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troduced for MIMO t

the introduced adjus

In this paper, a novel peak observer based adaptive multi-input multi-output
(MIMO) fuzzy proportional-integral-derivative (PID) controller has been in-

ime delay systems. The adaptation mechanism proposed

by Qiao and Mizumoto [1] for single-input single-output (SISO) systems has
been enhanced for MIMO system adaptive control. The tracking, stabilization
and disturbance rejection performances of the proposed adaptation mecha-
nism have been evaluated for MIMO systems by comparing with non-adaptive
fuzzy PID and classical PID controllers. The obtained results indicate that

tment mechanism for MIMO fuzzy PID controller can be

successfully deployed for MIMO time delay systems.

() G

1. Introduction

Fuzzy controller (FC) has a more e ective con-
trol performance compared to standard controller
structures with xed parameters since FC inher-
ently has naturally changing dynamics due to its
structure. The FC exhibits a time-varying PD
controller behavior when examined under certain
conditions as given in [1]. Considering that the
system dynamics are uncertain and may change
over time in controller structures, controller per-
formances can be improved by integrating adap-
tive structures into classical control structures.
For this reason, fuzzy PID structures that com-
bine the nonlinear inference competence of fuzzy
mechanisms(FM) with the robustness of classical
PID structures are very often opted. By combin-
ing FM with adaptive control structures, the con-
trol performance of fuzzy PID architectures can
be enhanced and empowered against uncertainty
in control systems.

In technical literature, there are various parame-
ter adjustment mechanisms for fuzzy controllers.

*Corresponding Author
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Peak observer based adaptation method intro-
duced in [1] can be considered as the simplest of
these adaptation structures. Qiao and Mizumoto
have proposed to tune the controller parameters
by taking into account the overshoot value of the
controlled systems. In [1], one of the scaling coef-
cients for controller input and output has been
considered to enhance the closed-loop system per-
formance. Chou and Lu introduced a real time
implantable self-tuning fuzzy controller based on
adjustment of scaling factors [2]. The update val-
ues of the controller parameters ( K) are calcu-
lated over the look-up tables created depending
on the tracking error and the derivative of the
error [2]. Adaptation schemes are to adjust the
scaling factors according to individual adjustment
rules and look-up tables [2]. Adjustments of scal-
ing factors are converted into numerical adjust-
ment tables by applying appropriate membership
functions, with only matrix maps [2]. Jung et
al. [3] deployed a real-time self-tuning mechanism
based on variable reference tuning index to con-
trol the steam generator of a nuclear power plant
for overshoot and non-overshoot cases. Maeda
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and Murakami [4] proposed to tune scaling co-
ecients and rule base to improve fuzzy con-
troller performance by considering the reaching

K. Wak, B. N. Arslantark / IJOCTA, Vol.13, No.2, pp.139-150 (2023)

in the literature and to classify these fuzzy con-
trollers into categories [18]. In the related review
paper, fuzzy controller architectures were cate-

time of the system output, overshoot and ampli- gorized under three main headings: Direct ac-
tude of oscillations in system response. Mudi and tion (DA) type fuzzy PID controllers, fuzzy gain
Pal [5] introduced a robust gain tuning mecha- scheduling (FGS) type fuzzy PID controllers and
nism based on an additional fuzzy architecture mixed type fuzzy PID controllers [18]. Kumaar
to adjust output scaling coe cients of Fuzzy Pl et al unveiled a deep survey of classical and fuzzy
and PD controllers. The rule base required for PID controllers [19]. The paper [19] presents the
the output scaling coe cients is de ned depend- historical development of fuzzy logic-based struc-
ing on the derivative of the tracking error and the tures. Guzelkaya et al. [20] utilized a relative rate
tracking error [b]. Zheng [6] proposed to update observer to tune the input scaling factor corre-
cores, supports, boundaries and the universe of sponding to the derivative coe cient and the out-
discourse of the fuzzy variables to enhance con- put scaling factor corresponding to the integral

troller performance. Chung et al. [7] utilized a
fuzzy tuner to adapt the input-output scaling co-
e cients of a fuzzy PI controller to improve rise
time, overshoot and steady state error of the con-
trolled system. Chao and Teng |[8] introduced

two stage mechanism which is composed of a di-

rect adaptation and a gradient descent based in-
direct adaptation mechanism to tune scaling co-
e cients of a PD type fuzzy controller for lin-
ear and nonlinear dynamical systems. Woo et
al proposed an adaptation mechanism in which
the controller parameters are adapted through-
out the entire transient state [9]. Hu et al. ob-
tained a PID mechanism with non-linear behavior
by introducing a nonlinearity to the tracking er-
ror signal through a fuzzy mechanism|[10]. The

parameters of the fuzzy mechanism are seeked via

genetic algorithms (GA) [10]. Ketata et al. have

presented various look-up table-based fuzzy con-

troller architectures constituted over tracking er-
ror and derivative of tracking error [11]. Kim and
Chung introduced a fuzzy PID controller which is
composed of fuzzy \PD" and linear \I" parts [12].

coe cient of the PID type FLC. Peak observer
based adaptation mechanisms have been utilized
in various studies [21)22], but only two scaling
coe cients have been adapted in all these struc-
tures, as proposed in|[L].

In this paper, the adjustment mechanism pro-
posed by Qiao and Mizumoto [1] has been en-
hanced for all scaling coe cients of the fuzzy PID
controller. Thus, all scaling coe cients of the
controller can be tuned by considering the over-
shoot value observed via peak observer. In addi-
tion to this, the adaptation mechanism proposed
for SISO systems has been improved for MIMO
systems. Therefore, the introduced MIMO fuzzy
PID has 16 parameters to be optimized. The in-
troduced adaptation mechanism has been exam-
ined on a MIMO time-delay system. The tracking
and stabilization performance of the introduced
controller has been evaluated.

This paper is organized as follows: The basics of
the adaptive fuzzy PID based on peak observer [1]
has been overviewed in Sectiop|2. In sectidn 3, the

Kien et al. proposed a fuzzy inverse controller introduced adjustment mechanism for MIMO sys-

structure that tries to perform the inverse of the tems has been presented. The performance eval-
dynamics of the system [[18]. Jaya algorithm is uation of the introduced method has been exam-
deployed for parameter adaptation [13]. In or- ined on a MIMO time delay system in Section[4.
der to ensure stability, a sliding mode control The paper ends with a brief conclusion part in
surface is utilized [13]. Cherrat et al. proposed Section[5.

a fuzzy-based self-tuning mechanism to estimate
the PID controller [14]. Gil et al. introduced a
fuzzy adaptation mechanism in which the fuzzy
PID controller parameters are adapted o ine via
the non-linear model and online via the local lin-
ear model [15]. Yordanova et al.|[16] introduced a
novel model free supervisor based adaptive fuzzy
controller for nonlinear dynamical systems. Pinto
et al. developed a fuzzy adaptation mechanism
for SISO and MIMO systems, which estimates
the gains of the PID controller [17]. VYesil et
al. presented a review paper that aims to ex-
amine various studies on fuzzy PID controllers

2. Adaptive fuzzy PID controller
2.1. An overview of fuzzy PID controller

The structure of the incremental PID Type Fuzzy
controller is illustrated in Figure [Jwhere K and
K4 are input scaling coe cients, and and
are output scaling coe cients of PD and PI part
of the PID controller, respectively. The mathe-
matical expression of the produced control law is
derived as follows |[1, 23{25]:
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Jrie (es [n]’Aes [n])

s =
4 < Ae[n]> X, Aes[n]
z e[n—l]

Figure 1. Fuzzy PID controller [1|23{26].

The fuzzy control rule base utilized to constitute
upﬁ [n] the FLC controller introduced in [1] is given in

z Table [ for corresponding membership functions.

upip [n]= f FLc (es[n]; es[n])

+ |f Flc (es[n]; %Z[n]) + Up [N ]}] Table 1. Fuzzy control rule base [[1, 25, 2[7].
terin) MFs e, e1 & & &
) e, -1.0 07 05 -03 00
e;1 -07 -04 -02 O 0.3
vyherees[n] and € [n] are scalgd error and de- e 05 -02 00 02 05
rivative of error. Triangular type input member- e 03 00 02 04 07

ship functions with coresf 1, 0:4;0;0:4;1g [1] & 00 03 05 0.7 1.0
depicted in Figure[2 are deployed. For given in-
puts of & [n] and & [n], four(4) rules illustrated | jnearization can be conducted in the neighbor-
in Figure Pare red at each sampling time. Thus,  nhood of the red rules as detailed in [1] in or-
the output of the FLC can be obtained as follows  ger to analyze the dynamic behavior of the fuzzy
using product-sum inference method and center pip controller by comparing with standard PID.

of gravity method for defuzzi cation [1,23{25]: Thus, the produced fuzzy control law can be

rewritten as [1,/25]:

i

z { _
fric (es[nl; es[n]) = A (es[n) Bj ( es[n) uij u=A+Peinl+ D elnl
7 Wih | ‘ A=uj Pe Dg
+ Aivt (s [N]) By (e [n]) Ui | p= il @
+1
+ 1% (es[n]) B{JZ+1 ( es[n]f Uij+1 oo Uija Ui
Wi j +1 g"_+1 Qj_
+ f\i+1 (& [n])sz +1 ( es[n]; Uit j+1 Using and parameters, the equivalent stan-
Wist j+1 dard PID components can be derived as follows:

(2) " KP + K 4D"represents the proportional term,
" KP " stands for the integral termand " K 4D"

where wj 's stand for the ring strength of red  can be interpreted as the derivative term [1]25].
rule, and membership values are given as follows

[1,/23{25]: 2.2. Peak observer based adaptation
mechanism

e+ &s[n] The adjustment mechanism based on peak ob-
Ai (&[n]) = Tena o server [1/18,20,21] is shown in Figurg]3. Qiao and
en] e Mizumoto [1] aimed to decrease the integral coef-

Ais1 (es[n]) = —— cient while increasing the derivative parameter
G+ & (3) to increase the resistance against the overshoot

B ( en]) = §+1 & [n] and oscillation of the system by keeping the pro-

€+1 € portional term constant.
Bj ( &)= &[n] g Therefore, Qiao and Mizumoto [1] proposed to

g+1 g update K4 and parameters by observing the
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-1 € s .
04 e K—=Sa, | L
T o=u T, =u
0e KON, Lo T gt
e,[n] ——»| g ;
T, =u,, T, =u,,
04 e, K->, | o g
1 e/+2
€ s € ¢ € €.
-1 -0.4 0 0.4 1
Ae, [n]
Figure 2. Input membership functions and fuzzy rule base|[l, 23{25].
] Parameter Peak
Regulator Observer
/
K P — ,B.[
+ u y
r e Fuzzy ¢
d] e |/ Controller x | G(S) >
_ — — K, — o
dt
Y 4
Figure 3. Peak observer based adaptation mechanism |[1, 18,20,21].

absolute error value (x = jej) at peak times as  a MIMO system is shown in Figure[4 wherem
follows: stands for the mth system input and k denotes
the kth controlled output of the MIMO system.

