv
—g(lnzl—l—ln%g—y)]r(lnl/) 1 In s + 1n 29
, <= (lnsey - —————=
>a(lnsx —v)g (v)r(lnv) 2 2
, , In 22
+a(v—Ins)g (Ins +1nsx —v)r(lnv) X g (lnxg)/ r(Inv)dv
=a(v—1Ins) In 201
, , Insep —Inseg\ In 722
X [g (Inse +1Insn —v) —yg (l/)} r(lnv) (64) =\— 1 )9 (In »2) 1 r(lnv)dv.
n
(67)
holds for all o € [0,1] and v € [ln% ,M}.
0,1 ! 2 Adding and , we get
The inequality can be re-written as
1 1 In 55
st o) ™,
[ (=) — 7 ()] T b
v <1n%1—|—1n%2>/n”2 (Inv)d
l—a —g| —= r(Inv)dv
[l ) ()] L
v v v , ,
/ r(v) (In 0 — In 317) <g (Insn) —g (In %1)>
>va(lnv —Ins) 7 (v) < 1
, In 5
—a(lnv —1Ins) e, <%1%2> riv) ></ r(lnv)dv. (68)
v v v In 5
=a(lnv —1Ins)
) sz 1 (N T (V) The inequality is equivalent to
X [1/7' (v) — T ( ﬂ
v v v
> _
ze(ny ) ) tre) )
i VAP 2B AV —_— —=dv
X [1/7' (v) — T ( )} 2 oV
v v (1)
1 r
x — inf r(v) (65) — 7 (V1) / dv
V vE[s1,502)] P v
(Inseo — Inszq) (%27/ (522) — ot (%1))
for all & € [0,1] and v € [%1, ,/%1%2]. <
Integrating the above inequality over v on 4 o
[%1, ,/%1%2], multiplying both sides by m > / Mdy' (69)
and using , , and , we derive . VY

We also observe that
Finally, inequalities — follow from inequal-

ities (24), @5), 7). (31). and (69). O

g(lnsg)—g (W) /'hl%g
1

5 - r(lnv)dv Corollary 2. Ifr(v) = m, v € [, m),
1 | | then Hermite-Hadamard-type inequalities, that
< = <ln  — W) are obvious consequences of Theorem are
2 2 given as follows:
, In sc0
X g (ln}q)/ r(lnv)dv
In 51

(i) The inequalities
In rn — In 9 / In s
= <4>g (lnzl)/ r (Inv)dv 1 /”2 T(z/)d
n s« v
In 21 (66) In 2e9 — In 3¢ v
2

S -
and In s — Insn

71
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S [ty
/M

=
N e
I—I

1 T (V)
<2[ln%2—ln%1/ v dv
[ Tla) £ 7 () - (%2)] (70)
hold.
(ii) The inequalities
L(a) <P ()
11—« 1 (v)
_11’1%2—11’1%1/ v dv
e T (521) —;T(%g)
< T(J{l) ;—T(}Q) (71)
and
0<P)-G(a) < TPNETER) ) (7

2
hold for all « € [0, 1].
(iii) If 7 is differentiable on [s1, s3], then we
have the inequalities:

0<

1 1
111%2 —111%1 111%2 —111%1

x/mTl(/”)dy_T(m)] < P(a)

71

1 2 1 (v)
Insm — Insg /%1 v dv, (73)
0<P(a) =7 (y/21%)
. (In 29 — In 317) (%27'/ (520) — ar (%1)> ()
4
0<L(a)—H()
(Inse0 — In57) (%27'/ (522) — ar (%1))
< , (75)
4
0<P(a)—L(x)
. (In 30 — In 517) <%27/ (500) — %17', (%1)) (76)

4
and
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0<P(a)—H(x)

(In 320 — In 517) <%ng (522) — st (%1)>
4 )
hold for all « € [0,1].

<

(77)

Remark 4. The inequality gives a new Te-
finement of the Fejér’s inequality @

Remark 5. The inequality @ refines the Fejér-
type inequality .

In the next theorem, we point out some inequali-

ties for the functions G, Q, H,., P., S, considered
above.

Theorem 15. Let 7, v, G, Q, H,, Pr, S, be de-
fined as above. Then the following Fejér type in-
equalities hold true:

(i) The inequalities

H, (a) < Q(a) /”2 r(v)

T(%;—FT(%) 2 (v)
< 1 : 2/ : dv,

71

dv

(78)

hold for o € [O, %} and

)

14

rvam) [

1

< Q(oz)/m TEjy)dVSPr(a),

kAl

(79)

hold for a € [%, 1].

(ii) The inequalities

“r ()

dv

og&(a)sg(a)/

1

) g

x/%zr(yy)dl/—l—&n(a),

kAl

(80)
hold for all o € [0, 1].

Proof. (i) Here we consider the following two
cases:

Case 1. a € [O, %] .
Using substitution rules for integration and the
hypothesis of r, we have the following identity:

ooy = [ (v () )

1

iy ((%1%2>°‘ (m)l—a)} T(V)dy.

v

(81)
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We observe that the following inequality is a re-
sult of application of Lemma [4}

The inequality

oY

<7 (57 58) + 7 () (82)

holds for 11 =
1- _
(%)a (1/%1%2) Y Kk = %% Dx§, Ky =

%f‘%%_o‘ in Lemma where a € [ ,%]

S [%1, \/%1%2].

Multiplying the inequality (82) by T(y), integrat-
ing both sides over v on [%1, \/M] and using
identity , we derive the first inequality of .
From Lemma [6] we get that

T(se1)+ T
2

(>2)

sup Q(a) =

oze[(),%]
Thus the second inequality in is established.
Case 2. a € [%,1] .
By choosing v; = 3§, vy = 2] ©
VT Ky = a8 (%)1 “ in Lemma

a € [g, 1] and v € [%1, ,/%1%2], we get

%204’ R1 =

where

T () + 7 ()

<o) e (o (22) 7). @

Multiplying the inequality by @, integrat-
ing both sides over v on [%1, \/M] and using
identity , we derive the second inequality of
. From Lemma |§|, we get that

inf Q(«a)
ol
Thus the first inequality in is also achieved.
(ii) Using substitution rules for integration and
the hypothesis of r, we have the following iden-
tity:

)

241

I
[T vy 7 g

+T< <”1:‘2>1 °‘>

kAl

14

(s <%;%2>1-Q>V<ﬁ>dv-

By using Lemma [4, we observe that the follow-
ing inequality holds for all & € [0,1] and v €

3 1
4 4 .
2y, 2y |

The inequality

holds for vy = s»{v'~

k1 = s and Ky = (1/%1%2)1_06.

The inequality

The inequality
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<7 (g7 47 (o (V) ™)

3 11—«

holds for 11 = %204”1—04’ vo = g <@> )
and Ky = %5 (\/3150)

The inequality

[ (y2) ) el () )
<7 (4 (mf*a) +7 (o) (88)

1—04

_ 11—«
K1 = %5“%11 @

holds for v; =

o (#1222 l1-a
D) (7[} ) , K1 = %2 \/%1%2
Multiplying the inequalities 1 ) by ”1

and Ko = %2

and integrating them over v on %1, %1%2 and
using identity (| ., we get
o
28, (a) < G (a) / GO
sl v
S 1 |:T (%1) + T (%2) _|_ Q (OZ):|
2 2
P2
x / "™ g, (89)
sl v

for all a € [0,
(80)-
Corollary 3. Let r (v) =

1]. Using and (89)), we derive
U

In s0—In 2¢1 ’ Ve [%17%2]

in Theorem[15. Then I, (o) = H (), a € [0,1]
and therefore we observe that:
(i) The inequalities
H(o) < Qo) < TETTERL )
hold for a € [0, %] and
7 (1) < Q(a) < P(a), (91)
hold for o € [%, 1].
(ii) The inequalities
0<L()<Go >/”d
< %1 +T(%2) n Q(a)
+L(a), (92)

/ IJOCTA, Vol.1/, No.3, pp.229-248 (2024)

hold for all o € [0, 1].

The following Fejér-type inequalities can be de-

duced from Theorems Corol-

lary [I] and Lemma [6] and we omit their proofs.

Theorem 16. Let 7, r, H,, Pr, G, Z;, L, S, be
defined as above. Then, the following inequalities

hold for all o € [0, 1]:

r (v7a) /%2 Wy,
<H@<6@ [

<Sp(a)<(1—a)

< [ vmn (v

+a T(%l)‘gT(J@) /””ijdy
< T(%l);T(%Q) }:2 T( )dl/ (93)
and
r(vam) [ g,
<z (@<d [ W
<L, (Ot) <P (04

sl v
ta T (501) + 7 (302) [77 r(u)dy
2 oV
2
< T (521) —;T(%g) r I/)dy (94)
v

Theorem 17. Let 7, r, H,, G, Z,, O be defined
as above. Then, the following inequalities hold for
all a € [0, ﬂ :

2

—V)dy <H,(a)

<M, (20) < G (20) / ),

< Q(w) /%2 T,(/V)dv
< T (501) + 7 (522)
- 2

=
T

() [

Eal

o (V”) dv  (95)

1

and
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2 r(v)

14

7'(\/%1%2)/ dv <7, («)

71

dv

<Z (2a) < I, (2a) /%2 r(v)

Eal

< Q(a)/%2 Tsjy)dy

T(%)-FTE%) 2 r(v)
< ! 2 2/ ” dv.

1

(96)

Theorem 18. Let v, r, H,, P, G, Q, L., S, be
defined as above. Then, the following inequalities
hold for all o € [i, %]

and

Theorem 19. Letm, r, H,, Pr, G, Q, L., S, be
defined as above. Then, the following inequalities

hold for all a € [%, %]

” riy)dv < Q(a)/

1

)

14

r(vam) [ av

1

<G (2a) /%2 r E/V) dv < L, (2a)

)

<Pr(2a) < (1-—- 2a)/ ” dv
+2a T(%l);rT(%z) /: Tl(jy)du
T(501) +7(522) [ (V)
< 5 L dv, (99)
T (\/7122) o Vy) dv
< 0@ 2 rE/y)d <g(2a)/%2 r(yl/)d
<S8 (2a) < (1 -2a)
<[5 v+ (vl
49 T(%l)—;—T(%Q) 2 V)dV
< Tla) +7(a) "Wy (100
and
r(vamm) [ ay
<o) [ ’”(VV)d,/ <G (20) /”2 rw),
<P (o) <Pr(2c)
<(1- 204)/%2 7'(1/)1/7“(1/)dy
+oa. T (51) 42— T (522) /}:2 r I(/l/)dy
CTba)trim) (210, g

Vs

=

Theorem 20. Let 7, r, H,, Pr, G, Q, L, S; be
defined as above. Then, the following inequalities
hold for all o € [%, %] :

() [ D
SQ(a)/:Tl(jy)duég@(l—a))/:r,(jy)dv
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<L (2(1—a) <P, (2(1-0q)) gg(a)/”T<”)du§5r(a)§(1—a)
21 (v)r(v) S
< (2a-1 dv ) r(v
T | « | éwmwr(@)} ) 4
+2(1—a)'T(%I>;T(%2) r(uy)dy <a- +T ) [rv),
(a) +7(0) [P ) . A v
< 1 : 2 /}t1 ” dv (102) §T( )_;_T(%Q 2r(y) dv. (105)
and 1

Theorem 22. Let , r, H,, Pr, G, Q, L, S, be

defined as above. Then, the following inequalities
Vo /% hold for all o € [2,1]:
SQ@@/ VM <g@( a»/mrfhu ﬂ¢ng/mrguu<Hmﬂl—®)
<SS 2(1—a) <2a-—-1 2 0 (y 2 (y
[ yetmas j(y) <oea-a) [ acow [ Wa
< v v ) “ ()7 (0)
“ o <Prla) <(1- a)/ dv
+2(1—a)~T(%1)+T(%2)/ r(y)dy o iy
2 oV +a-T(%1)+T(%2> /%21"(1/)(11/
o T0a) +7 () /”2 @, (103) ’ A v
: ? S < 70a) ;T(%z) 2 ngy)dlj (106)

Theorem 21. Let 7, r, H,, Pr, G, Q, L, S, be and
defined as above. Then, the following inequalities

o [P rW)
hold for all o« € [3, 3]: T (V) /%1 v v
<T.2(1-a) <G (2(1 a))/’” (V’/)d
o) T(V) o Fal
v | <o [ <7 )
Q) [ r(uy)d” <6@0 _a))/~2 r(uy)d” < (1—04)/%2 T,
<o [ W<t <P T trle) [P,
% s 2 Py v
(1—a)/ ( )Vr( )dl/ < 7'(%1)—;—7'(%2) 2y V)dy (107)
+a- /%2 r (V S
/%2 r(v) dv (104) Corollary 4. Lett, Q, G, H, P, L be defined as
oV above and 1 (V) = [~ then we have:
and
(i) The inequalities
rivam) [ W <o [THWa, WA SH@ <He)
1 %1%2 . (V) <g (204) <9 (Oé) < w (108)
<G(2(1-a) dv 2

Y hold for all o € [0, §].
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(ii) The inequalities

7 (V1) <H(a) < Q(a)
<G (2a) < L(2a) <P (2w)

< 1 -2« /%2T(l/)dlj
Ins9 — In 2 oV

7 (30) + 7 (522)

2

7 (301) + 7 (502)
2

+ 20 -

IN

(109)
hold for all o € [i, %]
(iii) The inequalities
T (r1502) < Q(a) < G (2a)
< L(2a) <P (2a)
( 1— 2« ) T
<
“ \Insy —Insg
)

T(%l —I—T(%Q)

+ 20 -

hold for all o € [é, %]
(iv) The inequalities
T (V) < Q(a) <G (2(1 - a))
<L2(1-a)<P2(1-w)
< < 200 — 1 ) ”QT(V)dV

In s — In s oV

+2(1—a).7(%1);7—(%2)

T (501) + 7 (522)
2

IN

(112)

hold for all o € [3,2].
(v) The inequalities

7 (o) < Q) <G (2(1 - a))
<G(@) < L() <P(a)

< 1—« /”QT(V)dV
In s — In sy oV

T (501) + 7 (5%2)
2
7 (3a1) + 7 (522)
- 2

+ o

(113)

hold for all o € [3,3].
(vi) The inequalities

r (Vo) < H2(1 - a))
<g2(1-a) < Q(a) <P(a)

1-— #2
o oo / ™4
In sz — In 2 oV

T (3a) + 7 ()

2

7 (501) + 7 (5%2)
2

A

+ o

(114)

hold for all o € [%, 1].

3. Conclusions

Overall, this paper aimed to introduce some new
mappings in connection with Hermite-Hadamard
and Fejér type integral inequalities which have
been proved using the GA-convex functions. As
a consequence, we obtained certain new inequali-
ties of the Fejér type that provided refinements
of the Hermite-Hadamard and Fejér type inte-
gral inequalities that have already been obtained.
We believe that these new techniques will be im-
portant tools for interested researcher for inves-
tigating various variational problems for differ-
ent types of convexities. We hope that this re-
search can motivate the researchers to demon-
strate new results for functions of two or more
variables by considering the GA-convexity and
coordinated GA-convex functions on a rectangle
from a plane.
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In this article, we design an optimal neural network based on new LM training
algorithm. The traditional algorithm of LM required high memory, storage
and computational overhead because of it required the updated of Hessian ap-
proximations in each iteration. The suggested design implemented to converts
the original problem into a minimization problem using feed forward type to
solve non-linear 3D - PDEs. Also, optimal design is obtained by computing the
parameters of learning with highly precise. Examples are provided to portray
the efficiency and applicability of this technique. Comparisons with other de-
signs are also conducted to demonstrate the accuracy of the proposed design.

(co) IS

1. Introduction

Partial differential equations (PDEs) based math-
ematical models can be used to describe a wide
variety of physical issues. The PDEs govern a
wide range of physical, chemical, and biological
events |1,2]. A mathematical model is a con-
densed, mathematically stated depiction of phys-
ical reality. Nonlinear PDEs are also crucial for
study in a wide range of domains, including hy-
drodynamics, engineering, quantum field theory,
optics, plasma physics, etc [3-5]. Since they fre-
quently do not have exact solutions, numerical
techniques are used to approximate them.

In addition, many researchers have been solve
nonlinear PDEs by using homotopy analy-
sis method (HAM) [6], Homotopy perturba-
tion method (HPM) [7,/8], Variational Iteration
method (VIM) [9], and Adomain decomposition
methods (ADM) [10-17]. Moreover, a number of
methods, including numerical approach used to
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solve different type of PDEs for more details see
[18-22], iterations, differential, and Laplace trans-
formation approaches, have been utilized to nu-
merically and analytically solve comparable types
of the wave-like and also heat-like problems. It
is important to use a suitable method for solv-
ing any equation or problem. In recent years
some authors used neural networks as an impor-
tant method to solve many of real-world prob-
lems because of their specification. Some authors
used ANNSs for solving different types of differen-
tial equations such that Oraibi et. al. [23] first
gave the concept of solving ordinary differential
equations using a neural network by formulating
a trial solution of the differential equation. The
authors tested the applicability and accuracy of
their developed method not only for ordinary dif-
ferential equations but also for systems of cou-
pled differential equations. Further, the authors
compared their results with the results obtained
by using other numerical methods, and reported
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that developed ANN method is superior in terms
of memory requirements and accuracy.

Several attempts have been made to solve dif-
ferent types of differential equations using feed-
forward neural networks.  Hussein and Mo-
hammed [24] reported a hybrid method by com-
bining optimization techniques with neural net-
works to solve high-order ordinary differential
equations. In a related work, Tawfiq and Hus-
sein [25] introduced a novel method for solving
boundary value problems using artificial neural
networks. They also implemented the method
for irregular domain boundaries with Dirichlet
as well as Neumann boundary conditions and
used for processing face recognition. Tawfiq [26]

solved initial and boundary value problems us-
ing a single-layer finite element neural network
and investigated the accuracy of the method for
nonlinear forward and inverse problem, and also
for a system of ordinary differential equations.
Salih and Tawfiq [27] presented a functionally
weighted neural network (FWNN) a new class of
artificial neural networks incorporating an infinite
number of nodes and showed that their new net-
work has superior extrapolation capability over
other networks then used to solve Troesch’s prob-
lem. Hussien et. al. [28] proposed an artifi-
cial neural networks-based deep neural network
and dropout to solve time dependent differen-
tial equations. The authors showed that artificial
neural network-based deep is very well approx-
imating dynamic systems represented by time-
dependent differential equations. Ali and Taw-

fiq [29] in their paper used artificial neural net-
works to approximate the solution of unsteady
state confined aquifer problem. The authors used
linear and non-linear terms in different types of
unsteady sate differential equations to illustrate
the accuracy of the method. Ali et. al. [30] pro-
posed feed forward neural network design for solv-
ing nonlinear second order, eigenvalue problem for
partial differential equation. They presented ex-
ample to show speed, accuracy and effectiveness
of applying neural network technique and found
their results more precise than other numerical
methods. The proposed neural network based
on new modification of BFGS update algorithm.
Gupta and Batra [31] developed a vectorized al-
gorithm and impleme-nted it in Python code us-
ing a deep artificial neural network to solve the
system of ordinary differential equations. Fur-
ther, to show the effectiveness of the proposed
method he compared his results with the fourth-
order Runge-Kutta method and showed the high
accuracy of his proposed method. Hussien and
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Dhannoon [28] presented a meshless parameter
estimation method for solving a system of par-
tial differential equations using an artificial neu-
ral network. The authors demonstrated that the
deep learning ANN-based approach is very effec-
tive in solving differential equations in reasonable
computing times. They illustrated their method
for linear and non-linear partial differential equa-
tions with Dirichlet and Neumann boundary con-
ditions for both regular and irregular boundaries.
Khamas et. al. [32] design suitable neural net-
work to solve singular initial and boundary value
problems. The proposed design used to determine
the effect hookah smoking on health with different
types of tobacco. Tawfiq et. al. [33] in their pa-

per discussed pitfalls for solving differential equa-
tions with neural networks. They considered ex-
amples and counter-examples for numerical tests
to substantiate their findings. ANNs have a lot of

advantages including high learning ability, adap-
tiveness, parallel processing, fault-tolerance, er-
ror computation, and machine training making
this method the preferred choice to solve ordi-
nary, partial and singular differential equations
with initial or/and boundary conditions [34]. The
researchers used different design of ANNs depend-
ing on type of problems; number of given data
or samples. While, the ANN reliability has been
assessed in this research. The new approach of
training based on the LM training algorithm has
been proposed. The objective function for this
research include the minimizing.

This article has been consisting as follows: In
next section, define and gives a background of the
ANNSs. In section 3, LM training algorithm is pre-
sented. In section 4, modification for LM training
algorithm will be given. In section 5, 3D equa-
tion Linear & non PDE presented then we design
optimal ANN for solving this equation with im-
plementation and discussions for the result will be
given. Finally, the conclusions are given in section

6.

2. Neural networks

A neural network is a structure of parallel pro-
cessing for distributing information in the form of
connected layers consist of a set of nodes called
neurons (also are called processing elements) is
the basic processor in ANNSs, along with directed
line segments between them called links (also are
called connections). All nodes can be taken any
number of arrival connections and can have any
number of coming out connections, but the signs
must be the same [31]. In effect, all nodes have a
one coming out connection that can branch out to
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form multiple output connections, each of which
carries the same sign. Each node possesses a
transfer (activation) function which can use in-
put signs, and which produces the node’s out-
put sign. Generally, ANNs have been general-
izations of mathematical models of human brain,
based on the processing of information occurs at
many connections nodes; signs are passed between
nodes over connection links which has an associ-
ated weight; each node applies an transfer func-
tion to its weighted input net to determine its sign
of output.

Thus for a given input vector x, the input to this
neuron is W]-Tx . We assume that each of the hid-
den neurons has identical transfer function o, but
that bias bj. So the output from the j-th hidden
neuron is U(Wij +b;).

Now we denote the weight connecting the j** hid-
den node to the output by U;. The output func-
tion g(z) of the ANN is therefore [35]:

k
g(x) =Y Ujo(W]z + bj) (1)
j=1

Note that o must be sigmoidal functions, so we
choice suitable o herein defined as |32]:

2
o(n) =7~
Then, the ANN input-output equation is:
Y =o@"WT +b")5"

where WeR™ "; UeR™™"™ and beR™ ! are the ad-
justable input weights, output weights and bias
respectively.

1 2)

The structure of interconnections ANN can be
classified to different classes of ANNs architecture
such feed forward neural network (FFNN): orga-
nized of nodes are in the form of layers and ar-
rival input from the previous layer then feed their
output to the next layer, in a strictly the data
goes from the input node to the output node as
feed-forward way i.e., forward loops. Feedback
neural network (FBNN): all possible connections
are allowed between layers and neurons. The data
transfer in the network as back loops. Herein we
choose FFNN.

3. LM Training algorithm

Here’s a simplified mathematical breakdown of
the ”trainlm” algorithm:

(1) Initialization:
e Initialize weights (W) and biases (b)
randomly.

e Set the learning rate (n = 0.001) for
the Levenberg-Marquardt algorithm.
(2) Forward Propagation:
e For each input sample xi:
e Calculate the weighted sum and ap-
ply the activation function for each
neuron in the hidden layer:

n
aij = Y Wik + by (3)
k=1

uij = o(aij)
e Propagate the activations to the out-
put layer using a similar process:

m
aik = Zwijkaij + bik (4)
=1

uik = o(ai)
(3) Calculate Error:
Compute the error (E;) between predicted
(neural) output (u;;) and target (exact)
output (i)

1 K

E; = 3 Z (i — ug)? (5)
k=1
(4) Backpropagation:
e Compute the gradient of the error
with respect to weights and biases in
the output layer:

ik = — (U, — uik) 6(ak) (6)
oF;
= Gir Qs
6wijk GikQij
OB

e Propagate the error gradient back to
the hidden layer and compute gradi-

ents there
K
9i = 6(a;;) > wijkgin (7)
k=1
oF;
— i
awijk Gij Tik
oF; o
8b7l‘7 - gl]

(5) Update Weights and Biases Using
Levenberg-Marquardt:
e The Update the weights and biases
using the Levenberg-Marquardt up-
date rule:

(t+1) _ (b)

Wijk = = Wigg =N P
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wit =wip — (TIEA) e @®)
t+1 t
bt =0 = p (9)
Where, p is search direction.
(6) Repeat:

e Iterate through the dataset multiple
times, adjusting weights and biases
after each iteration.

e Stop when the error converges or
a predefined number of iterations is
reached.

Based on its speed, the algorithm seems to be the
most efficient way to train feedforward neural net-
works of moderate size (with up to several hun-
dred weights). Additionally, it has a streamlined
implementation in MATLAB software, as the ma-
trix equation solution is built-in. These attributes
make it particularly effective in a MATLAB envi-
ronment [28].

4. Suggested modification for LM
training algorithm

In this section we will present suggested modified
for LM training algorithm denoted by MLM as
follow:

Algorithm 1.

Step 1: Given point x9 € R"™ and constants
do,d1,da, ug and m such that pg > m > 0;
0 <dy<di <dy<lo€(0,2],0 €[0,1] Let
k=0.

Step 2: If HJkT EkH < €, then stop. otherwise
Solve

0 11Bx|° )+ A=0) | JeEl” o)

)\k = MUk ( I3 o]
1+ || Egll 1+ || JEE||
Step 2. Compute the search direction py
-1
PE = (J;;F Jr + )\kf) Jg E. (11)

Step 3: Calculate ry, = Aredi/Pred,, where Aredj,
1s an actual reduction which equal to:

Aredy, = || Byl = ||E (zx +po)|> (12)

and Predy. is a predicted reduction which equal to:

Predy, = | Ex|* = | Ex + Jepel* - (13)
set
v +pr if rk>do
Th+1 = .
Tk otherwise
Step 4: Choose pip11 as
4/~Lk Zf e < dj
Phk+1 = § Mk if vy € [dy,da]
max %, m} ifry > do
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Step 5: Take k :=k+ 1 and go to Step 2.

5. Design optimal ANN to solve 3D-
differential equations

In this section we suggest optimal design ANN
to solve 3D- PDEs. The optimum based on suit-
able choice of number of neurons in the hidden
layer depending on trial and error. That is design
ANN requires fully interconnection three layers;
1st layer is input layer consist 4 neurons in the
input layer (z,y,2&t); 3" layer is output layer
consist one neuron with linsig. transfer function
which represents the solution of the network and
2nd layer is hidden layer with tanhsig. transfer
function consist 9 neurons in 1st trial then 10
neurons in 2" trial then 13 neurons in 37 trial
and 15 neurons in 4% trial. So, we comparing

between the number of neurons in hidden layer in
the training ANN, for solving non- linear PDE we
see that in case solving the linear equation when
the number of neurans large (15 neurons) that
make a good design for ANN to solve it according
to time 00:00:08 with performance 4.7370e-07 and
best epoch 726, see Figures[2] and b But Fig-
ure |1}, illustrat the implementation and accuracy
of suggested design in different values of time t.
Whereas, in nonlinear equation the lower number
of neurons (9 nodes) in the hidden layer give the
better value according to time 00:00:00 with per-
formance of the network solution et (x,y, 2, t; 6)
is 8.7805e-30 and best epoch 8, see Figures
9] and The preformance of the network solu-
tion unet (,y, 2, t;0) is 8.7470e-10 which is best
from archticher of ANN with one hidden layer.
But Figure [0}, illustrat the implementation and
accuracy of suggested design in different values
of time t. While in the case solving nonlinear
equation take long time 00:02:21 in ANN consist
9 nodes in 1% hidden layers and 3 nodes in 2nd
hidden layers in 1000 epoch and the value of pre-
formance is 1.8910e-11. However, this value is not
good when comparing with one hidden layer net-
work. In other words the best archticher is one
hidden layer ANN with 9 nodes in hidden layer
since it is sufficient to give good result for solving
nonlinear equation.

Training suggested ANN by back propagation rule
and using unconstrain optimazation methods new
LM algorithm. For every input data x,y, z and ¢,
the process from input layer to the hidden layer
described as follows:
9
n; = Z ( Wy +Wy,y+Woz+ Wit) + b

=1
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where W, Wy;, W, and Wy, are the weights in-
terrelate of the inputs z,y, z and ¢ to the hidden
layer respectively, and bl is the biases of hidden
layer. Hence, it is activated by the log. sig. func-
tion as Eq.. The next step is the process of the

interrelate of the hidden layer to the output layer
which is based on the following formula:

9
h; = Z Uijcr (nl) + by

J=1

(14)

where U;; are the weights of the hidden layer with
output, and b2 is the biases. When Eq. @ became

to output layer, it turned into the form

9
Unet (.CC, Y, 2, 9) = Z Uio (hl)
7j=1

where U; are the weights of the hidden layers to
the output layers.

Then, it is also easy to express the k-th derivatives
of Unet (2,y, 2,t;0) in terms:

8kunet (a;, Y, 2, t; 0) o Zn: 8kU]f(h2)

oxk : oxF (15)
7j=1
8kunet (x, Y, =z, t; 9) - akU]f(h2>
— - Sl 2 16
8kunet (ac, Y, 2, t; 0) o En: 8kU]f(h2)
Ozk -z 0zF
7j=1
Frupet (2,9, 2,1, 0) - 8kUjf(h2)
= — 2 1
otk ; otk (17)

For k=1,...,n.

The mean square error (mse) will be computed to
check the accuracy of the approximate solutions
that obtained in these cases for different values
of the epochs. Moreover, illustrates the target of
output in each case and the behavior of gradient
in the validation case at epoch 1000. Target val-
ues of training is 70, validation 15 and testing 15.
The learning rate (n) = 0.001.