Kg= -2 = § (5) The input-output scaling coe cients of the
k MIMO Fuzzy PID controller are adapted as fol-
wherety; k2f1;,2;3; g are the peak times. lows:
2 3 2K ’ 3

H knew m m
3. Adaptive MIMO fuzzy PID gK(;nk é g K d e Z 6
controller 5 = % (6)

In this study, rstly, it is aimed to adapt all pa- MK new mk m

rameters of a fuzzy PID controller, inspired by the
peak observer approach of Qiao and Mizumoto
in [1]. In addition, it is intended to extend the

enhanced mechanism to MIMO fuzzy PID con-
trollers. The proposed adaptation mechanism for

where |, indicates the corresponding peak ob-
server value [1] 25]. Thus, the derivative coe -
cient is increased while the integrator is decreased
by keeping the proportional term xed [25]. The
internal structure of MIMO fuzzy PID controller
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Figure 4. Adaptive MIMO fuzzy PID controller based on peak observer [1, 25].

Figure 5.

representing the main and coupling controllers is
given in Figure [5. Triangular type membership
functions given in Figure[J are used as input mem-
bership functions, and the fuzzy rule base in Ta-
ble[]] is deployed to construct the fuzzy rules. As
the inference mechanism and the defuzzi cation
method, product operation and center of gravity
method are used respectively.

In the case that term is interfused to the stan-
dard PID terms, the proportional term is xed

and acquired asKP + K 4D, the integral term
is derived as oK o 2P, and the derivative term is
given as X2 [25].

4. Simulation results

The tracking and stabilization performances of
the introduced adaptation mechanism have been
evaluated using the following two input two out-
put(TITO) time delay system.

L L #
e 0255

6
y1(s) (s+1)( s+2)0(.és;g) (s+15) uy (s)
2(8) w7 sy U2 ()
(7

As given in @) the coupling dynamics of the sys-
tem have time delay dynamics. Considering the

Inner structure of adaptive MIMO fuzzy PID controller [25].

pade approximation, the time delay can be de-
ned by an in nite number of zero-pole pairs. For
this reason, there is a serious interaction between
system dynamics. This interaction directly a ects
the controller performance.

4.1. Tracking performance

The tracking performance of the adaptation
mechanism is examined for staircase input signals.
The initial values of the fuzzy PIDs are given in
Table 2. The performance of the non-adaptive
and adaptive MIMO fuzzy PID controller and
control signals are depictured in Figure[§ where
black trajectory refers to non-adaptive mecha-
nism and blue trajectory belongs to peak observed
based adaptation mechanism.

Table 2. Initial controller parame-
ters for tracking case.

Parameters FLCy; FLCi12 FLC»; FLCoo
K mk 0.25 0.125 0.125 0.25
K dpe 0.25 0.125 0.125 0.25
mk 0.25 0.125 0.125 0.25
mk 0.75 0.125 0.125 0.75
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Figure 6. System outputs(a,c), control signals(b,d) for non-adaptive and adaptive MIMO
fuzzy PID (Tracking Case).

As can be clearly seen from FigureDGs(,c), 0s- Table 4. |Initial controller parame-
cillations observed in non-adaptive fuzzy con- ters for stabilization case.

troller are suppressed successfully in case the peak
observer-based adaptation mechanism is active. _Parameters FLCy; FLCji2 FLC21 FLCo

The adaptation mechanism is activated with the ~ Kmk 0.485 0.2 0.1 0.5
rst peak and improves the control performance. K 0.5 025 0.2 0.475
In order to numerically evaluate the performances mk 7.5 025 05 7

of the controllers, the behaviors between 50 and _ mk 2 0.1 0.2 2

100 sec are observed by taking into account the

overshoots(OS %), settling times{s) and steady

state errors(ess). While the non-adaptive system

has 22.87 % overshoot(OS) and 18.5 sec settling 4.2. Stabilization performance

time, peak observer based adaptive system has no ) )

overshoot and 15.5 sec settling time. Both con- N order to examine the e ectiveness of the pro-

trollers has no steady-state errors. These numer- P0sed adjustment mechanism, the controller per-
ical values are tabulated in Table[3. formance has been evaluated for the stabilization

problem. For this purpose, the case that the
non-adaptive MIMO fuzzy PID controller cannot

control is considered. The initial values of the
controller parameters are given in Table[4. As

Table 3. Comparion of non-adaptive can be seen from Figurg]9, non-adaptive MIMO
fuzzy PID and peak observer based fuzzy PID controller can not control the system
fuzzy PID with respect to overshoot, dynamics. In case the peak observer based mech-

settling time and steady state error. anism is activated, the system dynamics can be

Controller T 0S % 1 successfully forced to track the desired reference
ontro“er 'ype 0 bs G signals as illustrated in Figure[10. The evalua-

lF\)lonl—(agiptive FII_ZCI:_C 202'87 ig‘z % tion of input-output scaling coe cients are given
ca Server . in Figures [11f12.

As given in Figures[11}12, since and K4 pa-

rameter values increase, the derivative laws can

increase the resistance against the overshoot and
The evaluations of the main fuzzy PID controller oscillation of the system [1]. Similarly, K and
parameters are shown in Figure[[. The alter- parameter values decrease, thus decreasing the
nation of the coupling fuzzy PID controllers are equivalent integral terms. The fact that the con-
depictured in Figure [8. By dynamically adapt- troller parameters are not updated until the next
ing the controller parameters, a closed-loop sys- peak value can be considered as one of the most
tem response with less oscillations or even without important disadvantages of this structure. How-
overshoot can be achieved. ever, this structure is open to development.
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Figure 7. Input scaling coe cients ( a,c), and output scaling coe cients ( b,d) for FLC 1; and
FLC,, (Tracking Case) .

Figure 8. Input scaling coe cients ( a,c), and output scaling coe cients ( b,d) for FLC 1, and
FLC,; (Tracking Case) .

Figure 9. Syste outputs (a,c), control signals for non-adaptive MIMO fuzzy PID (Stabiliza-
tion Case).
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Figure 10. System outputs (a,c), control signals (b,d) for adaptive MIMO fuzzy PID (Stabi-
lization Case).

Figure 11. Input scaling coe cients ( a,c), and output scaling coe cients ( b,d) for FLC 13
and FLC,, (Stabilization Case) .

Figure 12. Input scaling coe cients ( a,c), and output scaling coe cients ( b,d) for FLC 1,
and FLC,; (Stabilization Case) .
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Figure 13. System outputs (a,c), control signals (b,d) for adaptive MIMO fuzzy PID (Dis-
turbance Rejection Case)

Figure 14. Input scaling coe cients ( a,c), and output scaling coe cients ( b,d) for FLC 1,
and FLC,;, (Disturbance Rejection Case)

Figure 15. Input scaling coe cients ( a,c), and output scaling coe cients ( b,d) for FLC 1,
and FLC,; (Disturbance Rejection Case
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Figure 16.
Case).

Figure 17.
Case).

4.3. Disturbance rejection performance

In order to examine the robustness of the adap-
tation mechanism, a step type input disturbance
is applied to the system at 50 seconds.

The disturbance rejection performance of the
adaptation mechanism is illustrated in Figure

[13. The adaptations of the controller parameters
against the disturbance case are shown in Fig-
ures[I4fI5. The adaptation mechanism readjusts
all controller parameters to suppress the distur-

bance.

As can be clearly seen from Figuref 14-15, it can
be observed that the coe cients of the deriva-
tive parts are very sensitive to disturbances. The
introduced adaptation mechanism e ectively re-
jects the step type input disturbances. The dis-
turbance rejection performance of this structure
is an open problem to be developed.

K. Wak, B. N. Arslantark / IJOCTA, Vol.13, No.2, pp.139-150 (2023)

System outputs (a,c), control signals (b,d) for MIMO PID (Tracking Performance

System outputs (a,c), control signals (b,d) for MIMO PID (Disturbance Rejection

4.4. Comparison with conventional PID

The control performances of the non-adaptive
fuzzy PID and peak observer based fuzzy PID
are compared with the classical PID controller.
Equivalent PID 11 and PID»; values have been cal-
culated with the help of the initial values of Fuzzy
PID controllers in Table ff] The parameters of the
coupling (PID 12 and PID2;) controllers are cho-
sen as 5 times the equivalent parameters obtained
via Table 4. Thus, the parameters of MIMO PID
are given in Table[5.

Table 5. MIMO PID controller parameters.

Parameters PIDy; PID 12 PID 24 PID 22
Kp 1.25 0.78125 0.78125 1.25
Ki 0.9375 0.390625 0.390625 0.9375
Kg 0.3125 0.390625 0.390625 0.3125
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In order to compare the controller performances,
the following performance index function is uti-
lized to constitute the comparison table in Ta-
ble[@.

Je= e e d%iv e tit A%

(8)
where 1 = 2 = 20 is chosen to minimize and
limit the variation of the control signal.

Table 6. Performance comparisonsi;).

Cases FPIDy FPID, po MIMO PID
Nominal 28.033 31.832 180.422
Disturbance 48.393 48.393 201.04

The tracking and disturbance rejection perfor-
mances of MIMO PID controller have been illus-
trated in Figure [L6]and [17.

As can be seen from Figur¢ 16, MIMO PID con-
troller provokes too much oscillation and over-
shoot. As can be seen from Tabl¢ |6, the perfor-
mance of MIMO PID is the worst for both track-
ing and disturbance rejection performances. It is
observed that the adaptation mechanism in FLC
signi cantly improves the controller performance.

5. Conclusion

In this paper, an adaptation mechanism for
MIMO fuzzy PID controller has been introduced
for MIMO systems. The performance of the pro-
posed mechanism is examined on tracking, stabi-
lization and disturbance rejection problems. In
order to examine the e ect of the proposed adap-
tation structure in depth, it is compared with
non-adaptive fuzzy PID and classical PID con-
troller. The obtained results indicate that the
introduced adjustment mechanism provides quite
successful tracking, stabilization and disturbance
rejection performances for the control of MIMO
systems. As future works, the drawbacks of peak
observer can be resolved by constantly observing
the tracking error, not just at peak times. For
this purpose, it is aimed to propose novel adap-
tive control architectures in which the tracking
error is constantly deployed in the adaptation
mechanism.
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1. Introduction Increasing load demand will create the need for
additional facility investment. By using various
heuristic algorithms, the effects of EVs on the
diStribution grid can be reduced and the loedfife can

e slightlysmoothed4]. However, it is still difficult to

In recent years, carbdmased energy generation
systems that cause environmental damage such
global warming, air pollution, water pollution, etc. hav
begun to replace systems that produce electrical enerdy. o+ the dsired electrical energy need without a
through renewable and environmentekendly [1]. In facility i

o . i acility investment.
addition, vehicles using damn-based fuels are one of i
the important causes of environmental pollution. IYVireless charging methods, on the other hand, have
order to solve this problem, it is great importance th&CMe asa major innovation to the EV industry.
vehicles working with electric energy should becom&ompared to conventional charging unttsy donot
widespread. In the everitdt the use of electric vehicle Féquire power connection. Wireless power transfer
(EV) becones widespread, another problem, which i§WPT) is divided into static and dynamitructures
efficient charging station design and easy access Ratic wireless power transfer systems by placing a
stations, comes to the fore. According to the IEC61853ngle @il undera parked vehicle were proposed by
standard prepared for electric vehicle charging statiogeneral Motors in 199f]. WPT isa safer and more
(EVCS), it is allowed to draw currents up to 32irA  convenient method for electr_|cal charging _due to its
residential uses andraw up to 250 A in alternating cablefree structure and resistant to environmental
current in different charging modes. However, the rapitRctors such as water and dugvhen thereported
increase in the number of EVs will bring difficulties inStudies are examined, it is seen that \WéXfequently
the management of the charging process and pod@Pployedin charging EVsLi and Mi [6] presenta
serious grid problems at low voltadevels [2, 3]. study on magnetic coupling design in wireless power

* i h
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transferfor EVs. They show thesircuit compensation $FFRUGLQJ WR WKH DXWKRUTV NQRZOH
with power control viaconvertersMusavi and Eberle study in the implementation of ®/pe passive filter for

[7] compared the current wireless chargingVPT system which is the main contribution of this
technologies for EVs on the basis of values such asudy. However, an optimal design of atype filter
efficiency, costecgpacity, and systensomplexity.They  requires the analysis of system with single@hase
presenttwo different wireless/builin fast charging equivalent circuit. Therefore, most ofettequivalent
circuit modelswhich are integrated into the vehicle, circuit parametersuch as linear impedance parameters
separately for passenger cars and large publid load and Thevenin equivalents have to be known.
transportation vehiclessun et al[8] review existing However, some studies construct a model between
wireless charging technologies foEVs and their THD values and specified input parameters. In this
applications They examine different types wfireless context, Response Surface Methofll8] and
charging applications for EVs and their economicomparison of artificial neural network and S\[iB]
feasibility is analyzed. In addition, elestnagnetic are reported However, in [19], SVM method is
field shielding methods for WPTs are also investigate@mployed only for harmonic estimation.

Most of the aforementioned WPT applicationslude In this study, SVMbasa& optimal design ofC-type
DC-DC or ACDC converters.In fact AC-DC passive filter is proposed for an EVCS which contains
converters in WPT systems are more convenient fé&«C-DC converter, a high frequency single phase
grid-connected applicationg[9]. However, these inverter and WPT. The main advantage of the proposed
converters contain higfrequerty triggering and method is no need of equivalent circuit parameters of
induceharmonic distortion on the voltage and currenthe system while determining the model. THIDHD;
waveforms.These harmonics may cause umested and PF are chosen as output parameters of the model
impacts on the equipmeintthe systensuch as heating, whereas the filter grameters are assigned as input
malfunction orthe actuator and line loss of the networlparameters. Afterwards, a traditional PSO method is
[10]. Thereforefilters aregenerallydesignedn order applied on that model to minimize THRnd THD as

to cope with these harmonics. Among the power filtewell as to maximize PF.

types, passive filters amasy to implemenand cost The organization of this manuscript is as follows:
effective So, they arewidely employed in power gection 2 describes EVCS with WPT. Section 3 defines
systems.Further they are preferredto handle the the main problm of this study with THD indices.
harmonics particularly in electrical vehicle chargingsection 4 explains ®/pe passive filter design. Section
station. In this regards, Yangat [11] design asingle 5 details SVMbased modeling and PSO based

tuned passive filter which combines reactance anghtimization studies. Section 6 contains results and
capacitor and creates a low resistance channel fg§&cussion. Section 7 is the conclusion.

specific order harmonic#ccording to heir analyses

they find that thg fifth and seventh_orders are the most Description EVCS with WPT system

part of harmonics oEVCS. By using thedesigned

singletuned filter they decrease tHEHD; to a low The proposed EVCS basically contains thpbese
level. Zao and Yud12] take the effects of the electric rectifier, DC-link buffer, full-bridge resonantverter,
vehicle six-pulse rectifiercharger into account and seriesresonant LC tankiehicleside rectifier Figurel
design singlguned filter as well as high pass filter.shows the general scheme of systeith C-type filter
Their simulation results show that a good harmoni@hich is detailed in the next sectiorls this system,
suppression is achieved with the presented passiREOPosed resonant inverter is grouped as Class D and is
filter. Khudheret al. [13] present the design of output most popular for practitaVPT system$20].

filter with shunt passive filters to decrease impact oAs shown inFigurel, proposed EVCS has serssries
electrical car charging stations on power gricompensation topology. In this methag, C,, Ls and
harmonics.They reduce the THDfrom 46.19% to Csstand forprimary,secondary coland compensated
3.73% by combining the doubtened filters with high  capacitors, respectively. If the primary and secondary
pass filter coil currents are defined dg and Is, effect of the
Alongside the conventional filters such as combinatioRécondary impedance to the primary side is expressed
of singletuned LC and high pass filter, pHea asin Eq(l)

resonancean be avoideth the systen by using Gtype

passive filter. Furthermore, it has lower loss than high @
pass filter at fundamental frequeridy]. Due to these

advantages, it is widelysed in different applications whereM denotes the mutual inductance and calculated
such as loading capability improvement of transformeisy

under nomsinusoidal conditions[15], filtration of )
higher harmonics injected into thansfersystem by

arc furnaces[16] and capacity reduction of hybrid where k is the couplingoefficient and ranged between
power quality conditioner ilF R(SKDVH WUDBWIdRQ SR 2HHe impedancef the secadary
system[17]. sideZsis determined as in E(B).
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Figure 1. Block scheme of the EVCS

?) circuit, in some cases, harmonic current required to be
reduced. So, the balance betw&eavalue and harmonic
voltage loaded on the transmitter coshould be

where R is the load resistan@ndresonant frequency adjusted accurateljoreover, fundamental energy to
is calculated by Consequently, the harmonic energy ratio is given by H&).

equivalent load impedance on the primary side is (6)
determined as in E¢@4).

(4)

It can be deduced from E¢6) that the energy of
Alongside the WPT of EVCS,-Bhase, 380 V, 50 Hz harmonic transmission decreases sincektﬂlecreasgs.
AC grid voltage is rectified t860Vqc on the DC bus. However, when the k is chosen around 0.9, maximum
Afterwards, it is inverted t860V, 30 KHz square wave Narmonic transmission ratio is obsenjéd]. It is also
AC voltage bymeans of full bridge resonant inverter.Proven that when the harmorielated reactive power
This signal is transferred to secondary side wirelessigccumulation increases, efficiency of the inverter
Lastly, vehele-side converter rectifies the AC voltagedriven WPT syem decreasesSo, an appropriate
to 360 VDC voltage in order to charge the lithiion ~ control for inverter can overcome the harmonic related
batteriesEquivalent circuit parameteos the designed réactive power accumulatior22]. Additionally,
WPT systemare given inTable 1. With given circuit aforementioned studies generally employ DC source

parameters, resonant frequency is calculated &si3p @nd focus on harmonics on the WPT siBince the
approximately. EVCS is fed by the gridhe energy consumed via WPT
draws nomsinusodal currents from the gridtHD; and

Table 1. Th ival ircui f WPT :
able e equivalent circuit parameters o THD, can be calculated as in €q(7) and (8)

Parameter Value considering the fundamental frequenagtive power
Co 105.74€ F (P1), reactive power@®,), fundamental frequency RMS
Cs 109.69¢ F current (1) and sinusoidatated supply voltageVg)
Lp 266.16€ H [23].

Ls 256.79¢ H

M 85.46€° H )

3. Problem definition

Regarding the presented EVCS, foiidge resonant (8)
inverter converts the 360 BC input into 360 VAC
square wave output. The Fourier transform of thﬁ/hereln and V,

. stand forn®™ harmonic current and
converted square wave is given by E).[21].

voltage. Additionally, PF can be calculated a&n(9)
(5) in terms of both powers.

€)
whereUrx is the output voltage of fulbridge resonant
inverter as well as the input voltage of the WP'(Nhere

_ _ > ) i denotes phase angle difference between
transmitter sideUpc is the input of invertewhen

fundamental frequency voltage and currélrd. avoid
is chosen as resonant frequereydn is the harmonic drawing of harmonically contaminated currerasd
order. It can be seen from E¢5) that Urx includes improvePF, C-type passive filter is designed fulfill
harmonicsAccording to the harmonic analysis of WPTthe desied criteriawhich are minimization oTHD,,
system given if21], despite the harmonic current isTHD; as well as maximizing theF.

reduced effectively by adjustir@value of the resonant
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4. C-type passive filter design optimal Gtype filter parameters. But, modeling with
high accuracy is the key procedure. Since the SVM is

I(::i'rzl:'etzoggsi txp'fgi:g{ﬁs gfatii\;ﬁtgrltg; I?nzl\\:\fi:& It?1en0t abk to well perform in estimation, PSO algorithm
gure=. Design p . 9 will not give the best filter parameters. Therefore, high
determination of reactive powd®; at fundamental

frequencyfo. which is 50 Hz reqarding to nominal 2cCHracy in modeling is necessary toduecesfulin
d Yo, . reg 9 optimization. After ensuring the model certainty, for a
voltageU, and tuning frequenchs.

given search space, PSO is employed tolretesired
metrics by means of calculating the best filter
parameters. The details of modeling and optimization
are reported in subsections.