Example 1. Consider the 2** order, 3D linear
homogeneous hyperbolic PDE :

u(z,y, 2, 1) =Uge + Uyy + Uzz + Ut for 0 <azx,y
and z <1

IC: u(x,y, z,0) = sin (7z) sin (7y) sin (7z)
BCs:u(0,y, z,t) = 0,u(l,y,2,t) = 0,u(z,0,2,t) =
0,u(z,1,2,t) = 0, u(x,y,0,t) = 0,u(x,y,1,t) =
0, u(z,y,0,t) =0, u(xz,y,1,t) =0

The exact solution [@/ is u(x,y,z,t) =
sin (7x) sin (7y) sin (7z)e*™V*" .
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We solve this equation by suggested design of
ANN and implemented in MATLAB vol. 2023a,
after training suggested ANN we see below the
result of the equation at different time in Fig-
ures [IH7 and the value of neural network Table
with using sigmoidal functions as in eq.2 be-
tween the first and the hidden layer while be-
tween the hidden and last layer purlin function.
Figure 8 show the performances of ANN, Figures
9H12| explain the performances of test, validation
& training, Figure show the valued of gradi-
ent, Mu & validation, finally in Figure [14] explain
the errors between exact & suggested solution.
t=0.0

Figure 1. Results of suggested de-
sign for zero time of Example

t=01
b
3 0 b W
ol & -w
- e
v b
) : -:;
4 =y
2 ;’/ﬂz
00
y X

Figure 2. Results of suggested de-
sign for time 0.1 of Example

Figure 3. Results of suggested de-
sign for Example 1when time t= 0.2.
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Figure 4. Results of suggested de- Figure 7. Results of suggested de-
sign when time t= 0.3 for Example sign when time t= 1 for Example
t = 0-4 BestValidation Performance is 6.1617e-07 at epoch 726
20 ) - o
£
= 100 E 10
4 —~ -
- 4 .
2 v‘, 2 10
0 0 100 200 300 400 500 600 700
y X 732 Epochs
Figure 5. Results of suggested de- Figure 8. Comparison of Perfor-
sign when time t= 0.4 for Example mances of ANN for Example [I| be-
tween train, test & validation in case
15 neurons in hidden layer.
Training: R=0.99996
g 26 o Data ]
S 2af (T Y
T2
g 2
g 1.8
T 186
]
5 14
=%
g 12
o 1
1 1.5 2 25
Target
Figure 6. Results of suggested de-
sign when time t= 0.6 for Example E Figure 9. Performances of training
for Example [I} in case 15 neurons in
hidden layer.
Table 1. Results of suggested design in different cases for Example
No. Layer & Nodes Best epoch  Time  Best-perf. Best-Vperf. Best-tperf. Gradient Ir.
1 9 1000 00:00:08 7.5071e-06 7.4696e-06 8.5628e-06 0.000104 0.001
2 10 538 00:00:06 6.6823e-06 6.7689e-06 6.7437e-06 0.000121 0.001
3 13 314 00:00:05 1.5217e-06 1.5500e-06 1.2775e-06 0.000241 0.001
4 15 726 00:00:08 4.7370e-07 6.1617e-07 1.2674e-06 0.00012 0.001
) [9 3] 1000 00:00:11 4.7538e-08 5.2877e-08 4.8976e-08 0.00031 0.001
6 [9 9] 1000 00:00:17 6.4486e-09 6.4733e-09 6.3662e-09 1.98e-06 0.001
7 [9 19] 1000 00:00:33 8.7470e-10 9.0352e-10 1.2115e-09 9.35e-06 0.001




Design optimal neural network based on new LM training algorithm for solving 3D - PDFEs 255

Validation: R=0.99995

©  Data
Fit
oY =T

L
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1*Target + -0.00048
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1 15 2 25
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Figure 10. Performances of valida-

tion for Example[] in case 15 neurons
in hidden layer.

Test: R=0.99997

267 o Data

Output ~=1*Target + -1.6e-05

1 1.5 2 25
Target

Figure 11. Performances of test for

Example[T} in case 15 neurons in hid-
den layer.

All: R=0.99996

267 | O Data |
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Output ~= 1*Target + -7.7e-05

1 1.5 2 25
Target

Figure 12. Comparison between ex-
act & ANN results for Example [I} in
case 15 neurons in hidden layer .
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Figure 13. Gradient, Mu & valida-
tion for Example[l] in case 15 neurons
in hidden layer.
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Figure 14. Errors between exact &
suggested solution for Example [T} in
case 15 neurons in hidden layer .

Example 2. Consider the following 4" order 3D
nonlinear Jimbo-miwa equation

Ugzry T SUzyUsy + 3UyUpr + 2Uy — 3z, = 0

With ICs: uy(z,y,2,0) = % sech? (%(m +y+ z))

Ezact solution in oou(x,y, 2, t) =
3tanh (3(z +y + 2 — 3t))

We solve that equation by suggested ANN and
implemented in MATLAB vol. 2023a suggested
design consist three layers: 15! layer (input layer)
consist of 4 nodes represent {z,y,z & t}. In the
hidden layer, we take the different case depend-
ing on number of neurons and 3rd layer (output
layer) gives the solution of the network. Other
design illustrate the results for different values of
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Table 2. The value of parameters for suggested ANN in different cases for Example
No. Layer & Nodes Best epoch  Time Best-perf. Best-Vperf. Best-tperf. Gradient Ir.
1 9 8 00:00:00 8.7805e-30  8.6926e-30 8.8637e-30 5.24e-15 0.001
2 10 11 00:00:09 3.2411e-31  3.2205e-31 3.2382e-31 1.41e-15 0.001
3 13 8 00:00:14 7.4300e-28 7.4141e-28 7.3858e-28 5.59e-14 0.001
4 15 8 00:00:22 1.0665e-23  1.0648e-23 1.0641e-23 3.06e-11 0.001
5 [9 3] 1000 00:02:21  1.8910e-11  1.8696e-11 1.8787e-11 7.22e-07 0.001
6 [9 9] 1000 00:03:35 3.863 6e-09 3.8756e-09 3.8627e-09 2.98e-06 0.001
7 [9 19] 1000 00:06:03 3.3635e-09 3.3775e-09 3.3723e-09 1.84e-06 0.001

time see Figures and the value of parame-
ters given in Table[2] Figure [22] shows the perfor-
mances of ANN. Figures 23}26] illustrate the per-
formances of training, test & validation case. Fig-
ure 27] illustrate the value of gradient, Mu & vali-
dation, finally in Figure the errors between ex-
act and neural solution in each case are presented.

t=0.0

o

2

y X

Figure 15. Results of suggested de-
sign for zero time of Example

t=0.1

Figure 16. Results of suggested de-
sign when time t = 0.1 for Example

B

Figure 17. Results of suggested de-
sign when time t= 0.2 of Example

Figure 18. Results of suggested de-
sign when time t= 0.3 for Example

t=0.6

B R o M

Figure 19. Results of suggested de-
sign when time t= 0.6 for Example 2}

t=0.8
//-A
U/f 4
2 2
00
) X

Figure 20. Results of suggested de-
sign when time t= 0.8 for Example

£ N T — T X ]
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Test: R=1

O Data
Fit
Y=T

Output ~= 1*Target + 2.9e-16

Figure 21. Results of suggested de-
sign when time t= 1 for Example 2|

Best Valldatlon Perf Is 8.6926e-30 at hg .
g0 [ Lo PeTOMERCE TS BAAERe-D 2 eho Figure 25. Performances of test for

Train
e Vil dsion

Tt Example [2| in the case 9 neurons in
= hidden layer.

All: R=1

Mean Squared Error (mse)

Figure 22. Performances of ANN
for Example [2] in the case of 9 neu-
rons in hidden layer.

Output ~= 1*Target + 1.9e-16

Training: R=1

Figure 26. Comparison between ex-

© Data

Fi act & ANN result for 2] in the case 9

Y=T

neurons in hidden layer.

Gradlent=15.2419e-15, atepoch 8

Output ~= 1*Target + 3.1e-16

gradient

Target L L L L ' L

Mu =1e-09, atepoch 8
Figure 23. Performances of training . , ' '
ANN for Example[2] in the case 9 neu- T ]

rons in hidden layer.
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Valldatlon Checks =0, atepoch §

Validation: R=1

c e 4 L L L 4 ¢ + L L
O Data =
2 Fit
“Y=T -1 : . . . . . .
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8 Epochs

1*Target + 3.3e-16

Figure 27. Gradient, Mu & valida-
tion for Example 2] in case 9 neurons
in hidden layer.

Output ~

Figure 24. Performances of valida-
tion for Example 2] in the case 9 neu-
rons in hidden layer.
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Figure 28. Errors between exact &
neural solution for Example 2] in the
case 9 neurons in hidden layer.

6. Conclusion

In this article, we suggest ANNs with different
architecture based on number of layers and num-
ber of nodes in each layers. Suggested design
trained by unconstrained optimization especially
new LM training algorithm then used to solve 3D
linear and nonlinear differential equations. The
comparison between different design depending
on the number of nodes in hidden layer has been
presented. We see that in Example [1] (linear
case) when the number of nodes large (15 neu-
rons) we get good results and represent optimal
design for ANN to solve this type of equations
according to the time 00:00:08 with performance
4.7370e-07 and best epoch 726, whereas in Ex-
ample 2| (nonlinear case) we see that the lower
number of neurons (9 nodes) in the hidden layer
gives the better results according to the time
00:00:00 with performance of the network solu-
tion unet(x,y, 2, t; 0) is 8.7805e-30 and best epoch
8. Also in the case of two hidden layers, the best
archticher of ANN that gives good result in lin-
ear case is as [9 19] nodes, the best epoch is 1000
with long time 00:00:33 when comparing with one
hidden layer but the preformance of the network
solution unet(, y, 2, t; 0) is 8.7470e-10 is best com-
paring with one hidden layer this means that the
two hidden layer with the [9 19] nodes gives bet-
ter result for linear case. While in the nonlinear
case take long time 00:02:21 in [9 3] nodes with
the best epoch is 1000 and the value of prefor-
mance is 1.8910e-11. However, that results is not
good when we comparing with one hidden layer.
This means that the one hidden layer ANN with
9 nodes in hidden layer is sufficient to get good

result for solving nonlinear problems. Also, we
conclude that many important article used origi-
nal LM for training ANN such [38-41] can be re-
solve by training with new LM training algorithm
to get best results
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This study introduces an innovative fractional methodology for analyzing
the dynamics of COVID-19 outbreak, examining the impact of intervention
strategies like lockdown, quarantine, and isolation on disease transmission.
The analysis incorporates the Caputo fractional derivative to grasp long-term
memory effects and non-local behavior in the advancement of the infection.
Emphasis is placed on assessing the boundedness and non-negativity of the
solutions. Additionally, the Lipschitz and Banach contraction theorem are
utilized to validate the existence and uniqueness of the solution. We determine
the basic reproduction number associated with the model utilizing the next
generation matrix technique. Subsequently, by employing the normalized
sensitivity index, we perform a sensitivity analysis of the basic reproduction
number to effectively identify the controlling parameters of the model. To
validate our theoretical findings, numerical simulations are conducted for
various fractional order values, utilizing a two-step Lagrange interpolation
technique. Furthermore, the numerical algorithms of the model are represented
graphically to illustrate the effectiveness of the proposed methodology and to
analyze the effect of arbitrary order derivatives on disease dynamics.
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1. Introduction

In the realm of infectious diseases, mathematical

unprecedented threat emerged on the horizon
in late 2019, named COVID-19, originating
in Wuhan, China. This novel coronavirus

modeling stands as a pivotal tool, offering
insights into the spread and control mechanisms.
The foundations of this discipline were laid
in 1927 by Kermack and Mc Kendric, who
introduced a fundamental compartment model
for complex epidemic studies in epidemiology
[1]. In the contemporary world, heightened
attention has been directed towards research on
an array of epidemic diseases like HIV, Malaria,
Dengue, HBV, posing significant challenges in
containment and prevention of disease within
the human population. As the world grapples
with these pre-existing health concerns, a new,
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rapidly escalated into a pandemic, challenging
our understanding of disease transmission and
intervention strategies.  Although, the exact
origins of the virus remains elusive, it is believed
to have originated from animals and potentially
transmitted to humans through intermediaries
such as SARS-CoV and MERS-CoV. COVID-19
manifests with a range of symptoms, from
the typical fever, dry cough, and fatigue to
severe respiratory distress with some cases
being asymptomatic. = During the pandemic,
individuals infected with the coronavirus could
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spread it even without displaying the symptoms,
constituting an incubation period of ranging
from 2 to 14 days |[2]. In the absence
of a specific treatment for the first year of
its emergence, non-pharmaceutical interventions
took precedence such as isolation, mask-wearing,
sanitization, and stringent restrictions on public
gatherings. Governments around the world
imposed lockdowns, constituting one of the
largest quarantines in history, to curb the virus’s
spread. Consequently, understanding the role of
different intervention strategies in transmission
control remains a vital research focus. Several
compartmental models analyzing the effect of
various intervention strategies for COVID-19 have
been proposed. In the study conducted by
[3], a model was introduced to analyze the
COVID-19 outbreak in China (Shanxi province).
The researchers investigated the impact of the
city lockdown date on the ultimate case count.
They discovered that an earlier lockdown in the
city could significantly reduce the number of
infectious cases. Another study by [4], focused on
the COVID-19 pandemic in the U.S.A; analyzing
the impacts of non-pharmaceutical strategies.
Additionally, [5] formulated a mathematical
model to analyze the spread of COVID-19 in
India. Their findings highlighted the significance
of strict isolation measures for susceptible
individuals, which could effectively bring down
the rate of contact between susceptible and
infected persons.

Nowadays, Fractional calculus is emerging
as a vital branch of mathematics, extending
traditional calculus by including integrals and
derivatives with non-integer orders, enabling a
more nuanced analysis of epidemic dynamics,
originating from Leibniz’s inquiry in 1695 [6].
Over the past three decades, researchers have
delved into a range of fractional derivatives, such
as Riemann-Liouville, Caputo, Caputo-Fabrizio,
Atangana-Baleanu and more, captivated by
their usage in diverse domains, including
science, biology, economics, and engineering.
Unlike traditional integer-order models focusing
solely on the current state, fractional order
models incorporate memory and hereditary
effects, integrating past information to make
more accurate epidemic predictions. Current
advancements in  epidemiological research
emphasize the significance of utilizing models
incorporating fractional order derivatives. A
study investigated the behavior of HCV
(Hepatitis C virus) disease, employing a
mathematical model incorporating differential
equations (DEs) of fractional-order. This
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model accounted for two crucial transmission
components: interactions between the virus and
cells, and the rate at which infected cells are
cured, as presented in [7]. Also, in a study
[8] researchers investigated the dynamics of
COVID-19 transmission in Ethiopia, emphasizing
on different age classes of infected population.
The researchers employed Chebyshev polynomials
to transform a fractional system into a set of
algebraic equations. Additionally, [9] introduced
an epidemic model of fractional order, integrating
the classical Atangana-Baleanu-Caputo operator
and Caputo operator, to investigate COVID-19
transmission.  Considering these instances, it
becomes apparent that employing fractional
order derivatives in modeling real-life situations
produces more precise outcomes than integer
order scenarios. This statement finds support
by a multitude of research investigations
[10-16] in the field. In particular, Caputo
fractional derivative (CFD) has found widespread
application in various epidemic models,
underscoring its utility.  This significance is
particularly evident when dealing with constant
functions, as the Caputo derivative of such
functions yields zero. The Caputo operator plays
a pivotal role in solving ordinary differential
equations, involving a subsequent fractional
integral to achieve the desired order of fractional
derivative. Notably, the Caputo fractional
differential equation allows for the inclusion of
local initial conditions in the model derivation
process. Numerous researchers have successfully
employed the Caputo operator to model diverse
real-life scenarios, as evidenced by the literature
[17-21].

Consequently, we emphasize the continued
application of the Caputo operator in our
current work, building upon the successful
endeavors of previous researchers. This study
investigates the dynamics of COVID-19 model
considering the effect of intervention strategies
introduced by [22]. By utilizing the CFD, our
objective is to grasp the memory effect and
non-local behavior essential for understanding the
dynamics of COVID-19 infection. The choice of
CFD lies in its capability to incorporate local
primary conditions and enhance the accuracy
of the model. The paper is structured in
the described manner: Section 2 delves into
fundamental mathematical concepts essential for
the subsequent discussions. Section 3 describe the
formulation and examination of the extension of
COVID-19 model utilizing the CFD. In Section
4, we explore the non-negativity and boundedness
of the model, accompanied by an exploration of
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the existence and uniqueness of solution for the
given model. Section 5 determines the basic
reproduction number and conducts a sensitivity
analysis concerning each parameter. Section
6, presents a numerical simulation employing
a two-step Lagrange interpolation method to
validate the theoretical findings.  Section 7,
showcases the results and discussion. Finally, in
Section 8, we draw conclusions from the entire
study.

2. Preliminaries

Within this part, we will define some basic
notations and definitions related to fractional
calculus, that will be extensively utilized in this

paper.