Figure 2. Circuit of theC-type filter

After specifying the necessary paramet€sshould be
chosen large enough in order to meet the desired
reactive pwver of the system. AfterwardsC; is
calculated by means of following equati@4].

(10)
Figure 3. Flowchart ofSVM-based optimizationf C-type
filter parameters
Then,series 41-C; are tuned tdo as follows:
(11) 5.1. Support vector machinebased modelling

There are lots oimachine learnindpasedmodeling
.. method in literature such as RSM5], Artificial
SNeural Network[26] and Long Shortterm Memory
V\f27]. Support vector machine @soone ofa machine
learning methodand was proposed presented in 1995
by Cortes and Vapnil8]. The gneral structure of an
SVM is givenin Figure4. It is widely employed in the
(12) literature for the purpose afstimation, analysis and
regression probles{19]. The main advantage oV

It is seen from Eqg10), (11) and(12) that the design is showmg.b_etterperformance againggetting stuck
L ._with localminimum problen{29].
problem of a @&ype passive filter can be solved via

foreknowledge of the system characteristics. In this
study, without knowledge of thesparameters an
optimal filter design is aimed which employs a support
vector machindbased modeling techniqublote that,
alongside the @ype passive filter a serial connected
input inductancé; is also employed in the system.

realized. In order to have more effective filter a lo
value quality factoiQ at the designed fopiency fn is
chosen within 2 or 3 Damping resistanceRy is
specified as in Eq(12).

5. Support vector machinebased optimization of
C-type passive filter

This study intends to find optimakt@pe passive filter

parametersWhile searching filter parameters, THD Figure 4. General scheme of SVM

THD; values are aimed to beinimized and Pialues

is aimed to be close to Hence SVM regression Support vector regressiof®VR) is an utilization of
method is utilized to model the system, PSO is operat&¥M and uses distinct kernel functions such as
to reach optimal filter parametefBhe entire modeling polynomial, radial basis function, sigmoid and linear.
and optimization processare given as flowchart in Since a training dataset contains input vec¢oand
Figure3. The proposed method mairniyrgetgo obtain



Optimal Gtype filter design for wireless power transfer system by using support vector machin&s5

output vector , regression model can be formed a$.2. Particle swarm optimization

given in Eq.(13). PSO method isused for different applicationsn
(13) industry such as renewable enerf§i], automation
[32] and adaptive wireless power transfdB3].

where , b, stand for weighting vectorj@sand Specifying the @ype filter parameters is a complex

nonlinear mapping function, respectively. order to Problem due to the nonlinearity of the EVCS. The
determine weighting parameters of regression moddierformance of the filter can be improved by reducing
thedistance between margin and input vector that lie ohHDi and THD, likewise by approximating to 1 in
the wrong side must be measured. Furthermore, tifms of PFAdditionally, it is weltknown fact that

confidence interval and the emipal risk should be THDi and THD, should be kpt under limitation
adjusted by penalty parameters. These twodefined bylEEE Standarcb19-2014[34]. The THD;

requirements yield a minimization problers given in limit is recommended as 8% when the ratio between
Eq. (14) to be solved30]. maximum shorcircuit current (ISC) and maximum
demand load current (IL) at common coupling point
(14 (PCC)is less than 20. On the other hand, THibit is
defined as 5% since the bus voltage is less than 1 kV.
; ; Consideringthese limitationsand handling PF as a
where denotes the slack vable andk; is a constant ) . X .
percentagethe fitness function (FF) is designég
penalization parameterWeighting parameters are taking the limits equal to each other as Serefore,
calculated when the function given in E(L4) is in this study, &ter well modeing of the EVCS with
minimized.Lastly, Lagrange multipliers are introducedsy, a fitness function is identified to be minimized
to solve the support vector regression problem. and as iyen in Eq.(15). Note that, THR THD, and PF
Since this study aims to determine optimaltype values given in Eq(15) are predicted by SVM during
passive filter, inpubutputdataof SVM are appointed the optimization process.
as filter parameters and harmonic values, respectively. (15)
To elaborate more, filter parameters which are given in
Egs.(10), (11) and(12) aredenoted as inputs, THD wherewi, wz, w; are weighings of each parametehs
THD; and PF values aspecified as output3raining shown in Eq.(15), optimzation problem has two
dataset is formed by inpettput data which is derived parameters to be minimized and third parameter to be
from simulation studiesMatlab¥Simulink™ program ~maximizedwhich yields multiobjective optimization
is chosen as simulation platform amin-max values problem However, consideringhe significance and
of inputs are determined as given ifable 2. goal value of eachparameter, the problem can be
Considering the incremeftep)values, simulation is converted to a single obj@ee optimization by
run 180 times and THP THD: and PF values are choosing the weightingeequal Hereby, minimization
recorded to be used in modeling procedure. of THD values and maximization of Rfan bedone
with equal importanceA set of lower and upper bounds

Table 2. Filter parameters constraints : ) .
on the design variables are given Table 2. The

Parameter min step  max optimization problem to get mentioned values under
C 1.2e¢*  2e° 2e* predefinedconstraintscan be summ@rized as given in
f/fo 3 2 7 Eq.(16).

Q 3 2 7 . . .

L 5ed 5es 262 In this problem, search space is defined by The

problem hasfour filter parameters to be optimized,

After constructing the inpubutput training data set Where their general form can be indicated as
Matlab® fitrsymy FRPPDQG LV HPSOR\HG WR W U DN §af andRsare not included
regression model. Note that normalizatie-process in optimization problem. Because, these two
on the dataset is applied before trainihg using parameters are calculated by E(<) and(12), since
maximum values of each parameter as givefahle the given parameters are determined.

2. Data mapping is occurred with a@ssian kernel

functions and all elements of the predictor matrix

divided by the value of appropriate KernelScale (auto).

Using the chosen specification§VM model is (16)
obtained witl0.94 rsquared (R. To summarizeSVM

predictsharmonic distortions and power factor with the

high accuracy for the given filter parameters. It proves

thatthe model can be used in optimizatjorecisely
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Classical PSO algorithm dffatlabs is used in this
study. The parameters of PSfegiven inTable3. As
mentioned before, applied SVM
normalized dataset during
Therefore, each parameterfpis normalized using the
same methodAfter several optimization pcesss
bestFF is obtainedas3.27when the filter parameters
are calculatedas given inTable 4. %\ XVLQJ
function of Matlal®, random numbeigeneration is
controlled for repoducibility. Hereby, it is confirmed
in each trial that,
initialization which yields not trapping by a local
minimum solution.

Table 3. PSO tuning parameters

Parameter Value
Function tolerance 1eb
Initial swarm span 2000
Min neighbors fraction 0.25
Selfadjustment weight 1.49
Swarm size [100,300]

Table 4. Obtained iiter parameters

Parameter Value
C 1.6e*F
Ci 9.6e°F
L1 1.1e3H
Li 2e2H

Rd 121Y

Regarding to the obtainedigpe filter, performance of
the system is analyzed in the next section.

6. Results anddiscussion

This section presents and compares numerical res
obtained by simulating EVCS with and withouittype
passive filter. Matlab~Simulink™ environment is
employed for simulation studies. For the simulate
EVCS,the equivalent circuit parameters are chosen
descripted in Section 2. Additionally, lithiuian
battery with a rectifier is connected to the secoypda
side of WPT. The system is supplied bsethphase grid
voltage which is 400 V in fundamental frequeranyd
specifications of battery aras follows; nominal
voltage=360 V, rated capacity=100 Ah, initial stafe
charge (8C)=50%, battery response time=1attery
LQWHUQDO UHVLVWDQFH

Initially, the system isimulated without passive filter.

Figure5 shows the chargingurrent and state of charge
of lithium-ion battery. tis seerfrom figure that battery
drawn around 15 A from DC link and keep bein
charged. It is clearthat charging process works
effectively.

u
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is done with
the modelling step.

HUQJT

PSO is started with different

(a) State of charge

(b) Change in charging current
Figure 5. Charging of the battenwithout Gtype filter

In the case of operatingthe EVCS without filter,
ngeform of the voltage at the point of common
coupling is demonstrated Higure 6a with harmonic
spectrum. Tie magnitude ancharmonic spectrunof
é'gureGb. Itis seen frontigure6 thatTHD, and THD
are measured d48.9% and 2.23%, respectively. The
system has also loRFwhichis measued as ®1. It is
clear that THD values are above the limits and should
be mitigated Moreover, mitigation of harmonics may
increase the effectiveness of the WPT amdy
accelerate the battery charging process.

Measured voltage and current with harmapectrums
are illustrated irFigure 7 when the system is operated
with designed @ype filter. In this case, voltage and
current harmonics are reduced to 1.03% arzB%,
respectively. PF is improved to 0.995. The absolute

gurrent drawrfrom the grid is obtained as illustrated in

ggifferences between the results show that the designed

-type filter keeps the THR THD; indices and PF
within limits defined by IEEEStandardb19-2014 So,
the results show that optimatt@pe filter is determined
effectively by using the SVMbased approach.
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procesaunderthe same operation conditiongreases
by 21% in case of using @ype filter. Therefore, the
SoC curve as shown iRigure 8a goes ugaster than
without filter operatiorduring the chargingigure5a).

(a) Swply voltage and THD

(a) Supply voltage and THD

(b) Supply current andHD;i
Figure 6. THD valueswithout Gtype filter

Figure 8 indicates that performance of the battery

charging process enhances as compared to without (b) Supply current and THD
filter operation. As mentioned in [35], after Figure 7. THD valueswith C-type filter
compensation and harmonic elimination, the dc voltage

may be higher for an upatrolled rectifier. A slight 7. Conclusion

increase _in ¥ yields a lage inc;rease in the_ output \npT systems are widely employed in EVCS.
power. Itis clearly seen from tiiegure9 that with the  ovever, structure of WPT causes current with
mitigation ~ of harmonics and power factorpaimonics and thus causes fmnusoidal voltage
improvement, output voltage of converter Structurgyons  In this study, SVAbased optimal @ype
increases from 388.4 to 388.Vq: on averageThis  passive filter design problem is taken into account in
observation is reflected in battery charging current 0@y ger to mitigatethese harmonics and to increase PF.
while the input power is maintained atani charging _ Therefore, firstly modeling of EVCS is realized by
current increases from 18 A to 23 A on average. Thgilizing filter coefficients as inputs where THD
small change in charging voltage (0.18)Meads an THD., PF are chosen as outputs. Secondly, PSO

increase of 5 A which can be calculated by change W)gorithm is employed on the SVM to find best filter
V4c/ battery internal resistance (0.18c¢V It parameters.

can be concluded thapesd of the battery charging
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optimization process, the designed filter is employed in
EVCS by using Matlab¥Simulink™ environment
Simulation results prove th@HD, and THD decrease
under the limits defined by IEEBtandard519-2014
and PF approaes to 1 Future works will be directed

to compare different types of passive filter structures as
well as various optimization methodscbuas chaotic
PSOfor the purpose of mitigating harmonics in WPT
system
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This paper considers the regional boundary observability problem for semilin-

ystems. The main objective is to reconstruct the initial

state on a subregion of the boundary of the evolution domain of the consid-

m using the output equation. We proceed by providing a

link between the regional boundary observability of the considered semilinear

ed boundary subregion, and the regional observability of

its linear part, in a well chosen subregion of the evolution domain. By adding
some assumptions on the nonlinear term appearing in the considered system,
we give the main theorem that allows us to reconstruct the initial state in the
well-chosen subregion using the Hilbert uniqgueness method (HUM). From it,

| state on the boundary subregion. Finally, we provide a

numerical example that backs up the theoretical results presented in this paper
with a satisfying reconstruction error.

1. Introduction

The analysis of distributed parameter systems
leads to the introduction of many useful con-
cepts such as controllability, stability, detectabil-
ity, and observability [1|2]. These notions permit
researchers to understand those systems and their
behaviors, which enable us to manipulate them.
In the nineties, the concept of regional analysis
was brought to life in [3}/4], bringing with it many
tools for investigating real-world problems [5]. In
particular, the concept of regional observability,
which consists of nding and reconstructing the
initial state in a desired subregion of the evolu-
tion domain, has great importance in the domain
of control theory [3,(6{8].

Fractional calculus (FC) is a eld of mathematics
that investigates the notions of integration and
di erentiation of arbitrary or non-integer order.
By fractional systems, we mean systems in which
a fractional derivative appears. FC is growing
in a fast manner nowadays, and this is because

*Corresponding Author
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fractional operators present a powerful tool for
modeling real-world phenomena|[9{11]. For ex-
ample, in [12], authors have generalized the lin-
ear prediction (LP) to fractional linear prediction
(FLP) and described it with applications to one-
dimensional (1D) and two-dimensional (2D) sig-
nals. They presented some numerical simulations
where, for the 1D case, authors considered stan-
dard test signals, namely the square wave, sine
wave, sawtooth wave, and real data signals such as
speech and electrocardiogram. As for the 2D case,
they choose grayscale images. The authors stated
that, for the 1D case, the proposed FLP has the
same construction as the LP, i.e. it uses linear
combinations of non-integer derivatives with non-
identical orders of derivatives. As for the 2D case,
the FLP model uses a linear combination of frac-
tional derivatives in horizontal and vertical direc-
tions. After comparing the performance of LP
and FLP, the authors concluded that FLP could
be used in processing 1D and 2D signals due to
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the comparable or better performance, using the
same or even smaller number of parameters.

Recently, FC started to penetrate the domain

of control theory [10,(13,/14]; in particular, it is

used to investigate the notion of regional observ-
ability; see [15{18] for linear fractional systems
and [19/20] for semilinear ones. In this paper, we
investigate the notion of regional boundary ob-
servability, which is basically regional observabil-
ity where the desired subregion is a part of the
boundary of the evolution domain [21,22]. The
principal goal is to reconstruct the initial state

of the considered system, on a desired boundary

subregion B, of the evolution domain Our

contribution can be summarized in the follow-
ing: Firstly, we de ne a new internal subregion
'p ,suchthat B @}, which enables us to
give a link between regional boundary observabil-
ity of the considered semilinear system orB, and
the regional observability of its linear part in ! .

K. Zguaid, F. Z. El Alaoui / IJOCTA, Vol.13, No.2, pp.161-170 (2023)

2. Considered system and problematic

Let be a bounded domain of R", n 2, with
smooth enough boundary@, let [0 ; T] be a time
interval and  an element of ] 1]. From now on,
we denote Q = 10;T[and = @ ]0;T[.
Let X = HY() be the state space and O a
Hilbert space called the observation space, we
c0é13ider the following fractional system,

3 "Dy y(xt) = Ay(x;t)+ Fy(xt) inQ;
Y,y —
@, 70
y(x; 0) = yo(x)

on |

augmented with the output equation,

z(t)= Cy(ist); 0 t T, (2

where :

- A is a second order linear di erential operator
which generates aCo-semigroupfR(t)g, o on X.
- F is a nonlinear, globally Lipschitz and contin-

Secondly, we develop a method, which is based on uous operator.

the Hilbert uniqueness method (HUM), in order
to reconstruct the initial state in !, and from it
we extract the value of the initial state on B.

The proposed method can be applied to real-
world situations; for instance, we can use it to de-
termine the initial population for a certain species
at the frontiers of some geographical place. The
di usive logistic population growth model is given
in general by,

D y(xt)

where x is the spacial variable,t is time and D

is some type of a fractional derivative. The above
system is given with some boundary conditions
and an unknown initial state. The quantities m
and b are positive constants that are given de-
pending on the species under investigation.

yoot = myeery 1 YD

This manuscript is organized as follows: In sec-
tion (B), we lay out the considered system and its
properties, we also give some basic de nitions and
recalls covering both the eld of control theory
and fractional calculus. Section [3) is reserved for
showing the link between the regional boundary
observability of the considered semilinear system
and the regional observability of its linear part
throughout the subregion ! . In section @]), we
use an extension of the Hilbert uniqgueness method
to reconstruct the considered system's initial state
in ! p, which led us to give an algorithm that was
implemented numerically and gave us some satis-
fying numerical results.

-C:X 10 is the observation operator, con-
sidered to be bounded.
Z
c 1 t @
- Dy y(xit) = —m t s) —y(x;s)ds;
oY) = gy (9 g(xs)

is the left sided time-fractional derivative, of or-
ger , of y in the sense of Caputo and ( ) =
+1

t e 'dtis the Euler gamma function.

0
@y

is the co-normal derivative of y with re-

A
spect to A, see|[23].
- Yo is the initial state in X, supposedly unknown.

De nition 1. [20] A function y 2 C(0;T; X),
is called a mild solution of , if it satis es
z t

YED=(R O+ ) Wt )Fy(; )d;
Z, 3)
in [0;T]; w;ereR (t) = $ ()R(t )d and
W (t) = ' $ ()R(t )d.
In addition, °
s ()= L g
o (Mm@ n) ’

is the Mainardi function.

Proposition 1.  [24] The operatorsR and W
are strongly continuous. Furthermore,

9M > 0; such thatkR (t)k M: (5)

L(X)
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For the sake of simplicity, we de ne the operator
K :L2(O;T;XZ) ! L*(0; T;X) by

t
(Ky)(1) = ; t ) (@ )d;
8y 2 LZ(O;T;X); 8t2[0;T]:
For the rest of this paper and without any loss of

generality, we denotey(t) := y(:;t) and for every
operator A we denote its adjoint by A .

wo(t

Let B be a non empty subset of the boundary@
with positive Lebesgue measure. We recall the
following operators,

1
s tH() ! H ? (@), the trace op-
erator of order zero, from , on @. Itis
dened by ,v=vy, .
1 1
s (H (@ ! H *(B), the restric-

tion operator, from @, on B. It is de ned
by sv=v,.

H :X ! L2(0;T;0); the observ-
ability operator which is de ned as follows
(H x)(t) = CR (t)x.

This manuscript aims to study the regional
boundary observability of the system @). In other
words, we are looking to reconstruct the initial
state of system [1) on the boundary subregion
B; this is equivalent to recover the value ofyg
on B, which we denote byy}. One can see that

Y6 = & oYo. Then, we give the following de ni-
tion.
De nition 2. We say that system , aug-

mented with @ is B-observable onB (B stands
for boundary), if it is possible to reconstruct y§
using the output equation ).

Remark 1. An alternative way to de ne the re-
gional boundary observability onB is that for two
di erent measurements, z;(:) and zx(:), we obtain
two di erent values of y§ on B.

We associate to the considered systenf [1) the fol-
lowing gnear system,

3 "Dy y(xt) = Ay(xt) inQ;
y
—(:t)=0
@A( )
y(x; 0) = yo(X)
which plays an important role in achieving the

goal of this paper. We formulate the problem of
this work as follows.

(6)

on |

in

Problem:  Given any system @) with the out-
put equation (), can we reconstructys?

3. Link between boundary and internal
observability

In this section, we design a method for linking the
regional boundary observability on B and the re-
gional internal observability in a well-chosen sub-
region ! , such that B @!. After recon-
structing yo in ! , we obtain y§ by taking the re-
striction on B of the trace of the reconstructed
initial state on @

For a su cie[ntly small number p > 0, \vve de ne

Up

B(;p) and wp= Up X
2B

where B( ;p) is the closed ball of center and
radius p.

Remark 2. and B @ \

@b.

As we did for , we recall, for ! j, the following
operators:

Notice that ! ,

L, HYO) ! H1(! p); the restric-
tion operator in ! ,, which is de ned by
V=V
~ CH(p) ! H?(@}), the trace

operator of order zero, from! ,, on @}.
Itis de ned by ~,v = vjg, .

1 1
~  HZ(@}) ! H?(B), the re-
striction operator, from @, on B. Itis
dened by ~,v=v,,.