Definition 1. Let ¢ : (0,00) — R be a function,
then the Riemann-Liouville fractional integral
operator (6] with order a > 0 is expressed as:

[ A C)
“IT o(t) = ds; t>0, (1
00 = 57 ) e 2 1200
here, T'(.) referred as a well-known Gamma

function.

Definition 2. Let ¢ : (0,00) = R be a function,
then the CFD [6] with order oo > 0 is represented
as

0D o(t) =

Dig(t);

(2)

where, t > 0 and n is any positive integer. When
€ (0,1),

W) = i | s

Also, the corresponding fractional integral with
order (o> 0) is described as

L[ ¢(s)
T(Oé)/o (t—s)t

“IT P(t) = ds; R(a) >0
(4)

Definition 3. The Laplace transform(LT) [9] of
the CFD with order a > 0 is expressed as:

21607 o]0 = " Z1o()

_Z¢(m Ga—m—

where, & € (n — 1,n] and n € N.

t ()
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Definition 4. The Mittag-Leffler function [23]
characterized by two pammetem s expressed as

Zfra—i-b (6)

where, a,b > 0 and also, E,1() = E,(”). The
LT of one parameter Mittag-Leffler function can
be expressed as follows:

L= Bk = s,
a (7)
L[Ea(—kt*)] = ﬁ

3. Formulation of Mathematical Model

Within this part, we develop a fractional-order
epidemic model by applying the CFD operator to
the classical integer-order model of COVID-19, as
described in [22]. The COVID-19 integer-order
model is defined by the given set of nonlinear
ordinary DEs:

(;lf’b(ft):( _p)Q—BS(A+I)_(M+)\)S+CQ1’
delt(t) =pQ —oBQ1(A+1T)+AS — (u+¢)Qq,
Cif?l]?f):ﬁs(AJrI)nLoﬁQﬂAﬁLI)
— (@1 + @2+ A,
dezt(t) = @A — (g3 + qu+ 10)Qo,
dr
dit) =~ — (u+n)T,
dR(t)

D S T —
7 @1Q2 +nT — pR,

(8)

with initial conditions

5(0) =50 > 0,Q1(0) = Q10 > 0,A(0) = Ap > 0,
Q2(0) = Q2,0 > 0,1(0) = Iy > 0,
T(0) = Ty > 0, R(0) = Ry > 0. 9)

Here, the entire population P(¢) is segmented
to seven sub-population compartments, say S(t),
A(t), Q1(t), Qa(t), T(t),I(t), and R(t) where the
total population is sum of these compartments as:

P(t) = S(t) + Q1(t) + A(t) + Q2(t) + 1(¢)
+T'(t) + R(t). (10)
When an individual is in good health but
can contract the infection is susceptible (.5),

Susceptible individuals under quarantine due to
lockdown measures are comprising in (@), those
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in the community who exhibit no symptoms
yet are in incubation period are categorized
as Asymptomatic (A), those asymptomatic
individuals who are self-quarantined (Q2), those
individuals who are seriously ill (I), those
individuals who are isolated for treatment (7)
and recovered population (R). The parameters
mentioned in the model (8)) are thoroughly defined
and their corresponding values are presented in
Table In system individuals in (Q1)
compartment, representing susceptible people
under quarantine due to lockdown, interact to
infected people with a reduced rate compare to
individuals in the susceptible (S) compartment.
This concept is governed by multiplying a scaling
factor o with the contact rate 8, where 0 < o <1
and 1 — o represents the effectiveness of lockdown
i.e., 0 = 0 describe the scenario of complete
lockdown and o = 1 describe the situation of no
lockdown.

The above classical-integer order model of
COVID-19 —@ is expanded into a fractional
order system with an order a (0 < a < 1). As,
the model represented by equations can be
expressed in integral form as:

dfli” :/0 Kt — )[(1— p)Q — BS(A+ 1)

= (+ NS+ (Q1]ds

e _ /O it — 5)[pQ — oBQU(A +T) + AS
— (p+Q)Qu]ds

dillit) :/0 k(t — $)BS(A+ ) + oBQu(A+ )
—(q1 + q2 + p)Alds,

dQ2(t) '

= [ k(t—9)[qA— (g3 + qa+ p1)Q2]ds

:/ (t—5)[3Q2 + @2 A
+ (6 + 7+ p)]ds,

— / (t = s)IvI — (n+ p)T]ds,

Q):A Kt~ 9){0i@s + T — uRlds.

(11)
In this context, k(t — s) represents the kernel
function. On employing the power law of the
kernel function as described in [24], we obtain:

1

Ta—1) (t —5)272.

K(t—s) = (12)
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Now, on replacing the value of kernel from

equation into equation and subsequently
using the CFD with order e« — 1, we obtain:

0ot | B0 = ot i - e

L —BSA+D - (NS +CQ1)
Do _delt(t)] — o010 [pQ

- oBQIA+ D+ AS - (14 OQ1)
oDt _‘i‘jlit)] =D I BS(A+ 1)

+oBQUA+T) — (@1 + g2+ p)Al,

Do —dQ;t(t)] ey 130 g A

_ — (g3 + qa + 1)Q2],
0P d—;(tt)] = 0Dy 037 g3Q2 + 2 A

' + (6 + 1),
0o | T00] oot s bt - ()
D! dlzt )} =D €30 quQ2 + 0T — uR).

' (13)
Since, COCD?_I, Cojto‘_l are inverse operators to

each other. Therefore, the COVID-19 model with
fractional order of o (0 < v < 1) is formulated as:

D S(t) = (1 —p)Q—BS(A+1)

0DF Q1(t) = pQ — oBQI(A+1I) + AS — (1 + ()Qu,
DT A(t) =BS(A+I)+0pQ1(A+ 1)
— (@1 + @2+ p)A,

“0D; Q2(t) = 1A — (g3 + g1 + 1) Q2,

0DFI(t) = Q3Q2+QQA+ (0+~y+wl,
ODFT() =3I = (n+ )T,
DY R(t) = Q4Q2 + 1T — pR,

(14)

In the fractional order systems, maintaining

dimensional consistency plays a pivotal role,
ensuring that the units of measurement on both
sides of the equations align smoothly. To achieve
this consistency, a practical approach involves
adjusting the parameters on the right-hand side
of the equations, typically by raising their power
to a, as discussed in [25-27]. In this context,
our proposed fractional-order model takes the
following form:
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0D S(t) = (1— p™)Q* — B*S(A+1T)
— (1* +A%)S5 +¢Qu,
DL Qut) = U — o BQu(A+I) + A8
— (1" + ()R,
“0DFA(t) = BUS(A+ 1) + 0“B*Qu(A+1)
—(qf + a3 + 1A,
0D Qa2(t) = qT'A — (g5 + ¢5 + 1) Q2
0D I(t) = Q3Q2 + a3 A+ (0% + 9% + p*)I,
0D T(t) =9 — (™ + pu™)T,
007 R(t) = Q4Q2+?7 T — u*R,
(15)
with the initial conditions:
S(0) = So >0, Q1(0) = Q1,0 > 0, A(0) = Ay > 0,
Q2(0) = Qa0 > 0,1(0) = Ip > 0,
T(0) =Ty > 0, R(0) = Ry > 0. (16)

4. Analytical Study of the Model

In this segment, we discuss certain key properties
for the COVID-19 fractional order model.

4.1. Non-negativity and boundedness

To prove the positivity of solutions for fractional
order model , we first discuss the subsequent
lemma.

Lemma 1. (Generalized Mean Value Theorem
128]). Let ¢(t) is continuous on interval [a,b] and
0% € C(a,b] with 0 < o <1, then

Mﬂzd@+réﬂd¥@@@—®% (17)

where, a <3<t Vt € (a,b].

Thus, if oDge(t) > 0, Vt € (a,b), then ¢ is a
non-decreasing function and if ¢Dy¢p(t) < 0, V
€ (a,b), then ¢ is a non-increasing function.

Theorem 1. (Positivity).  All solutions of
the system — are non-negative and are
Temains in

RL = {2(t); 2(t) =
T(t), R(t)) € R7, 2(t)

(5(t), Q1
> 0}.
Proof. We will prove the non-negativity of

solutions for our system by using the Lemma
I Since,

(1), A(t), Q2(t), I(2),

265
“0Df Sls=0 = (1 - p™)Q* +¢*Q1 2 0,

“0Df Qilgi=0 = p*Q* +1*S >0,

©0Df Ala=o = ST +0*4°Q11 > 0,

“0Df Q2|@e=0 = ¢TA = 0, (18)

‘0D I|1=0 = q5Q2 + g3 A > 0,
“0DF T|r=g =1 >0,
“0D¢ Rlp=0 = ¢4 Q2 +n°T > 0.

As, a result Vt > 0, the solutions of the system
remain positive and they will remain within
]RZ_. Also, the vector field consistently directs
towards ]Ri on each hyperplane encompassing the
non-negativity orthant. [l

Theorem 2. (Boundedness). All solutions of the
system — starting in RZ_ 1 bounded.

Proof. To establish the theorem, we derive the
subsequent result from equations as follows:

0D P(t) = “DF S(t) + “0DF Q1(t) + “0Df A(t)
+ %D Q2(t) + “0Df I(t)
+ 0D T'(t) + “0Df" R(t),

P(t) — 61,

< QY — u®P(t).

:Qa_'ua

Utilizing the LT of CFD, as discussed in

Definition [3], on the above equation, result in

(67

2 [B(0)] — 5" BO0) < - - i 2 [P(0)

ZLPO)][s*+p] < —+
(X} 504—1
P(0
s ) e
0o /f" . 504—1
_ P(0).Z
5(5a+u°‘)] TR0 [so‘—i—uo‘

s*7'P(0),

By using the Definition [4, we get

P(t) < " [1 = Fa(—4®t)] + P(0) [Fa(~4%t%)]

].

0
o Qe
< — — (— = P(0)) Eo(—pt®
e (M‘” (0)) Eaf )
e e
< — — c Eq(—p%t®), where ¢ = — — P(0).
% pe

(07

Q
This indicates that 0 < P(t) < —, as t — oo.

Therefore, as a consequence the total population
and the sub populations all are bounded. Thus,
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every solution of the model (|15)-(16) starts in
region ]RZr and remains in the region:

Ql: {(57Q1,A7Q27I7T7R) €R13+Q1+A+
QOC
Q:+I+T+R< E}'
[l

4.2. Existence and uniqueness of solution

We discuss the existence and uniqueness of the
solution for the CFD model by utilizing the
Banach fixed point theory [29] in this segment.

Let B(J) denote a Banach space consisting of
continuous real-valued functions defined on the
interval J = [0, b], with the norm specified as:

105, Q1, A, Q2, I, T, R)|| = ||S]| + | Qull + [|A]
+ Q2| + L[| + 11T + | &I,
where,

151 = SuplS@)], [|@Q1]] = Sup|@1(t)],
teg teJ

[A[l = Sup|A(t)], [|Q2]l = Sup|Q2(t)],
teJ teg

]| = Sup|I(t)], |T|| = Sup|T'(t)|,
teJ teg

||| = Sup|R()].
teJ

Now, consider the DE,
CDe2t) =9t 21):te T, 0<a<l1,

2(0) =25 >0, (19)
where,
2(t) = (S(t), Q1(t), A(t), Q2(t), I (), T(t), R(t)),

(
2(0) = (S0, Q1.0, Ao, Q2.0, o, To, Ro)
G(t, 2()) = (%, %, %, 91,95, %, %) ,

and

G (t, 2(t)) = Q%1 — p®) — B*S(A+1)
— (p* + A%)S +(*Qu,
G (t, 2(1)) = p*Q* — 0*BQu(A+1T) + \*S
— (u*+¢MQu,
Gs(t,2(t) = B*S(A+ 1)+ "B “Qr(A+1I)
— (¢ + g5 + uM)A,
= g1 A — (g5 + qf + p*)Qq,
=q§Q2+ g5 A+ (6% + pu* + )1,
=" — (n“ + p*)T,
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Theorem 3. All the kernels ¥, where j =
1,2,3,---,7 fulfills the Lipschitz condition within
the Banach space B(T).

Proof. Consider, 2(t), 2(t) be two functions,
then

191(t, 2(t)) — %1(t, 2(1))]]
(1= pP)0% — BES(A+ T) — (4 + A)S
+¢7Q1 — (1= p™)Q™ + B*S(A+1)
+ (1 + AN = Qi
= [-B*(A+1)(S = 5) = (u* +A")(S = Sl
< K] [IS =S|I,
where, K7 = —(8%(d3 + d5) + p® + \%)
and [[A]| < ds, |1T] < ds.

|%2(t, 2(t)) — %(t, 2(1))]|
= [|p"Q* — 0c*B*Q1(A+ 1) + X*S
— (1" +CM)Q1 — p*Q + o BYQ(A + )
— A8 4 (u + ¢ Q|
= || =B A+ 1)(Q1 — Q1)
— (1 + (@1 — Q)]
= [ = (@*BY A+ 1) + (1 +¢*))(Q1 — Q)|
< |Kal||Q1 — Q1ll,
where, Ky = —(0%8%(d3 + d5) + (1™ + (%))
and [|A|| < ds, ||I|| < ds.

195(t, 2(t)) — 9s(t, 2(¢))]
= [[B*S(A+ 1)+ 0"BQu(A+ )

— (¢ + g3 +u)A - B*S(A+1)

— 0“BQu(A+ 1) + (¢ + ¢5 + ™) Al
=[|B8*S(A —A) + 0B Q1 (A — A)

= (g + ¢§ + pu*)(A - A)|
< B NS+ o“BY Q1] + (af + ¢85 + u®)[||A — Al
< [Ks[]A - All,
where, K3 = (8% + 0“3%2 + ¢f + ¢5 + p%)
and [|S|| < dy, [|Q1]] < da.

19a(t, 2(t)) — %a(t, 2(1))||

= [|¢f'A — (g5 + ¢ +n*)Q2 — ¢i'A
+ (g5 + gf + p*)Q2||

= || = (¢§ + 4§ + 1) (Q2 — Q2)]|

< |K4] [|Q2 — Q2]

where, Ky = —(q5 + qf + p%).
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15(t, 2(¢)) — Fs(t, 2(0))]

=1|g5Q2+ ¢ A+ (0% + p* +7) I — q53Q2 — ¢5'A

— (6% + p” + )]
= [ = (8" + p* + )T = 1|
< |Ks| ([T = 1],
where, K5 = —(0% + pu® +~%).

|6 (t, 2(t)) — %6 (t, 2(1))]]

=L = (™ + p*)T = 7T + (" + )T
=l = (¢* + u )T =T

< |Ke|||T Tl

where, K¢ = —(¢“ + p%).

1% (t, 2(t)) — % (t, 2(1))]]

= |lgf Q2 + 1T — p*R — q§Q2 — n°T — u“R)|
= |- pu*(R—-R)

< |K7||R - R||,

where, K7 = —u®.

After adding all the aforementioned equations, we
get

19(t, 2(1)) =4 (t, 2(t))]

< |l%(t, 2(1)) — (¢, 2@))|]

+ |%(t, 2(t)) — %(t, 2(1))|]
+ |5(t, 2(t)) — %s(t, 2(1)) |
+ |a(t, 2(t)) — %u(t, 2(0))|
+ |95 (t, 2(t) — %5 (8, 2(0)) |
+ 1% (t, 2(t) — %s(t, 2(1))|
+ % (t, 2() — % (t, 2(1)) ||

< KIS = S| + K21 1Q1 — Qul + Kl |4 — 4]
Kl 1Q2 — Qall + K5 |11 =T]
+ Kol 1T Tl + |K7| | R - R

< K||2(t) — 2(1)],

where, K = Max{|K;|;7 = 1,2,3,---,7} is
the Lipschitz constant of the kernel ¥(t, 2(t)).
Hence, ¥(t,2(t)) satisfies the Lipschitz
condition. 4

K
Theorem 4. If T < 1, then the model

(a+1)
possesses a unique solution.