Remark 3. One can see thaty} = , ,Yo =
8 o 1, Y0:
Remark 4. The adjoint of o is given by
_ g in Iy : 1y
w97 0 in ntp: 1892 H(!p):

De nition 3. [25] We say that the linear sys-
tem (6), augmented with @), is approximately ! p-
observable if, and only if,

Ker H = f0g:

'p
Remark (3) allows us to deduce that in order to re-
construct y(l), it is su cient to reconstruct » Yo,
which is the initial state in !, after that, we take
the restriction on B, of its trace on @Y. In order
to illustrate this, we have the following theorem.

Theorem 1. If the linear system (@ augmented
with @ is approximately ! ,-observable, then the
semilinear system (1), augmented with @), is
B observable onB, and y(l) is the restriction on
B of the trace on @}, of the restriction in !, of
a xed point of the function at t = 0, where
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LP(0;T;X) ! L*(0;T;X) is de ned, for Remark 5. If gis in E, then b 1,970

. . 2 . . 0
every (ty) 2 [0:T] L (0;T;X), as follows: Fé)r every ¢ in E, we consider the system,

(y)(tﬁ= R ﬁt370+(KFy)(t) ¥ 3 CD0+ (xt)= A(xt)+ F( x;t) inQ;
® 0 H 0 20 (HY) CKFEy)) ; g(.t)zo on
(7)) 3 @a ]
with o (x%0)= ox) in
h i, h i (12)
H = B H H . which has a unique mild solution, se€ [26], written
as follows,

is the pseudo (generalized) inverse oH | . .
Moreover, y, has the value ofyo in  n!,and (0= R (1) o+ (KF)(1t); in [0;T]; (13)
zero in! p. which we decompose as follows = 1+ o,

where 1 and , are given by the two systems:
Proof. Taking into account remark @, we see

that equation can be written as follows: 8 .
a ®) 3 CD0+ 1(x;t)= A 1(x;t) inQ;

YO=R (O, ¥R OF+(KFY); ©) R on (1
Using equations [2) and [§), we have, : 1?X; 0= o) n
(H ) oy =2() (H yo)(:) C(KFy)(); q
©) an
and since [6) is approximately ! ,-observable,
then, by the same arguments in |[2], the oper- E D 20X t)= A o(X;t) in Q;
ﬁtor H , has a generalized inverse, denoted +F ( 10t)+  2(x;t))
i p
H o y, hence: % @(;t):o on
h iy : 2(x;0)=0 in
pYo= H o z() (H yo)(t)  C(KFy)(Y) : (15)
(10) with solutions,
So, by substituting (L0) in (B), we get that: (=R () o; in [0T]: (16)
and
YO =R (O +(KFy)(1D)= (y)(1) + ) R
t)=R (t) o+r(KF[ 1+ 2D(1); in [0;T]:
M, H .z HyO) CKFYEG ° v (7)

(11) Assumption : We assume, for the rest of this man-
hence,y is a xed pointof andy(0); = , Yo. uscript, that system (14), augmented with @), is
i | -
Thus y5 = ~; ~Y(0); 0= T80 1, Y0 approximately ! p-observable.

Proposition 2. [18] If the above Assumption
4. Reconstruction method is satis ed, then the semi-norm k:kg becomes a
norm on E.

In consequence of theorem( (1) and the discussion
in section (3), we shall reconstruct the initial state
in! . For that we use an extension of the Hilbert %
uniqueness method for fractional systems. Let's
start by introducing the following set, 7( t) =

V\ée introduce the following auxiliary system

Dy (xt)=A (xt) in Q;
F(x;t) C C ()

RL

on
1 ) I|m I (x;t)=0 in
E= h2H() h=0 in n'y ;
(18)
where
in which we de ne the following semi-norm, 1 Z
S > Loyt= (s ) yks)ds;
L T t
khkg = kCR (t)hkédt; is the right sided Riemann-Liouville time-
s Zo fractional integral of order , and
T T
1
= . k(H h)(t)kédt: Rt D y(xt):= 7(1 )@@tt (s t) vy(x;s)ds;



On the regional boundary observability of semilinear time-fractional systems with Caputo derivative 165

is the right sided Riemann-Liouville time-
fractional derivative, of order

If ¢ is chosen inE such that CR (i) = z(%),
then is considered to be the adjoint system

of (L2).

System (18) has a unique mild solution, given by:

T
(x;t) = (s t) W (s t)[ F(s)
t
C C 1(9)]ds;

(19)
which we also decompose into = 1+ 5, where
1 and » are solutions of

8 .
% Dy ixit)=A 1(xt) inQ;
C C (1)
@1 (20)
t)=0 on ;
E@ (;t)=
I 11 uxt)=0 in
T
a§d
%RL D; axt)=A 2oxt) in Q;
F[ (Xt + 2% 1)]
on ;
@
I|m I 2(x;t)=0 in
t!

(21)

Furthermore, they are written as follows,
T

1(x;t) = (s t) W (s t)C C 4(s)ds;
t

(22)

and
Zy

2(x;t) = (s t) 'W(s HF[ i)+ 29)]ds:
t

(23)
Let's denote by P, | := o lp the projection op-
erator in E, we have:

P, |T1 © = o+ L o
= P, Lo a0) P 1 5(0)
where
E ' E ;
o 70 P, 1D 1(0) ;
and
L E ' E
o 7' P, 1D 2(0)
Thus,
0=Pr, | ©) L o;

and, as proven in [18], since4) is approximately
p-observable, then is an isomorphism. There-
fore,

Lo

(24)
Hence, in order to reconstruct the initial state in
I b, itis su cient to solve the xed point problem
[@4). For that, we give the following theorem.

Theorem 2. Under the following assumptions:
Hi - System (14), augmented with 2), is ap-
proximately ! ,-observable.
H, - 9¢ > 0, such that:

KFu(t)kx okl ® u(t)kx; 8u 2 L3(0; T;X):

The operator N has a unique xed point which
corresponds with the initial state in ! .

Before proving this last theorem, let us give the
following proposition.

Proposition 3.  [18] Let bein]0;1], tin [O; T]
and f in L2(0;T;X), we have:
) T
IT (s )
Z 1
= R (s
t

W (s t)f (s)ds

t)f (s)ds: (25)

Proof. : of theorem (2)
We use Schauder's xed point theorem in our
proof. In other words, we need to show thatN
is compact and N (B (0; s)) B (0;s) for some
s > 0, where B(0;s) is the open ball of center
zero and radiuss.

Remark that N is compact if, and only if, L is
compact. Trr1]e operator L is compact if,

L (B(0;r)) = 200) ;
is relatively compact, for everyr > 0, and since
L(BO;r) J p

(o]

L o=Pi, I 02B(0;r) ;

with
n o}

Jp= P, ITl 2t) 5 02B(O;r); t2[0;T] ;

hence it is su cient to prove that J is relatively
compact.
Step 1: We show that J, is uniformly bounded.
From propositiozn B) and (21), we have:

T

PO LG 2(s)] ds;

which gives, by using the property (§) andHo,
Zy

Mc ki

0 T

DF[ 1(s) +

kI~ 2(tkx 1(S)kx ds
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Zt
+Mc KD p(s)kxds: and z.,
0 1 1 .
Furthermore, from (R2) and proposition (@), we kRakx  Mc 0 Kioa(s)kx + kI (s)kx ds;
. 1
have: 7 I\/| 2cT2KCK, 1y o, K {ng 1+ McTeMeT
1 i) = R (s t)[C C i]ds; =7,
! t (29)
hence, by using Cauchy-Schwartz, SinceP, , is a projection operator, then, from (28)
) Z and (29), we have
K 1(tkx MKCK 0,  KC 1kods; ) .
T o kP, 1 o(ty) Py 1 a(t2) kx
1 1 .
MKCK, o, T2k oke; Ko2lta) b etk
(26) lzl + Z 2y § }
thus, therefore, by taking "1 and —, wWe
1 2 3 2Zl 222
Kl 2(hkx  MZCKCK 5, T2k oke conclude that:
Z 1 1 v
kP I t P I t k =+ =;
Me kITl »(S)ky d: o o2(tl) P 1o o(t2) kx 5t 5

0
By Gronwall's inequality, we obtain,

2(Dkx  M2ckCk . T3k okgeMeT:
(27)
Therefore, the setJ is uniformly bounded.

1

ki
.

L(X; 0)

Step 2: We show that J, is equicontinuous.

Let's consider" > 0, for t; and t, in [0; T], such

that t, >t 1, we have:
1

17 ot 1 a(ta)
Z, -
R (s t2F[ 1(s)+ 2(s)lds
2
t R (s t)F[ 1(s)+ 2(s)ds
Z, -
(R(s t2) R (s t)F[ 1(s)+ 2(s)]ds
| 2 {z }
Z 6 =R
R (s ti))F[ 1(s)+ 2(9)]ds,
|2 {z }
=R>
thus,
lel 2(ty) | Tl 2(t2)kx kR 1kx + KR2ky:

Since the operatorR is strongly continuous, then
for every"1 > 0,9 > 0, such that,

jt j< =)k R (s t2) R (s ty)k "1

L(X)
hence, by using [26) and[(2), we get,
Z1
kR 1kx "1C

2(s)kx + |<|Tl 2(s)kx ds;

k okg 1+ McTeMeT ;
{z

=271
(28)

Thus, J,, is equicontinuous.

From step 1 and 2, we get thatL is compact hence
so doesN .

Step 3: We show that N (B(0;s))
somes > 0.

B (0; s) for

we have that

KN okx k *k kI (0) kx +kI©  2(0)kx
We know that and ,areinC(0;T;X), then so
does| and 1° 2, which means that they

are in L? (O;T;X)T. Thus, 9 1; 2> 0 such that,
kKN okx k  'k( 1+ 2):

In other words, if we take s > k 1k( 1+ 2),

we get that N (B(0;s)) B(0;s).

By Schauder's xed point theorem, N admits a
xed point.

Step 4: We show that the xed point is unique.