Proof. Consider, ¥ : B — B be a linear map

represented by,
¥(20) = 20+ 5 | 7o

X 9 (s,2(s))ds,
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and, 2(t), 2(t) € B then, we have
v (2(t) — v (2(t))l

—5)* (s, 2(5))

(t —s)* L ds
I'(a) 0
Kt
< 2(s) - 2
< ey 120) - 26
Thus, V¥ is a contraction, if —— < 1.
Ia+1)

Hence, from Banach contraction principle, the
fractional order system ((15) possesses a unique
solution. O

5. The Reproduction Number and it’s
Sensitivity Analysis

5.1. Reproduction number

Epidemiologically, the basic reproduction number
often denoted as Ry indicates the average
count of new infections originating from one
infected individual within a vulnerable population
throughout their infectious period. It is
a fundamental concept used to measure the
potential for disease transmission in a population.
If Ry < 1 then eventually disease will die out
from population and if Rg > 1, the disease
will persist and potentially lead to an outbreak.
To calculate Ry we first determine the Disease
Free Equilibrium point (DFE) denoted by (&;).
Since, Equilibrium points represent the solutions
to equation describing the system, at which
the variable experiences zero rate of change.
Specifically, the disease free equilibrium (DFE)
signifies a state where the disease does not persist
within the population. By setting

0TS =D Q1 = D7 A =D Q2
=D =07 T =DFR=0,

we calculate the equilibrium points based on the
system. Now, applying the necessary conditions
involves setting all infectious compartments of the
model to zeroie. A=Q2s=1=T=R=0.

We obtained the DFE point of the model as
follows:
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Specifically, for the Ry concerning the parameter

gék _ (S{)k’ QT,07A87 Q;,Ov IS,T(T, RS) p, it is calculated as:

- (Qa(ua(l _pa) _|_Ca) Qa(ﬂapa _|_)\a) pilo — 88R,0 x Ri (21)
O ) O+ 4 () oo
Where, the sensitivity index of Ry w.r.t

0,0,0,0, 0> .
parameter p is positive, if Rg increases concerning
p and negative if Ry decreases concerning p.

We then apply the next-generation matrix
method [30,31] to evaluate the Ry of the model
(15). This involves determining the spectral
radius of the next generation matrix (FV71),
in which F represent the Jacobian of matrix
Z (transmission compartment, signifying the
appearance of new infections) and V express the
Jacobian of matrix ¥ (transition compartment)
at the DFE point:

BSy +0%Qf) 0 BYS;+0*Q5) 0
F_ 0 0 0 0
o 0 0 0 0
0 0 0 0
by 0 0 0
—qf b3 0 0
V - o o
—q3 —4q3 by 0
0 0 —’)/a b5
Ry = o(FV)
_ B0l ) + (€ (1= )
0 by b b%
x [b3ba + 502 + q3'q7], (20)

where, by = p® +(* + XY, by = qf + ¢5 + p“,
by = ¢§ + qf +p®, by = 6"+ + p® and
bs =n* + p°.

5.2. Sensitivity analysis

Sensitivity analysis is crucial for assessing
the robustness of model predictions and
understanding how the output variable changes
concerning variations in input parameters.
Within this part, we delve into the sensitivity
analysis of Ry and the model parameters by
utilizing the Normalized Sensitivity Index as
discussed in [32]. This method identifies the most
influential parameter for Ry and their impacts
on disease transmission. The normalized forward
sensitivity index of a variable to a parameter is
the ratio of the relative change in the variable to
the relative change in the parameter. as discussed
in 33].

Table 1. Parameter description and
their corresponding wvalues sourced
from the relevant literature [22].

Parameters Biological meaning Values

Q Recruitment rate of susceptible peoples 0.0000421

p Fraction of individuals under 0.5
quarantine due to the implemented lockdown

A Transmission rate at which Susceptible 0.5
people moving to Quarantine class(Q1)

B Rate of transmission of infection between 0.07
individuals

" Mortality rate 0.0000421

¢ Transmission rate of Quarantine people 0.0715
moving to Susceptible class

o efficacy factor of lockdown 0.5

Q Rate by which Asymptomatic individual 0.2
move into self-Quarantine class Q1

G2 Rate by which Asymptomatic individual 0.1428
showing the symptoms

q3 Rate at which Self-Quarantine people 0.21
enters into Infected class

q4 Rate by which self-Quarantine people 0.08
recovers

ot Rate by which infected individuals are 0.11
treated

n Rate by which infected people are 0.0917
recovered with medical treatment

0 Disease induced death rate 0.05

Table 2. Sensitivity indices of Ry.

parameters indices
Q +1
p -3.27412e-05
B +1
u -1.00031
¢ +0.0972096
o +0.777734
Q1 -0.25982
q2 -0.09752
q3 +0.08925
q4 -0.0892
4] -0.200737
v -0.4416
A -0.0972096

However, calculating the sensitivity indices of
Ry explicitly in terms of the model’s parameters
proves challenging due to the intricate nature
of Ryg. Consequently, we assess the sensitivity
indices using the values of parameters provided
in Table [l We obtained sensitivity indices for
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Ry concerning the thirteen distinct parameters
in the model that are displayed in Table 2
Additionally, a visual representation of these
numerical sensitivity indices is provided in Figure
According to the computed sensitivity indices,
a 10% increment in the recruitment rate (2),
lockdown efficacy factor (o), and the transmission
rate (/) results in a 10%, 7.7%, and 10% increase
in the value of Ry, respectively. On the contrary,

Parameters

o o D = o~ o > Q)
— T T T T T T

Figure 1. Sensitivity of the Ry
concerning all thirteen parameters.

when it comes to parameters such as the natural
death rate (u), the treatment rate (7), the
rate at which symptomatic individuals enter
self-quarantine (g;) and disease-induced death
rate (0), an increase of 10% in their values results
in a decrease of Ry by 4.4%, 2.5%, 2.1%, and 10%
respectively.

Therefore, the findings indicate that a 10% rise
in the transmission rate S and recruitment rate
(), significantly increases Ry, with a notable
impact. Additionally, the lockdown scaling factor
o also demonstrates a substantial effect on Ry.
While, the remaining parameters exhibit low
perturbation, exerting minimal influence on Ry.
This analysis is depicted in Figure [1} illustrating
the high sensitivity of the transmission rate, and
the significant impact of the lockdown scaling
factor on Ry.

6. Numerical Algorithm

We utilize numerical technique to approximate
the solutions for nonlinear ordinary and partial
differential equations that cannot be resolved
through standard analytical techniques. In this
study, the numerical approach is based on the

two-step Lagrange interpolation approach, as
detailed in [34-36] to address the fractional order
COVID-19 model (15).

From equation , we have

“Dr2(t) =9(t,2(t) ,t€[0,b],0<a <1,

2(0) = 2y, (22)
and its solution is
1 ¢ 1

2(t) = 2(0 +/ t—s5)""" Y (s, 2(s))ds.

(t) (0) F(a)o( ) (s,2(s))
(23)

T
Let,h:;,tg:ﬁh,ﬁzo,l,Q---,neZﬂ

then at point ¢t = ty41, equation becomes

Dton) = 200+ g5 [ o =9
x 9 (s,2(s))ds,

which can be expressed as,

0

Dtyr) = 2(0) + F(la) Z_; /1t " gy — 5)7]

X 9 (s,2(s))ds. (24)
By approximating the function ¥(s, 2(s))
over interval [tc,t.+1] by using the Lagrange
polynomial,

Y(s,2(s)) = Z_t;gll%(tg, 2(t))
_tj:;g(tg_l,o@<tg_1)). (25)

Using equation in and then simplifying
the integral, we get

he
Do1 = 2(0) + m ; [%(tg, 2(ts))
(2+9—c—a)(1+09—)*— (W —¢)* 2+
o 9
-G+ 20&))] + F(Oflﬁ—Z) Z [%(tg,l, Q(tcfl))
s=0
(I+9—c+a)(@—¢)*—(1+9—)*)].
(26)
Using the aforementioned scheme (26 for

numerical solution of our proposed model ,
we get
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"
I'a+2) :

(24+Y9—c—a)(1+0U—¢

Sy1 = S(0) +

Mco

gl tg, S(t<))

[e=]

~—

=W =92+

hOc

_§+20é))] +m

[gl (tC—la S(t§—1))

a2}
||Meo
o

(49 =+ )@ —)* = 1+ -],

(27)
ha ke
Q1,941 = Q1(0) + )Z [ (te, Qu(ts))
((2+v"—c—a)( —)* =W =92+
o W
—¢+2a))] + F(ah+2 D [#lte-1,Qi(te-1))
<=0
(A+9—c+a) (=) = (1+9 —¢)* )],
(28)
s 9
Aypp1 = A(0) Tlat2) Z 95 (t, A
(2+9-—c—a)(1 C— (W =) 2+
Be %)
_§+20‘) a—|—2 Z (te—1, A(ts-1))
(149 =c+a)(@—q)" —ﬂ+ﬂ—<ﬁ“ﬂ,
(29)

ha )
Z g4 t§aQ2(t§))

=

= 2(0) + T(at2)
$)* — (V-
9

Q2,19+1

((2+19—§—a)(1+19 )2+

~s+2)] + g > (4111 Qats-r)

(I+9—c+a)@—¢)*—(1+9—)*M)],
(30)

o 9
Iy = 1(0) + = 3" [t I(1,))
I'a+2)

<=0

(C+0—c—a)14+9—¢)*— (V-

ho 9
2 Wsltenid

Q2+

— <+ 20a))] te-1))

a+2

n

(1+9—c+a)—q)*

/ IJOCTA, Vol.1/, No.3, pp.261-275 (2024)

hOé
m : [{46(t<, T(t))

(2+9—c—a)(1+0—)*— (¥ —
9

Mco

Ty41 =T(0) +

Il
o

)*(2+ 9
hO[

I'a+2)

¢=

—s+2a))] + (%o (te—1, T(ts-1))
0

(L+0—c+a)W—o)* = (1+9 -],
(32)
he
Ryiq :R(0)+7F(a+2 gz:: (% (t, R(t,))
(249—c—a)1+9—¢)*— (W —)*(2+7
a 9
—s+20))] + gy O [l Rt)
¢=0
(T4+9 —c+a) (@ —¢)*—(1+3—c)*)].
(33)

7. Results and Discussion

We utilized the numerical method outlined in
preceding subsection, and employed baseline
values for parameters (as detailed in Table
and the initial conditions of the model from
pertinent literature [22]. The initial conditions
were specified as follows:

S(0) = 0.69 x 10%, Q1(0) = 0.7 x 10°,
A(0) = 3800, Q2(0) = 800, I(0) = 601,

T(0) = 825, R(0) = 566. (34)

To illustrate the dynamics of the formulated
COVID-19 model , we provide graphical
visualizations in Figures 2 [B] [ and These
visualizations enable us to analyze the influence
of the CFD on the dynamics of population by
altering key model parameters and exploring
different values of fractional order. We used
MATLAB software for simulating numerical
results, and our discussed numerical approach
provided approximate solutions, which are
visually depicted in the referenced figures. Figure
displays the population dynamics of the
discussed model, utilizing the CFD within a
time sequence framework, measured in weeks.
In Figure [2| the behaviors of I(t), Q2(t), T'(t),
and R(t) are portrayed for fractional order values
a = 0.80, 0.85, 0.90, 0.95and 1.

Figure [2a] demonstrates that infection increase
and decrease rapidly as the fractional order rises.
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Figure 2. Solution behavior of I(t), Q2(t), T(t), R(t).

Similar patterns can be observed in Figures
and respectively.  During this critical
period, medical treatment plays a pivotal role
in controlling infections, ensuring suitable care
for individuals and facilitating their recovery, as
indicated in Figure The recovered population
increases over time, with variations observed for
different fractional order values. It is noteworthy
that, as a approach to 1, the fractional order
model solution converges toward the solution
obtained from the conventional integer-order
model.The convergence becomes faster as the
fractional order « approaches one. This behavior
can be attributed to fractional order derivatives
retaining the population dynamics of previous
time instants, which effectively slows down the
rate of reaching stability.

Figures [3 [] and [f] illustrate the impact of highly
sensitive parameters such as [ (transmission
rate), o (lockdown scaling factor), and =
(rate of exposure to treatment class) on Ry
and simultaneously explores the impact of the
transmission rate, lockdown scaling factor and
recovery rate on the presented model. We
investigate how these governing factors influence
the dynamics and behavior of the system.
The strategies for managing the spread of
the disease primarily revolve around minimizing

the transmission of the covid-19 infection from
individuals who are infected to those who are
susceptible, and enhancing the rate of recovery.
These measures are crucial in managing and
preventing the continued dissemination of the
disease. On the left side of the figures, pattern
of the (Ry) is displayed, while the right side
illustrates the behavior of the infected population
for distinct values of the specified parameters.

Figure[3] illustrates the dynamical behavior of Rg
and COVID-19-infected individuals under various
transmission rates (f), while the remaining
parameters remain the same as in Table [1| with
considering a fractional order oo = 1.

It reveals that [ leads to a rapid and
substantial increase in Ry, and as its value
escalates from 0.10 to 0.50, result in a
corresponding rise in the infection. Figure
[, illustrates the dynamical behavior of Ry
and COVID-19-infected individuals under various
transmission rates (7), while the remaining
parameters remain the same as in Table [I] with
considering a fractional order « = 1. The
variation of Ry concerning v demonstrates an
inverse relation. Increasing the wvalue of -~
significantly reduces the cases of infected
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Figure 4. (a) Variation of Ry
with v. (b) Variation of Infected
Population.

individuals, as depicted in Figure[d Additionally,
Figure [f illustrates the dynamical behavior of Ry
and COVID-19-infected individuals under various
transmission rates (f), while the remaining

/ IJOCTA, Vol.1/, No.3, pp.261-275 (2024)

parameters remain the same as in Table [I, with
considering a fractional order a = 1, where, 0 =
0 corresponds to a state of complete lockdown,
o = 0.5 to a partial lockdown and, ¢ = 1 to a
no lockdown scenario. It depicts the impact of
the parameter o on the Ry and on the infected
population, ranging from 0 to 1. It is evident
that without imposing a lockdown, infection levels
would inevitably rise.

8. Conclusions

In our study, we investigated the mathematical
model involving CFD to determine the
transmission dynamics of COVID-19. Our
analysis included fundamental assessments of
the formulated model, ensuring boundedness and
non-negativity within the feasible region. These
analyses ensure that the model offers valuable
and realistic perspective into the dynamics of
COVID-19 outbreak. With addition to this,
we established the existence and uniqueness of
proposed model solutions with the help of Banach
fixed
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Figure 5. (a) Variation of Ry
with 0. (b) Variation of Infected
Population.

point theorem. We computed the basic
reproduction number Ry by employing the
next-generation matrix technique, serving as
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a threshold parameter in the evolution of

infection. This parameter is pivotal in
identifying whether the disease endures or
dissipates within the population. Furthermore,

we employed the normalized sensitivity index to
conduct a sensitivity analysis of Ry for several
model parameters. The impact of different
parameters on the Ry has been analyzed as
well. This analysis enabled us to pinpoint the
control parameters significantly impacting the
progression of infection.