Let “gand ( betwo xed points of N. Then, as
discussed in the paragraph before equation (19),
they satisfy

CR () 0=CR (:)70= 2(2);
hence, using remarK b, we have:
CR() o o =CR ()., , o o=

and since [14) is approximately! ,-observable, we
obtain that:

since "o and ¢ are in E, then:

T0= o
Finally, N has a unique xed point.
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Now that we recovered the initial state in ! ,, we
can apply, to the recovered function, the trace op-
erator ~, and the restriction operator ~, to obtain

the initial state on B.

(
5. Algorithm and numerical Simulation

This section is reserved to give an algorithm that
allows us to reconstruct the initial state in !,

and back up our theoretical results by present-
ing a successful numerical simulation. Following
the steps of the above method, we obtain the fol-
lowing algorithm.

5.1. Algorithm

1 - Initialization of ., !,
2 - Solve [14) and get 1.
3 - Solve [20) and get 1.
4 - Solve [21) and get .

5-Do = 1+ 2.
7-1fk g N ok>", then:
- o= N 0-
- go back to step 2.
else
- Stop.

The reconstructed initial state in ! is , = o.

Therefore,y5 = ~, ~ ,. o is the reconstructed
initial state on B.

p

5.2. Numerical simulation

Let us take for this example =1[0; ] [O;1],
T = 2, =05 and B = fOog [0;1]. The
dynamic of the system, A, is considered to be

X1

X1
In —=+1

X
Yo(xi;x2)= 2 +1

which we suppose to be unknown orB.

In order to solve the systems|[(14), [(2D), and|(2]1),

we use a combination of two methods. The rstis
the spectral method [27], where instead of solving
a fractional partial di erential equation, we solve
multiple fractional ordinary di erential equations.
The second method, which we use to solve the
fractional ordinary di erential equations derived
from the rst method, is the predictor-corrector
method presented in [28].

By applying the proposed algorithm, and after
eight iterations, we obtained the Figures (1), (3),

®) and (@).

@ @ .

—- + ——, which has a complete set of

@% = @3 P
eigenfunctions,

) )
Vi (X Xx2) = Pﬁcosﬁxﬂwsﬂ X 2) ;
I ij 0
which forms an orthonormal basis of X,
gssociated with the set of eigenvalues
= y+j? o2 : The nonlinear op-

) iij 0
erator F is de ned as follows :

1
hi
T
iij 0

Fy(x1;X2;t) = y(t);' i g (X x2):
After specifying all the needed parameters, we
consider now the semilinear system,

8
ECDO+y(X1;Xz;t)= y(x1;x2;t) in Q;
+Fy(X1;X2;1)
E é@y 1 2t)=0 on ;
" Y(X1:X2;0) = yo(X1;X2) in
(30)

The output equation is given by a zonal sensor
(D;f), where D is called the geometric sup-
port (location) of the sensor andf 2 L2(D) is its
spatial distribution. Note that O = R and (2)
takes the form:

z(t)=W(t);fiL2(D); 0O t T:

We set f
B =f0g

1, D
[01 1]’ I P

[1:2; 2:4]

= [0:1; 0:9],
=[0 ; 0:09]

[0;1]; and

2
(X +)In(x2+1) X2 In(xa+1)? ;

Figure 1. Initial state in .
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Figure 2. Reconstructed initial state in .

Figure 3. Initial state and the re-
constructed one in .

Figure 4. Initial state and the re-
constructed one on inB.

Figures[1,[2, and[3B represent, respectively, the
real initial state, the reconstructed initial state,
and both of them in . By taking a vertical cut

in Figure 8 at x, = 0, we obtain Figure @] where
we can see the values of the two initial states on
the boundary subregion B. It is clear, in Figure[4,
that the initial state ( yp) is very close to the es-
timated initial one (o) on B. Furthermore, the

K. Zguaid, F. Z. El Alaoui / IJOCTA, Vol.13, No.2, pp.161-170 (2023)

reconstruction error is:
kyo ok?

,.=6:41 10 %

L2(B)

In Figure B we remark that the two plots present
very dierent behaviors unless in the desired
boundary subregion, where they appear to be co-
inciding, which means that the proposed algo-
rithm does not take into consideration other re-
gions di erent than the desired one. This means
that the cost and time needed to observe the sys-
tem and reconstruct the initial state regionally is
less than if we do it globally.

The e ciency of the proposed method is shown
in Figure @4, where we can see that the plots of
the initial state and the reconstructed one coin-
cide. This is also backed up by the value of the
reconstruction error, which is small.

Table [ shows how the reconstruction error
changes in the function of the sensor's location.
We remark that the reconstruction error gets
smaller as the area ofB gets smaller. This pro-
portionality proves that observing the initial state

in a subregion is less expansive than observing it
in the whole domain.

Table 1. Evolution of the recon-
struction error with respect to the
subregionB area.

SubregionB Error kyo Okfz(B)
fOg [0:00; 1:00] 641 10 °
fOg [0:05; 0:95] 580 10 °
fog [0:10; 0:90] 518 10 °
fog [0:15; 0:85] 455 10 °©
fOog [0:20; 0:80] 392 10 °
fog [0:25; 0:75] 327 10 °
fog [0:30; 0:70] 263 10 °
fog [0:35: 0:65] 167 10 °
fOog [0:40: 0:60] 132 10 °
fog [0:45; 0:55] 659 10 10

6. Conclusion

The present paper studied the regional bound-
ary observability problem for time-fractional sys-
tems. We succeeded in reconstructing the ini-
tial state of the considered system in the desired
boundary subregion by passing through an inter-
nal subregion and using the HUM approach. The
method used in this work is very e ective for re-
gional boundary reconstruction problems. This is
shown in the numerical simulation, where we ob-
tained the initial state of a two-dimensional time-
fractional di usion system on the desired bound-
ary subregion with a satisfying value of the recon-
struction error. All along this paper, we worked
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with a bounded observation operator, but we opt

to see what happens if we take an unbounded one

for future works. We are also investigating the
concept of regional gradient observability for frac-
tional systems, where the goal is to reconstruct
the gradient or ux of the initial state.
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Article history: Drones have started to be used for surveillance within the cities, visually sc
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Coverage path planning dimensional coverage path planning (CPP) mathematical model with the f:
Drone a single drone mapeed to be recharged within its route based on its e
Energy consumption consumption, and the obstacles must be avoided while constructing the rot
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Scenario analysis stations and obstacles for survaiite. We tested the model for a grid exar

based on the scenarios obtained by changing the layout, the number of o
and recharging stations, and area size using the Python Gurobi Optirr
library. As a contribution, we analyzed the impact leé humber of existin
obstacles and recharging stations, the size and layout of the area to be co
total energy consumption, and the total solution time of CPP in our study -
first time in the literature, through a detailed Scenario AnaliRgasults show thi
the map sizand the number of covered cells affect the total energy consun
but different layouts with shuffled cells are not effective. The area size
covered affects the total computation time, significantly. As ribenber of
obstacles and recharging statiomsreasesthe computation time decreases u
a certain limit, then stabilizes.
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distribution, and lasmile delivery by connecting to all
1. Introduction data links with IoT technology [5]. Otto et al. [6] also

Technoloaical devel ¢ h q erpphasized that UAVs may provide cost savings and
echnological developments such as unmanne aer3:‘?5pabilities for difficultto-access infrastructure,

yedh|clte.s .(UAVS)t have Ui%n'f'cir.‘“%/ affe?_te(tj al:jenvironmental momdring, and medical supplies
industries irrecent years. s, which were first usedy; i) tion. and help save lives.

for military purposes [12], soon attracted the attention ) ,
of the private sector and commercial industries. Wit this study, we developed a mathematical model for

the new regulations made for air traffic managemeni?® twodimensional Coverage Path Planning Problem,
drone studies have been channeled and increas¥gich aims to minimize total energy consumption
accordingly. According to researchers, drones (UAvsyhile considering the drone's rechaigi and the

are currently used mostly in outdoor areas [3], anfPstacles to be avoided within the path plan. Our study

outdoor applications tend to increase in the future. has the following contributions: Unlike the existing
models for other vehicle types, the specialized energy

gonsumption function for the drone has been added to
I:nhe twodimensional Coverag®ath Planning (CPP)
odel. Besides, recharging the drones in the

When UAV technologies are examined under the titl
of sustainable cities, it aims to be a solutionthe
problems that come with sustainable cities [4]. It wil

be p055|ble to use UAVS.’ which are expected to ha Yedetermined stations is decided in the model to
an important role in the field of smart and sustainabl

LI . ) vercome battery drain problems, and the obstacles are
cities, in city problems such as flood detection, d|sast% y P

management, traffic manament, health needs Voided during the path planning. .
Although the related CPP problem has been examined
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from many perspectives, we analyzed the impact of tHer multiple drones that minimizes total traveling time
number of existing obstacles and recharging stationwas studied in an urban setting, considering battery
the size and layout of the area to be covered on totahitations, obstacles, and recharging stations [25].
energy consumption, and the total solution time in ouklthough this study is like our work, one minimized
study for the first time in the litature, through a total time spent during the route rather than total energy
Scenario Analysis. This is a unique aspect of our studgonsumption.