Moreover, we utilized the two-step Lagrange
interpolation method to perform numerical
simulations across various fractional order values
(o) in the proposed fractional model.  This
numerical approach not only validated our
theoretical results but also provided significant
insights into the dynamical behavior of the
model influenced by fractional order. Our
numerical results highlighted the substantial
impact of increasing the lockdown scaling factor
o and decreasing the transmission rate [ on
reducing the number of COVID-19 infections.
Furthermore, these findings offer crucial insights
for intervention strategies, especially concerning
lockdown  measures, effectively  managing
COVID-19 transmission, and reducing the
transmission rate. Implementing isolation and
quarantining susceptible also emerged as effective
strategies to curtail transmission.

While the fractional order COVID-19 model has
furnished valuable insights into the epidemic
transmission process and identified critical
factors for its spread, a more detailed analysis
requires extending the model along with some
additional factors. Future research work should
incorporate various fractional derivatives, such
as fractal-fractional, Atangana-Beta derivative,
Caputo-Fabrizio, and more. These extensions
will pave the way for more comprehensive and
in-depth studies in the field.
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Contracting cancer typically induces a state of terror among the individuals
who are affected. Exploring how chemotherapy and anxiety work together
to affect the speed at which cancer cells multiply and the immune system’s
response model is necessary to come up with ways to stop the spread of
cancer. This paper proposes a mathematical model to investigate the impact
of psychological scare and chemotherapy on the interaction of cancer and
immunity. The proposed model is accurately described. The focus of the
model’s dynamic analysis is to identify the potential equilibrium locations.
According to the analysis, it is possible to establish three equilibrium positions.
The stability analysis reveals that all equilibrium points consistently exhibit
stability under the defined conditions. The bifurcations occurring at the
equilibrium sites are derived. Specifically, we obtained transcritical, pitchfork,
and saddle-node bifurcation. Numerical simulations are employed to validate
the theoretical study and ascertain the minimum therapy dosage necessary for
eradicating cancer in the presence of psychological distress, thereby mitigating
harm to patients. Fear could be a significant contributor to the spread of
tumors and weakness of immune functionality. ) e |

1. Introduction

Models are instruments utilized in medicine

is a highly versatile instrument in the field of
infectious disease epidemiology, enabling the
detection of epidemic patterns, extrapolation of
epidemic behaviors, and evaluation of the impact

and science to interpret results, develop - i . . )

hypotheses, and plan experiments to verify of interventions, including pharmacological

them [1]’ For instance mathematical treatment, immunization, quarantine, social
M 9

distance, and hygiene practices, among others

models of population dynamics are frequently
represented by differences or differential equations
that characterize the temporal evolution of
populations [2-9]. Throughout history, ecology
has predominantly employed mathematical
models to offer qualitative explanations for
natural patterns. An exemplary illustration
of this methodology was the endeavour to
elucidate species diversity through competition
models [10-{16]. Mathematicsematical modeling

*Corresponding Author
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[17-22]. An example of a disease model is cancer,
which is characterized by the proliferation of
malignant cells that infiltrate other anatomical
structures and currently ranks as the second most
prevalent cause of mortality globally, surpassed
only by cardiovascular disease. Developing
novel treatment options is a burgeoning study
field for scientists seeking to manage cancer
effectively.  Nevertheless, comprehending the
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intricacies of tumor cell proliferation and their
intricate interplay with the immune system is
crucial in order to devise novel therapeutic
approaches.  To accomplish this, researchers
extensively depended on mathematical models
[23-27].  Several scientists have extensively
researched the mathematical modeling of tumor
evolution, its interaction with different cells, and
the process of tumor growth. They have achieved
this by creating multiple models over the past few
decades [28-33]. Cancer is amenable to a variety
of treatment modalities, including chemotherapy,
radiotherapy, and surgery. Chemotherapy, one of
the cancer treatments, is a systematic approach
that targets and eliminates cancer cells at the
site of the tumor while minimizing its impact
on effector-normal cells. This eliminates the
ability of the tumor cells to metastasize to
other anatomical sites [34-36]. For instance,
De Pillis and his associates examined multiple
mathematical models to quantify the effects of
chemotherapy [37]. In addition, Pillis et al.
devised a cancer treatment model in which they
discovered that combining chemotherapy and
immunotherapy can completely eradicate the
tumor instead of using either therapy alone [38].
On the other hand, The initial mathematical
model that incorporated the influence of fear
in a predator-prey system involving two species
was presented by Wang et al. in 2016 [39].
Prey animals may alter their grazing location
to a more secure area and relinquish their most
productive feeding sites due to predator-induced
anxiety.  The wuser’s text is incomplete and
lacks information [40-43]. Further, There has
been a recent increase in research focusing on
the importance of mathematical models for
studying how fear-induced behavioral changes
impact the spread of diseases [44-48]. A medical
study has demonstrated that psychological
stress contributes to the dissemination of
cancer cells throughout the patient’s body.
Psychological stress causes significant dilation
and intensification of blood vessels, hence
promoting the migration of cancer cells and
facilitating the metastasis of the disease [49].
Researchers have discovered that stress-induced
hormones exacerbate the proliferation of cancer
cells inside the “lymphatic system,” thus
facilitating their dissemination to other locations,
thereby promoting the metastasis of the disease
throughout the human body [50].

The present study proposes a psychological
scare-cancer-immune-normal-chemotherapy

model  (PSCINC) regulated by  systems
of ordinary differential equations, drawing
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inspiration from the model presented in [51].
We have enhanced the model of De Pillis et al.
by replacing the linear functional response with
the Holling type II functional response. This
modification allows us to accurately depict the
eradication of tumor cells by the immune system,
considering the possibility of a weakened immune
system due to the presence of psychological scare
of cancer. Further, there is a lack of study about
the influence of fear on the immune-cancer model.
Hence, we deem it imperative to examine this
phenomenon, as it contributes to reducing the
occurrence of catastrophic circumstances.

Further, there is a lack of study about the
influence of fear on the immune-cancer model.
Hence, we deem it imperative to examine
this phenomenon, as it contributes to reducing
the occurrence of catastrophic circumstances.
Therefore, this study is dedicated to discussing
the impact of anxiety on immune cancer patients,
which could be a significant contributor to
the spread of tumors and weakness of immune
functionality. The subsequent sections of this
document are organized as follows: section
examines the assumptions of the proposed model.
The presence of potential equilibrium points is
determined in section [8] Next, section [4] discusses
the stability conditions of the steady states. The
discussion in section focuses on the global
stability of equilibriums. In addition, section [0]
acknowledges the local bifurcation conditions in
close proximity to the fixed points. In section
numerical examinations are conducted to validate
our analytical findings.

2. Assumptions of the model

Let’s examine a system of differential equations
(PSCINC) that involves immune cells I (), tumor
cells C(t), normal cells N(t), and chemotherapy
treatment H (t) represented as

dI o piIC

- —olC —dyI —dolH

dt  1+eC  p+C plC =l = do
:hl(I)Cu-H)

ac p3lC

E_mlO(l—k:lC)—ﬁZ_i_C—VlcN—dzHC'
:h2(1707N7H)

N

CiTt = maN (1 — kaN) — 72CN = hs(C, N)

dH

— vV —dy hy(H)

(1)
In the first equation of the PSCINC model, the

term H% stands for the regular production of
immune cells in the body, which is affected by
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the presence of cancer cells by the psychological
scare factor e. Therefore,e the birth-term
changes by producing fear function. The
fear function is incorporated by the decreasing
function ¢ (e,C) = H%’ which was initially
introduced by Wang et al. [46]. From the
biological point of view, ¢ (e,C) is appropriate
since

9(0,0) =1,¢(e,0) =1,
lime—ﬂ)o(b(ea C) = 07
limCHOO(ﬁ(ea C) = 05
9¢(e, C) 9¢(e, C)
de oo <V

The Michaelis—Menten term %11 _ig signifies the

existence of tumor cells that provoke the immune
system’s response. polC' indicates the immune

<0,

/ IJOCTA, Vol.1/, No.3, pp.276-293 (2024)

of cancerous cells by the body’s immune system.
1 CN indicates the tumor cells’ decay rate due
to effector cells. dsHC designates the decay
rate of cancer cells due to chemo-drug. In
the third equation, maN (1 — kaN) denotes the
normal cells’ growth. 3CN represents the rate
of disintegration of normal cells caused by the
presence of tumor cells. In the last equation, v
is the infusion of chemotherapy drugs externally,
and d4H is the decay rate of the chemo-drug.
All parameters were considered non-negative and
visibly described in Table Further, Figure
illustrates the schematic sketch of the (PSCINC)
model.

The subsequent theorem establishes the positivity
of all solutions of the (PSCINC) model in the
positive orthant of Ri.

cells’ decay rate due to tumor cells. diI Theorem 1. All of the solutions of
denotes the effector cells’ death rate. dolH the — (PSCINC)  model  I(t),C(t),N ()
designates the decay rate of effector cells due and H(t) with the initial  conditions
to chemo-drug. In the second equation, the (I (0),C(0),N(0),H(0))e R are positively
(m1C (1 — k1C)) represents the tumor growth nvariant.
term. The term 5310 stands for the eradication
2+C
Normal Cells N(£)  wuuuumunnes , 99 daialeavlala
growth 80880880 Fear contributes to the spread of
tumors and the weakness of immune
functiona'
)

Cancer Cells C(t)
growth N

1 /
AN

Immune cells 1(t)
fight against cancer

(a) Before treatment

Cancer cells

Chemo Drug

Chemotherapy can Kill cancer cells or
stop them from growing or spreading

(b) After treatment

Figure 1. Schematic diagram of the (PSCINC) model.
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Table 1. Description of (PSCINC) system’s parameters.
Parameters Denotation Values  Source
o A constant rate of immune cells 0.05 [47]
e Psychological scare rate from cancer 0.1 Estimated
p1 Maximum immune cell recruitment by tumor cells 0.1 [53]
b1 Half-life of effector cells 0.4 [53)
P2 Efficient elimination rate of malignant cells from effector cells 0.2 [47]
dy Effector cells’ death rate 0.2 [53]
do Decay rate of effector cells due to chemo-drug 0.09 [53
mi Tumor’s intrinsic growth rate 0.4 [53)
k1 Tumor cells’ carrying capacity 1.5 [53)
D3 Maximum rate of killing the tumor cells by effector cells 0.3 [47]
B2 Half-life of cancer cells. 0.4 [53]
%1 Tumor cell decay rate due to normal cells 0.2 [53)
ds Decay rate of cancer cells due to chemo-drug 0.05 [53
ma Normal cell’s intrinsic growth rate 0.35 [53)
ko Normal cells’ carrying capacity 1 [53)
Y2 Normal cell decay rate due to tumor cells 0.25 [53)
v Infusion rate of chemotherapy drugs 0.019 [53)
dy Decay rate of the chemo-drug 0.05 [53]
Proof. By integrating the second and third
functions of the (PSCINC) model for C(t) trr mQc
and N (t) with a positive initial condition 1(t) = 1(0) exp{/o Km —p2Qc
(1(0),C(0),N(0),H(0)), we obtain dov
Cr) = —di— )]s}

C(O) exp{/ot [ml — m1k10(8> — ﬁfj_]éf()s)

— NN (s) = d3H{(s)] ds = Qc > 0

N(t)

N (0) exp{/ot [mg — maka N (s)

— 3O (s)}ds}: Qn >0

From the first equation of the (PSCINC) model,
we have

« pmIC )
dl = —polC —diI —doIH | dt
<1+eC’+B1+C p2 1@
« mQc
dl > I — —d
_[1 +eQc * (51 +Qc P20 =
dov
e )]at

Therefore, after eliminating the non-negative
terms, this produces 0000-0003-4022-8053

ar =[1(;PE5 -~ Qe - dy
d
- dif)}dt

Consequently, by integrating the equation shown
above for I(t), these yields

Similarly, from the last equation of the (PSCINC)
model, we get

dH = (v — dyH) dt = dH > —d Hdt

By integrating the above equation, we get

H(t) > H(0) e:vp{/ot —d4ds}

Thus, H(t) > 0 as t — oo.

As a result of the exponential function’s
definition, any solution (I (t),C (t),N(t),H(t))
that starts inside of Ri with positive initial
conditions (I (0),C (0), N(0), H(0)) will remain
in Ri. O
Theorem 2. All the solutions of the (PSCINC)
model are uniformly bounded if the following
condition is hold

Proof. let (I(0),C (0),N(0),H(0))€ Ry be an
initial condition for the (PSCINC), then, by using
the Bernoulli method, we get

dN

dt == mgN (1 - kQN) —’YQCN S mgN(l _kQN)

1
N (t) <
— ()— k2+N(0)6_m2t

Thus, lim;_,o, sup [V (t)] < 1712
Similarly, we get
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. 1
Jim sup € (1)) < -

Now, by using the standard comparison theory
[48] and the above bound for the cancer cells, we
get

al o p IC
dt 1+eC  p+C

<a—-dil = tlim sup [I(t)] <

—pQIC - dlf - dQIH
@

dy

and

Jim sup [H (¢)] < d74

Therefore, the corresponding domain region for
the (PSCINC) model is

3. Equilibria analysis

This section will delve into finding the possible
equilibrium and analyzing the system’s stability,
specifically its stability in the vicinity of

equilibrium. To accomplish this, we compute
% = ‘fi—? = % = %I = 0 and get the following

equilibrium in two cases:

(1) No treatment case: in this case, we have
two equilibrium points given by

(a) The cancer-free or healthy point

AO == (Io,o, NO), where IO = % and

No = 1
(b) The endemic or treatment-free
equilibrium point Ay = (I3, C1, Ny)
_ ma—7y2C _
here ](Vl ; ﬁ, L =
—a(B1+C
1”1014—1”20%—7’30?—1” Where
r1 =p1 — p2f1 — d1 — edy B,
T2 = ep; — p2 — efip2 — edy,
T3 = €p9,
ry = d1f1,
Y172
r5 = mik; — )
mgkg
re = my — -
6 — 1— ]{72

and Cj is the root of the following
equation

/ IJOCTA, Vol.1/, No.3, pp.276-293 (2024)

f1(C) = a1C°+aaC* +a3C*+as,C*+asC+ag, = 0,

where,

al = 7r3rs,
az = (15 (B2rs — r2) — 737%6)
az = — (15 (r1 +raf2) + 16 (Bars —12)) .
ag = (15 (r4 +r1082) + 76 (11 + Bar2)) .
as = (aps — re (ra +r152) + Parars) .
ag = (af1ps — Barare) -
Clearly, f1(0) = (af1ps — B2rare), and

f1 (kl) = T‘37°5]{7? (7“5 (527“3 — 7"2) — ’1“37”6) kil

— (75 (r1 +12B2) + 16 (Bars — 12)) ki
+ ( 5 (T4 - T152)+T6 1 + B2 )

)

+ (aps — 76 (14 — 1182) + Parars) k1

+ aPfips — Barars.

Therefore, by the intermediate value
theorem [55], f1(C) has a positive root,
say C1 in the interval (0, ki) if one of the
following conditions is satisfied

f1(0) < 0and f1 (k1) >0,
f1(0) > 0and fi (k1) <O.

Now, for I; and N7 to be positive, the
following two conditions must be satisfied:

ma > ye Cq

(2)

(2) After treatment case: in this case, we
have one positive equilibrium point Ay =
(IQ, CQ, NQ,HQ) here

ri1Cy + 7"2012 < 7‘30&a + 1y

— v C
H2:77N2:m2 72 27I
4 moko
_ —a(B1 + Cy)
—Z(]Cg’ — Z1022 + 29C9 — 23
where
evds
20 = €pg, 21 = Py — epy + efip2 +edy + Ay
vd evd
29 = p1 — P21 —d1 —edi1 31 — cTQ - d2/6’1’
4 4
vd
=dif1 + ;ﬁl
4
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Y172
24 = miky — ——,
maks
Lo vds
5 s 1 4y’
and C5 is the root of the following
equation

f2(C) = b1C° + byC* + b3C*
+ b4C? + b5C + b = 0,
where
b1 = 2024,
by = (24 (21 + 2062) + 2025) -
by = (24 (2189 — 22) + 25 (21 + 202)) .
by = ( 24 (23 — B222) + 25 (2102 — 22)) -
bs = (B2z324 + 25 (23 — P222) + ap3) .
be = Baz3zs5 + af1ps.
Clearly,
f2(0) = Bazzzs + apsf
and
fa (k1) = z024k?
+ (24 (21 + 20B2) + 2025) ki
+ (24 (2182 — 22 ) + 25 (21 + 2032)) K
+ (24 (23 — Paz2) + 25 (2182 — 22)) k7
+ (B22324 + 25 (23 — P222) + ap3) k1
+ 822325 + af1ps.

Therefore, by the intermediate value theorem,
f2 (C) has a positive root, say Co in the interval
(0, k1) if one of the following conditions is satisfied

f2(0) < 0and fa (k1) >0,
f2(0) > 0and f2 (k1) <O.

For I» and Ny to be positive, the following two
conditions must be satisfied:
ma > 7209

2905 < ZQCS + 21022 + 23

3)

Since N = 0 indicates that the patients are
deceased, we exclude cases where N = 0 from
consideration. In order to analyze the linear
stability of the system at the three equilibrium
points mentioned above, it is necessary to
calculate the Jacobian matrix of the system, and
the Jacobian is

Ju Jiz 0 Jua

J21 J22 J23 J24
=17 Js2 g3z O )

0 0 0 jaua

here.

) C
Ji1 = B?l—i—C —p2C —dy — doH,

—€ex

p15l

L —pol,
T Girop

Ju = —dal,

o = —p3C

21 52+C7

. Bal

J22 :m1(1 —2k10) — (/812)34—20)2 —"le—d?,H,

J23 = —nC, jag = d3C,
Js2 = —Va N, j3z = mao — 2maoka N — 72C,
Jaa = —dgy.
e The Jacobian matrix at Ay = (1o, 0, Noy)

is given as:
~d —ea- BE-TE 0
J(A)=1]0 m—Er-21 (5)
0 L™ Body ko
0 72:72 —my
Then, the eigenvalues of J(Ap) are
)\?Z—d1<0,)\g:m1—§§z—%

and \J < 0. Therefore, Ay is asymptotic
stable whenever if

p3c et
my < — + —
"2 Bady ko
e The Jacobian matrix at A; = (I1,C4, Ny)
is given as:
1 1
CL[lll] CL[llz] O1
J(A) = |ab] ayy db) (6)
1 1
0 ayl aj
where
[ _ nC O d
QU —ea p1811 o]y
P (4eC)? (Bt Cr) ’
n_ —p3Cy
a =
A+
1] p3faly
59 =my1 — 2m1k1C1 — ———— — v Ny,
29 1 18101 (ﬁ2+C1)2 Y14V1

a[213] = -mCh,

aélz] = —72Vq,

ai[;’13] = m9 — 2m2k‘2]\71 — 7201.

So, the eigenvalues of J (Ag) are the
roots of the following equation

(X + V1N + UsA + Us) =0 (7)
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where:
Uy = (a[lll} + am + am>

1 1 1 1] [1
0= (o} ol + o) — el
ol + ol

11/ 1 1] 1 1] [1
0y = (o] (oo — ool + ooblot)

0102~ Us = ( (ab + ab + o) (~al)
(b +ald) -

1
— (ol (sl — ablofd) + alfablaly)

Thus, according to the Routh-Hurwitz
rule [56], A; will be asymptotically stable
it Uy > 0,Us > 0 and U Uy > Us.

ol ]

1
(32033 +a ablaly)

23037 + @

o))

e The Jacobian matrix at Ao =
(I2,C4o, No, Hy) is given as:
[ 2 2 2
2l o o
2 2 P) 2
a5y a3 df]
J(A2) = (8)
o o
0 0 0 a
where
2 _ »C
aq B+ Cs p2Co 1 oHo,
2] _ _ —ex p16112
BT A e)? T (Bt o)
_P2I27a[124] = —dals,
J2 = —p3Ca
62 + 027
I
aZ = my — 2m1k Oy — %22
(B2 + Co)
—v1 N2 — d3Hs,
a[223] = —7102&[224 = —d3Cy,
aggz] = —72Na,

a% = mg — 2maoko Ny — 72C%,

ai] = —da.

So, the eigenvalues of J (Ag) are the roots
of the following equation

(—ds = A) (X + D102+ DoA+ D) =0 (9)
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where,

D, = (a[121] am + am)

2
Dy = ( a[n] (a[22] H)
g B2 4 42,
2] (2] [2 2 2] [2
Dy = (a[n} (Q[Q:)] EQ} [22] i[’;3]> + [12] [21} gg])

DDy — D3 = ((CL[H] +CL[ | + CL[ ])

(] (o2 o) — o

2] 2 2] 2
oo + ool

2] [2] (2] [2] [2]

ak) — ab) a33) +a12a21a33)

(a[n] (%3 a3z —

Thus, according to the Routh-Hurwitz
rule, A, will be asymptotically stable on
the condition that Dy > 0,D3 > 0 and
Di1Dy > Ds.

4. Global stability at the cancer-free
steady state

To reach a healthy state, in this section, we will
examine the global stability surrounding Ag to
explore the dynamics of the (PSCINC) system at
regions far from the equilibrium point Ag.

Theorem 3. Ag is a GAS provided the following

conditions hold:
2

miky > max{d?l ( —ae + Ll pzf) ,3722,;}}

(10)

1+eC’ Bi¥C
my < 52+C + ’YlN

Proof. Let’s define a Lyapunov function [57] for
the (PSCINC) model at Ay as follows: L(t) =
% +C+ (N — No — Ndn%), where L(t) is
a positive definite about Agy. Thus,

dL dI  dC (N No) dN

I—1Iy) =
dt = O)dt+d N dt

e o p IC
= I°)<1+ec B+ C

= poIC — dil — a+di o)

9 p3lC )
+ — — — N
(mlC mi1k1C L1 C v C
+ (N — Np) (ma (1 — k2 N) — %C).
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Therefore, (1) No saddle-node bifurcation (SNB).
dL 71 (2) A transcritical bifurcation (TB) if
a U r :
—aeC  p IC (T[O]) [D2hm1 (Ao, m17) (S[O st ﬂ #0. (11)
(1 +eC * Bi+C p2lC —dy (I - IO)) (3) A pitchfork bifurcation (PB) if condition
,  pIC is violated where the notation in
+ (10— mikCF — Byt C NnCEN will be introduced during the proof.
+ (N — Np) (—maka (N — Ny) — 120 .
ie., Proof. At m* = p3a + 2, J(Ap) has a zero
dL —ae p I eigenvalue \) = O. Therefore, J(Ap) at mj
E:C(I_IO) 1+60+51+C’_p21 becomes
—dy (I —Ip)?
s p3lC —d —ea—gg - 0
+ (mlC—mlkle —52_’_0—710]\]) J* (AO): 0 0 0
- ’rngkg (N - N()) - ")/QC (N - No) . ko
T
Now, let SO = (s[lo], 3[20], S[O]) and T =
L ml"’l 2 0] 4[0] 0]\7
T —C*+C({I -1 <t1 byt ) represent  the  eigenvectors
—ae 1 I corresponding to the zero eigenvalue of J*(Ag)
<1+eC’ + B+ C —ng) and J*T(Ag) respectively. Direct computation
dy (1 Io)? — "R c2 o (v = ) Bies
—ar\4L —4do) ——— L —72 — 4Vo
2
— magky (N — Np)? 0] _ (— (Br(edi +pa) tp1) @ |~ )T
23 " gk
pP3 1P1 2102
+C <m - - ’le)
B2+ C and

2
dL k [0 =
:>dtg—(\/m310+¢c71(1—10)) T8 =(0,1,0)".
Now, let h = (hi(I,C), ho(I,C,N), hs(C,N))",

. 2 then differentiating A with respect to m gives:
Im
_( ;1C+\/m2k‘2(N—No))

Oh (am, 8h27 ahg) = (0,C0(1 - k1C,0),
_ p3l B omq om1 Omi’ Omy
+C(m NN

p2+C By (Ao, m1*) = (0,0,0).

Therefore, 4&/a¢ < 0, and hence L(t) is a Lyapunov Hence,

function under condition O

o T *\ T _
Thus, the cancer-free steady state Ag fulfills 0 himy (Ao, mi™) = (0,1,0) (0,0,0)" =0

the requirements for local stability, rendering
the point globally stable. From a biological
perspective, chemotherapy refers to the process

of selectively eliminating tumor cells if conditions o y
are met. T by, (Ag,mi™) =0

That means the (SNB) cannot happen at m;*.
Subsequently, since

5. Local bifurcation

This section examines the local bifurcation
conditions close to steady states by applying
Sotomayor’s rule for local bifurcation [58,59].

1 =1#0

Theorem 4. Form:* = £22-+7, the (PSCINC) .
model, at Ay has maksa

0 00
70" {Dhml (Ao,ml*)s[@]:(o,1,0) [0 1 0]

—(B1(edi+p2)+p1) a
d?p1
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T (D2, (Ao, ) (S0, 517)]
[0
1—1Ipsy /
0 ( 0 0 p3(1+ (200 — B2))
=(0,1,0) (25[1] (/51) (102 + 2620¢s[1])> ,T

-2 (mfkl - 715&0]) ) 78&0] (7'2 + 27r7,2k:2sg)]))7—

(m (1+s[2°] (210752)) 2(m1*k1 W[O]))
_ (AT Wemh) — sy ) |-

53

This means the required conditions for (TB)
are satisfied under condition . Finally, if
condition is not satisfied, then.

(T[O})T D3hm, (Ao, m}) (S[O],S[O],S[O]> _

23 (2525[10] 1 310)

B3
O
Theorem 5. For
=l (ol o) 20l
o (ol oBJal)
( +agg) + (o +ayy)
(a22a£}12] glz]ag)
( A+ el
-~ C1 (abjal] + aliald)
where v2* > 0, and the formulas ofa are given

in (§), the (PSCINC) model at A has a (SNB)

i
(710" [D?hoy (Arm) (W, 50)] 20 (12)

Proof. According to J(A1), given by @, the
(PSCINC) model at A; has a zero eigenvalue,

say A2 = 0, at 11* and the Jacobian matrix
J*(A1) = J(A1,71™),becomes:
mi mz2 O
J* (Al) 21 M22 723,
0 732 133
here,
C
m1 = 5?:_ 101 — p2Cy — dy,
M2 = - Al —p2lq
(14eC1)® (B +Ch)? ’
21 = —Ps
Bo+Cy’
p3B211 .
N2 = my — 2m1k1Cy — ———— — 71" Ny,
(B2 + C1)?
n23 = —71" Ch,

732 = —72N3, 733 = Mg — 2m2k2N1 - 7201'
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Now, let
sl — ( (1] [ ] [1])

T — (t[11}7t[1} t[ﬂ)
represent the eigenvectors corresponding to

the zero eigenvalue of J*(A;) and J*T(A4;)
respectively. Direct computation gives

and

gl — (—7712 1 —7732>T
mir T m33
and .
7l _ <—7721’1’ —7723>
M1 7133
where 111 # 0 and 733 # 0.
Subsequently, since
T[l}Th’Yl (Ala’)/l*) = <_n21 ; 1a _7723)
M1 133
(0,—C1N1,0)" = —C1N; # 0
T
(1) [Dhy, (A1, 77) (1, s1)]
_ <—7721 . —7723)
mi T m33
<2p161(81 1182[”)82[1] - 2]0281[1]52[1}
(B1 + C4)?
2
2¢2c (32[1}) p382[1](82[1] . 81[1152)
(L+eC)” " (B2 +C1)?
2
2p3 B2l (82[1]>
(ﬁ2+C1)3 2 (1 1R182
T
— (32[1}’72 + 2m2k2) >
(1) g, (1]
_ ((zplﬂl(% — Lisa')sot 9y 1,1
(81 + C1)?
2
N 2¢2a (82[1]> ) —no1
(1+ 601)3 n1
2
(pssz[l]($2 ) n 2psfaly (SQM)
(82 +01) (B2 + C1)°

— 255l (" + m1/€182[1})

_ <52[1]72 + 2m2k2) (_?7:3) >

Hence, condition guarantees that the second
condition of saddle-node bifurcation is satisfied.
Therefore, the (PSCINC) model has SNB at A;
with the parameter 7. O
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Theorem 6. For
[212< [2] [2}) [212( (2] [2?3)

—aj; (a9 +asz azy (ayi +

Y =
(B + o)

2
(ol ) (—e + f1 )
_|_
(B BB
9] [2I 2
2l ayyal)

22 2
(afjal + a5dal) No
where v2* > 0, and the formulas of az[?] are given
in (§), the (PSCINC) model at Ay has a (SNB)
if

(72" [D?hon (4207) (S,57)] 20 (13)

Proof. According to J(A3), given by , the
(PSCINC) model at Az has a zero eigenvalue,
say A3 = 0, at 72" and the Jacobian matrix
J*(Ag) = J(Az,72*), becomes:

i1 <12 0 <y
T* (Ag) = G221 S22 23 S24

0 o2 g3 0

0 0 0 S44

ST 51101_:]26,2 — p2C2 — dy — da2Ho,
—ex 15112

e (1+eCy)? i (B1+Ca)° Pl
3 =0,
G4 = —daly,
1 = — 2

B2+ Ca

p3Pals
Gog = m1 — 2mak1Cy — m
— N2 — d3Ha,
s23 = —71C%,
Go4 = d3C%,
32 = —72" N,
§33 = ma — 2maka Ny — 72" Co,
Ga4 = —dy.
Now, let

g2l — (8[] [2] SE}?]’

[21)T

and

T2 (422 42 42)
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represent the eigenvectors corresponding to
the zero eigenvalue of J*(Ag) and J*T(Ay)
respectively. Direct computation gives

T
$22633 — $23532
g2 = ( 22683 — §23%52 337170)
$21632 <32

and

AC I (§22§33 — 23632 —S33

S12623  So3
) [§14(§23§32 — $22633) + §12§33§24} )T
’ 12623544

where ¢19 # 0.

T 622633 — 623632 —G33
TP ho, (A2, 727) = ( ; :

12623 23
) [§14(§23§32 — 622633) + $12633524 )T
’ 12623544

((0,0.~CoNe, 0)T) " = ~ColNy # 0.

(T[Q])T [Dzhv2 (A2,73) (5[2]75[2])}

o <§22§33 — 623632 —633

)

612623 ’ 623

|| Sracszssa — $22633) + S12633524 )
’ 12623544

<2p151(51 — I3[ s5512
(B + Co)?

2¢2a (32[2])2
(14 eCy)?
2p3 P21z (82[2})2
(B2 + Co)?

)

— 9pys Psy

p3s2l?(s2l? 52)
(B2 + 02)
— 2558 (1 + makrso?,

T
_ (32[2}72* + ngkg) ,0)

O
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_ <<2p1ﬁ1(51[2} — L5545,
(B1 4 Ca)?

<<§22§33 — §23§32> n
12523

2p3 P21 (82[2})2
(Ba + Cy)?

<_§33> - (52[2]72* + 2ka2> )
23

Hence, condition guarantees that the second
condition of saddle-node bifurcation is satisfied.
Therefore, the (PSCINC) model has SNB at Aj
with the parameter ;.

262 (52[2})2 >

(1+ 602)3

p3sal (592l — 81[2]ﬁ2)
(B2 + 02)2

— 25518 (yy + m1k182[2})

6. Optimal control

This section focuses on analyzing the model
following the administration of chemotherapy
treatment at a certain time. From a biomedical
standpoint, we have included the notion of
optimum control in the model. For this purpose,
we should look into the problem with a control
strategy that can lessen the health hazard for
the patient. Therefore, we propose and analyze
the optimal control problem applicable to model
(PSCINC) to determine the optimal dose of
chemotherapy to control the tumor. We decide
on control inputs v of cellular chemotherapy,
included in the fourth equation of the (PSCINC)
model, to be supplied from an external source at
different times.

So, let us assume that the time-dependent form
of our considered model is given in with the
following initial conditions for the model set:

So, let us assume that the time-dependent form
of our considered model is given in with
the following initial conditions for the (PSCINC)
system set:

I(O) = IO? C(O) = COaN(O) = NOaH(O) = H07

(14)
The objective function, which is to be minimized,
is defined as follows:

Q(r) :/Otf[f(t)JrC(t)+€1V2(t)]dt7 (15)

The constants e; represent the weight factors
of the respective terms. These are utilized to
equalize the magnitude of the phrases. The
ideal selection of control variable v will effectively
reduce tumor density and maximize immune
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density simultaneously, while also minimizing
any unfavorable side effects within a set time
frame. The initial component of the integrand
function represents the overall quantity of
tumor cells, the subsequent component of the
integrand function represents the overall quantity
of immune cells, and the last component of
the integrand function indicates the efficacy of
the administered medications on the organism.
Here, we employ an optimum control problem
to the model to minimize the administration of
chemotherapeutic drugs, aiming to mitigate side
effects and shorten the patient’s recovery period.
Here, we set up an optimal control v* such that

Q@) =min {Q(v): veA}, (16)

where A = {v : measurable, 0 < v <1,t € [0,ts]}
is the admissible control set.

6.1. The existence of optimal control

In this sub-section, we analyze the existence of an
optimal control of the (PSCINC) model ({I)). The
property of super solutions I, C', N, and H of the
model is that trajectories given by

g:a—dlf,

% =mC — p3l, (17)
o —ma,

Cgl =v—d4H,

are bounded. In vector form, we can express the
above system as:

I ~dy 0 0 0 I a
C —p3 mp 0O 0 C 0
| < ~
N[=1o 0o m o ||~§]|T|o
H 0 0 0 -po/ \H v
Since this is a linear system with bounded

coefficients and the time frame is limited, so, we
can conclude that the solutions I, C,N, and H,
of the above system are bounded. Using the
theorem proposed by Lukes [60], we found that
the admissible control class and the corresponding
state equations with assumed initial conditions
are non-empty. Also, by the definition of the set
A, it is clear that the control set A is convex and
closed. Since the state solutions are bounded,
hence, the right-hand sides of the state system
are continuous and bounded by a sum of the
bounded controls and the states.

Now, we examine the convexity of the integrand
of 2(v) on A and that it is bounded below by
V2 (t) — 19 with 71,79 > 0. Let p, ¢ be distinct
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elements of 2 and 0 <Y < 1. We have to show
that Q(p1Y + (1 -Y)pa, 1V +(1-Y)q) <
(1=Y)Q(p1,q1) + YQ(p2,92) where, Q(v) =
I(t)+C(t) +e1?(t),

To establish it, we proceed as follows:
Q1Y +(1=Y)q,pY + (1 -Y)q)
—(1=Y)Q(p1,p2) +YQ(q1, )
=CH+It)+ea@mY +(1-Y)q)
~v{CH+I@®) +eapi} -1 -V){C@)+

+€1CJ%}

1(t)

=I()+C{t)+e1(PlY*+2pqY (1-Y)
+(1-Y)’q ) Y{I(t)+C(t)+et}
{ +51(I1}+Y{I(t)+0(t)+516ﬁ}

= €1p%Y2 +2ep1nY (1=-Y)+e1(1— Y)Qq%
—e1plY —e1qi +e1qiY

=e1plY? + 2e1p1q1Y — 2e1p1q1 Y

+e1 (1 —2Y + Yz) @i — ety — gt + a1ty
=eapiY? - 2epY? + e1iY?

—eapiY +2e1p1q1Y — e145Y

= — e (pp—@)?Y(1-Y) [Since, (Y —1) <0,
and if 1 > 0],
and

I(t)+C(t) +e?(t) > erv? () > mr2(t)
Z 7'11/2(t) — T2.

This shows that 712%(t) — 7 is a lower bound
of Q(7,u). This verifies that there exists an
optimal control v* for which Q (v*)=min Q (v*) =
min {Q(v) : v € A} From the above analysis and
conclusion, we state the following theorem.

Theorem 7. Subject to the system , with
initial conditions I (0) = Iy, C (0) = Cy, N (0)
No,andH (0) = vy, the objective functional

ty
Q@) = / [0 +C (1) +ew? (1)] dt
0
admits an optimal control v* such that
Q") = min{Qw):veA} where A =

(v)vare piecewise continuous,0 < v < 1,¢ €
[Ovtf]'

6.2. Characterization of the optimal
control

For applying the Pontryagin maximum principle
[46], we introduced the four co-state variables
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& (i = 1,2,3,4). The Hamiltonian function is

given by
h=I1+C+e?+ &1+ &C+ &N +&H (18)
With substitution from into , we get
hx =1+ C + &1/
p1 IC
2 (1+eC+ﬁ1+C’
C(l—-FkC)—-
+§2<m1 ( 10) B+ C
+ & (maN (1 = kaN) —2CN ) + &4 (v — dyH),

The Hamiltonian equations are:

poIC — diI — dQIH)
psIC

- 71CN - d3HC>

. Ohx - Ohx . Ohx Ohx*
51__Wa£2__%763_ 754 8H
(19)

where, & (t),i = 1,2, 3,4 are the adjoint functions
to be determined suitably.

The form of the adjoint equations and
transversality conditions are standard results
from Pontryagin’s Maximum Principle [61]. The
adjoint system can be written in the form:

. Ohx
U= ar
C
_ 1o (Bflw —paC —dy —dQH)
. p3lC
el
. Ohx
©="%c
—eq P11l
—1+ — pal
51((14-60)2 (614—0)2 PQ)
I
_ €2(m1 — Qlekl — (/812)34—,820)2 — "le — dgH)
+£3’72N7
. Ohx
=61 C — &3 (mo — 2mokoN — 10O,
. Ohx
&= ~oH — = &1dol + §d3C + dyéy,

The transversality conditions are & (ty) = 0, for
1=1,2,3,4.

The condition dictate the necessary optimum
control functions is

ov
Hence, we get
* 64
t)=———v=r"(¢ 20
V)=t =r)Q0)

By using the bounds for the control v*(t) from

, we get
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—g if0 S -5t <

2e1?

V' =13 0, if — 5+ <0
1, if 2>1

In compact notation, we have

vt = min{max{(), —54}, 1},
251

Based on the analysis and conclusion presented
above, the subsequent theorem is derived.

(21)

Theorem 8. For optimal control v*

and corresponding state wvariable solutions
I*(t),C*(t), N*(t) and H*(t) that minimize over
A, there exist specific adjoint variables &;(t),
it =1,2,3,4 satisfying the following system:

. C
G=-1-& (;jl_i_c —pzc—d1—d2H>
p3lC
+§262 ol
: —eq p1 Bl
=1+ ol
& N reor T Girop P
p3B2l
- —9Cmky — P3P
Ea(my mik; (B2 1 O
— 1N —d3H) + &N,
3 = Eam1C — &3 (Mg — 2makaN — 12C),  (22)

€1 = E1da] + &d3C + du&a,
subject to the transversality conditions
&(tp)=0,1i =1,2,3,4.

Furthermore, the subsequent properties are valid:

T = min{max{o, —64}, 1}
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7. Numerical Analysis

Numerical verification is essential for completing
analytical studies. In this section, we visually
confirmed the accuracy of our analytical findings
for the (PSCINC) system using the software
MATLAB. This verification holds significant
practical significance. = The simulations were
conducted using the parameter values specified
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below [53].

a =0.05, e=0.1,p; = 0.1, = 0.4,p3 = 0.2,
dy =0.2,dy = 0.09,m; =04, k = 1.5,
p3=0.3,082 =04, 1 =0.2,d3 = 0.05,
mg = 0.35,ky = 1;v9 = 0.25, v = 0.019,

dg = 0.05.
Now, we will consider five scenarios to
comprehend the dynamic behavior of the
(PSCINC) model and assess the influence

of chemotherapy treatment and psychological
anxiety on tumor suppression. Subsequently, the
outcomes of the five cases will be juxtaposed for
comparison. The five cases are:

7.1. Case I: the healthy case

In this scenario, we examine the interaction
dynamics between healthy cells N (¢) and immune
cells I(t) in the absence of chemotherapy
treatment and psychological nervousness, i.e.,
where v = 0 and e = 0. Figure [2| depicts the
(PSCINC) model with a cancer-free equilibrium
point and a single positive equilibrium at Ag =
(2,0,2.38,0) Furthermore, regardless of the initial
values, the solution initially experiences growth
or decline before converging asymptotically to Ag
after approximately thirty days.

4y (a) 4. (b)

CellPopulation

ol o
o 50 100 o 1 2 3 4
Days I(t)
Figure 2. The dynamics of

(PSCINC) model with C = 0,v =0
and e = 0.

7.2. Case II: no treatment case

Here, we examine the behavior of the (PSCINC)
model in the absence of treatment and the
psychological scare.  Figure illustrates the
performance of the (PSCINC) model where v = 0
and e = 0. All initial conditions lead to the
convergence of the system to a treatment-free
equilibrium point A4; = ([;,C1,N1,0) =
(0.25,0.13,0.9,0). In addition, the population of
immune cells steadily diminishes as the number
of tumor cells gradually increases. Furthermore,
this case clearly demonstrates that eradicating
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tumor cells is unattainable without a well-defined
therapeutic strategy.

(a) . . (b)
: W :

c(y)
N(t)

1.2

-

4
3

Cells Population
°
o

e
IS

e
n

° H
100 150 200 250

Days

o 50

Figure 3. The dynamics of the
(PSCINC) model with v = 0 and
e=0.

7.3. Case I1I: psychological scare case

The objective of this case is to demonstrate the
impact of anxiety on the interaction between
cancer cells and immune cells in the absence
of chemotherapy drugs. Figure [4 explains the
performance of the (PSCINC) model where v = 0
with various values of e. The relationship between
rising anxiety and declining immune function is
evident. As a result, the tumor cells significantly
grow; therefore, external treatment is needed.

0.3

e=0.1
* (0.243, 0.143)
e=0.2

=
o 022 *  (0.238, 0.156)
H H e=0.3
0z | E - *  (0.233, 0.168)
H 04
% (0.227, 0.18)
0.18 -
016 |- L B R TSR N

0.14

0.22 0.26 0.27 0.28 0.29 0.3

I(t)

i i i
0.23 0.24 0.25

Figure 4. The dynamics of the
(PSCINC) model with v = 0 and
various value of e.

7.4. Case IV: a treatment case

In this instance, we will examine the intricacies

of the (PSCINC) system when subjected
to chemo-drug. Figure[f] clearly depicts
the global stability characteristics of the

positive steady state As = (I2,Cy, No, Hy) =
(0.2,0.14,0.89,0.38). The administration of
chemotherapy leads to a substantial decrease
in tumor cells within the body compared to
past instances. In addition, chemotherapy also
adversely affects the immune cells, decreasing
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the quantity of immune cells compared to the
previous cases. Considering those mentioned
above, additional doses are necessary to achieve
a state devoid of tumors.

1.5 -
E=\
= 05PN
o T T T T T
0 10 20 30 40 50 60 T0 80 90
Days
1.5
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0 — |
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Days
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= — :
= —_—
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70 80 90
Days

Figure 5. The dynamics of the
(PSCINC) model with treatment
case.

7.5. Case V: a minimum dosage of
chemo-drug

This case aims to examine the effects of modifying
the number of chemotherapy doses required to
achieve a healthy state. Figure 5 clarifies the
performance of the (PSCINC) model with various
values of v. The solution of the (PSCINC) system
asymptotically converges to Ao when v is less
than 0.14. Conversely, the system tends towards
a cancer-free state Ag when v = 0.14. Thus,
a value of v = 0.14 is the minimum dosage of
chemotherapy necessary to achieve a condition
devoid of cancer.

0.3

0.25

0.2

v=0.019

# (0.2, 0.14)
v=0.059 i

*  (0.16, 0.09)

v=0.1

*  (0.13, 0.025)

v=0.14

* (0.1, 0)

cit)
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0.1 0.12 0.14 0.16 0.18 0.2 0.22 024 026 0.28 0.3
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Figure 6. The dynamics of the
(PSCINC) model with various values
of v

8. Conclusion

It has been looked at how an ODE mathematical
model for tumor growth works, which includes
how immune cells interact with tumor cells and
how psychological scares and chemotherapy drugs
work. The fundamental attributes of the model’s
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solutions, including positivity and boundedness,
were established. A stability analysis was
conducted on the system under consideration to
investigate the model’s dynamic behavior. Our
research indicates that the constant state devoid
of tumors is stable globally under particular
conditions. This suggests that the prescribed
treatment can eliminate tumor cells from the
body for a specific tumor growth rate.

The numerical simulations validate the analytical
findings. Precisely, the threshold values for the
transcritical bifurcation are calculated, indicating
the point at which cancer transitions from
persisting to eradicating. Additionally, numerical
analysis reveals that when the tumor size is
modest, the prescribed chemotherapy drug can
effectively eliminate tumor cells from the body
with a minimal minimum dose. Nonetheless,
a constraint of our model is that prolonged
treatment and a substantial dosage of medications
are necessary to eradicate large tumors, both of
which can be detrimental to the patient’s health.

Our upcoming research will focus on augmenting
the immune system by regular vitamin intake or
the utilization of stem cells.
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publications are expected to provide a detailed and permanent record of research. Because publications
form the basis for both new research and the application of findings, they can affect not only the research
community but also, indirectly, society at large. Researchers therefore have a responsibility to ensure that
their publications are honest, clear, accurate, complete and balanced, and should avoid misleading,
selective or ambiguous reporting. Journal editors also have responsibilities for ensuring the integrity of
the research literature and these are set out in companion guidelines.

o The research being reported should have been conducted in an ethical and responsible manner
and should comply with all relevant legislation.

e Researchers should present their results clearly, honestly, and without fabrication, falsification or
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findings can be confirmed by others.
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¢ Funding sources and relevant conflicts of interest should be disclosed.

e When an author discovers a significant error or inaccuracy in his/her own published work, it is
the author’s obligation to promptly notify the journal’s Editor-in-Chief and cooperate with them
to either retract the paper or to publish an appropriate erratum.
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Basic principles to which peer reviewers should adhere

Peer review in all its forms plays an important role in ensuring the integrity of the scholarly record. The
process depends to a large extent on trust and requires that everyone involved behaves responsibly and
ethically. Peer reviewers play a central and critical part in the peer-review process as the peer review
assists the Editors in making editorial decisions and, through the editorial communication with the author,
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e respect the confidentiality of peer review and not reveal any details of a manuscript or its review,
during or after the peer-review process, beyond those that are released by the journal;

e not use information obtained during the peer-review process for their own or any other person’s
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e declare all potential conflicting interests, seeking advice from the journal if they are unsure
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e notallow their reviews to be influenced by the origins of a manuscript, by the nationality, religion,
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e provide personal and professional information that is accurate and a true representation of their
expertise when creating or updating journal accounts.
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