This comprehensive analysis brings useful insights §p addition to 2dimensimal studies, there are also
this field. To t.he best of our knowledge, none of thghstances of 2limensional (3D) CPP articles [ZH].

past studies included all these aspects in the- tWajrcher et al. [26] developed the routing optimization
dimensional Coverage #ePlanning of drones. model and mostly focused on 3D structure inspections;
The paper is organized as follows: In the followingvhile Balasubramanian et al. [27] determined the
section, the related works are briefly explained. loptimum route byconsidering different 3D static
Section 3, the CPP problem is introduced. In Section dbstacles.

the Proposed Mathematical Model is explained. The®esides, there are some past studies that focused on
in Section 5, Scenar Analysis and application results energyefficient CPP which is the main topic of this
are discussed in detail. Finally, the Conclusion anstudy. Balasubramanian et al. [27] used the ant colony

future work are presented. optimization model to calculate the-ddmensional
energyefficient route. Vasque@omez et al. [28]
2. Literature review developed an efficient route planning algorithm for the

. . . . - ... _coverage of the convex regions of the drones, based on
In this section, a bngf overview of the civil appl'cat'o.nsdifferent starting and end points, but the algorithm did
of drgnesiﬁA\gp;‘”".IFE rggde. La(:er, gi‘:’]t StUd!,??lﬁt guarantee optimality. Choi et §9] developed a
regarding the WITT D€ dISCUSSEd, and the merit @i, generation algorithm for solving the CPP based
our study in the current literature WlII_be explained. Caén a precise computation of the energy consumption
et aI: [7]'madeasurvey of advances in L.JAVS and futL!r ring the missions. Aiello et al. [30] developed an
?pptljl_c;?tlontprospl_ect?. Drone tecnnololgle_s ;(vere StUd'% ergyefficient algorithm for route planning of drones,

or difierent application areéasuch as logIstics [8] but the authors did natonsider the recharging stage
manufactun_ng [10], surveillance [11], 'ntra.llog'sucswithin the routes. Modares et al. [31] formulated the
[12-13], disaster ~management [14], InVemoryenergyefficient CPP for multiple drones and

management [186], and agriculture [118]. Ozkan minimized the maximum ener :

’ . gy consumption among
and K_aya [11] stu@ed UAV path planning for borderall of the UAVs paths. Shivgan and Dong [32] modeled
security and patrolling missie and solved the problem

) . ) . the energyefficient CPP ina similar way to the
using a Genet|_c Algorithrhased Matheunstu; for aveling salesman problem and solved it by means of
different scenarios based on departure basis, da

enetic and Greedy AlgorithmBo sum up, algorithm
patrol numbers, and ranges of UAVs. based past papers for enemgfficient CPP are more
Besides, Otto et al. [6] performed a comprehensiv&mmon, but these do not guarantee optimality. Most
review study of the optimization approa&shfor civil  of them do not considerecharging needs. However,
applications of drones/UAVs. Coverage path planningur study considers both recharging states in the route
for full and partial coverage, as well as, coverage fromnd the time spent during the route including flight time
stationary positions were discussed in detail [6knd recharging time.

Readers may refer to this study for a comprehensigezas et al. [33] studied the CPP for swarms of UAVs
literature review. Glock and Mer [19] developed @ and solved the model considering pathparllel lines
unified view for path planning and vehicle routingand spiral coverage. Vazqu€armona et al. [34]
studies from many different disciplines that aim afleveloped an efficient algorithm for the CPP,
spatial coverage. This study is also an interesting orgpecially for disinfecting the areasd simulated the
that discusses the similarities between and the solutigfutes that they developed. Tevyashov et al.[35] solved
methods of these twproblem types. the multidrone CPP of the agriltural fields, by
The CPP problem has been studied for not only singlgninimizing the maximum time needed to cover
drone but also multiple drones [20]. Avellar et al. founekssigned area§’he common objectivesf the CPP

the optimum number of drones required to cover th@odels are maximum area coverage, minimum energy
entire designated area and tried to execute the task wignhsumption and minimum time [36].For a detailed
multiple drones ina minimum time [21]. In another survey of the CPP with drones/UAVs, thedees may
study, a suitable covering path was created for thefer to [20].

mapping task to determine patisaster risk with more The impact of the number of existing obstacles and
than one drone [22]. Besides, Wang et al. [23]echarging stations, the size and layout of the area to be
developed a model that allowed drones to cover the are@vered on total energy consumption, &he total
more than onceach time by improving the only one solution time of the EnergyEfficient CPP were
time coverage constraint. Zhang and Duan [24] addehalyzed for the firstime in the literature, using a
constraints for drones with different starting battergomprehensive Scenario Analysis. Thisaisunique
capacities to cover the space. The path routing probleaspect of our study.



Singledrone energy efficient coverage path planning with multiple charging stations for surveilldrii

3. Problem definition problem definition. To calculate the energy

. . consumptiora unit energy cost is defined per cell, and
Coverage Path Planning (CPP) |saproblemthatreveﬂﬁs cor?sumption is ggrrelated with tﬁe distance

the. appropriate motiqn plan for a vehicle to cover th{eraveled. While straight movements cost one unit of

entire desired areanithe task [20]'. The mentloned energy, diagonal movements cost according to the

\(;te#elz(rzlemcecz:ﬂgn?ser: Cvirg?]nb;%b?;’ot%ngn\ée?&?ﬁ’ ?r: E;‘r?iXIistance traveled. Recharging stations allow the drone
X fully charge its battery whetlands at the cetf the

. t
study, the area to be covered is thought to be COVerFedcharging stationAlthough technology development
studies are conducted to achieve better energy

with a multirotor UAV, commonly known as a drone.

To properly onstruct the CPP problem, the area to bganagementin electric vehicles [2], recharging

covered is identified as a certain map and it is assumgghtion cells still must be coveredthe path planmig.
that the UAV knows the map beforehand. As also stated

in the research, the problem logic is similar to thg nathematical model

problem of TSP [32], in that the vehicle has to

corsecutively visit all of the nodes in the system. AVe proposed a new mathematical model for the single
similar type of this method is used in literature byehicle (i.e. UAV), energefficient twodimensional
dividing the space into grids for discretizing it, the only=PP, in this study. The model consists of-sigments
difference is that the CPP problem is turned into a VREUCh as assumptions, sets, parameters, variables,
problem [37]. In the CPP problem ettmap is divided objectivefunctions, and constraints that are expressed
into cells that have an equal areend the cell is mathematically. Each element has been meticulously
assumed to be covered when the drone is positionedqﬁveloped to validate that the model is sustainable and
the center of the cell since the drone has a Speciﬁ@es not give infeasible solutions, and is explained in
hovering height and the camera can capture an area &€4gil in the following sections:

time [31] The area of the cell is proportionate to theSome assumpuihs have been made to reach feasible
camera angle of view and it is assumed to be a squaesults and to increase the computational speed of the
view. UAV hovers at a specific height which makes thenodel. These assumptions are explained one by one in

map a 2D space. Because of the fixed hovering heighthe following part:

at all points of the map, the camera sees tadishave
the same dimensions.

Different types of UAVs can perform different x
movement types. To define the problem much more
strictly, the type of movement that the UAV cany
perform has to be decided. In the literature, there are
two types of approachesl the VorNeumann and
Moore Neighborhood movements which can be seen ip
Figure 1 [38]. Since drones can make diagonal moves
by changing the power of rotors and it is more realistic
the MooreNeighborhood approach is more suitable for

X

the application.
X
X
X
Figure 1. Von-Neumanmmovements (left) and Moore
Neighborhood movements (right). X

To make the application more realistic the map includes
obstacle cells that UAV has &wvoid and does not have y
to cover. These obstacles can range frorflynaones

to buildings.In the literature, mukUAYV applications
[39] and singleUAV applications [40] are available. In
this work, a single UAV is chosen. The drones are fit
for the useareas. However, the main problem with
drones is the low fly durations because of the battery
[41]. To solve the problem of battery recharging

A drone is deployed from and returned to a
predefined point inside the grid, called thedas

If the area is not convex, it is converted into the
convex hull of the area (square or rectangle).

A drone is equipped with an onboard
camera/sensor pointing down and has a square
viewing aspect, which equals egéed size.

No external forces affectinghe drones are
considered, such as weather conditions (i.e. wind).
The number of visiting recharging stations must be
equal to 1for the other cells. Cells that contain
recharging stations are also considered to be
covered.

All coverage areas and rechargistations are at
the same altitude; therefore, the problem is 2
dimensional.

At any recharging station, the battery is charged to
100% battery level. In other words, no partial
charging is allowed.

The time spent at the charging stations varies
accordirg to the remaining charge of the drone.
The spent time for landing and ta&ff movements
from the starting and charging points is neglected
in the model.

Drone always moves at a constant speed,
disregarding the extra time spent in turns.

Total energy consmption is related to the distance
traveled and unit energy consumption of the
vehicle per meter.

The battery needs to be always higher than a
certain percent of its full battery level to provide
enough energy to return home base in case of

stations that are spread across the map are added to theemergencies.
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X ;I;lhe batdte[y g:hang}[ﬁ times will not be incIL:_ded inyI5Q @1 EBERG 7
e model since this is an energynsumption . i
based model. Ao TG\Q s& BREM RGM (®)
T L réEEBREMF 9)
4.1 Sets Ay ThoL S&€ GGMr (10)
Th ts that inth | i low. = E s
| e sets that are used in the model are described be Oﬂ L Qs E AWTS{?U\aEGaGMr (11)
k: Step numberl( <. . L 12
i: The cell that the drone is leaving<(1,  « ., DL P (13)
j: The cell that the drone is entering ( « I?’ QD5 ) (13)
(i=j =1 represents depot/base) Ay TRyl s (14)
OC: The set of cells that have an obstacle ULS (15)
CC: The set of cells that needs to be covered I 5L QTS ¢E BRG (16)
SC: The set of cells that have a charging station W L Uos FAR TR E Al BiS F Uss; EGGMr  (17)
PL Ags TEWE Agpn. 4 Cl §¥SF Ups; $ (18)
4.2. Parameters .
WRras&€c (19)

The parameters used in the construction of the mod

are described below. e'lBYL < &=k BRG (20)

p: Initial position of the drone. | b < &=E BRG (21)
d: Energy spent in the movement of one cell. Wap QPR r EEG (22)
B: Full battery capacity of the drone. Objective (1) calculates the total energy consumption

by the sum product of the given unit consumption cost
and the decisions made by the model about the nodes to
be visited at edt step, considering all the decisions

I: Number of cells to be covered.
s: Whether ell i has a charging station or n@g=1 Ei

BSC s=0 B NSQ overall steps. Constraint in (2) applies the classical TSP
cij: Energy consumption between dedind cell;. approach by making sure that the number of elements
ri: Time spent between céland cellj. that go into a cell goes out from it at all points. The only

g Total amount of time to fully charge the dronemodification to the original equation is magisure the
béttery equality is according to the steps. With the constraint in
' (3) the UAV returns to its original position after

covering every cell at the last step.

o ) _ Constraint in(4) is a simple constraint that prohibits the
The decision variables that the model decides on afgoyement from a cell to itself. Ti@onstraint in(5) is

4.3. Decisiorvariables

described below. the main constraint that ensures every single cell is
yk: The battery of the drone at the end of &ep covered. This is an inequality that is greater than or
h« The cumulative sum of energy consumption fronfgual to one, and there can be some circumstances
step 1 to k. where the UAV has to visit the same cell twice. Here,

U Dummy variable for subour constraints the set CC does not contain the obktecells, which

" y ' means obstacle cells must be avoided. Constra{6) in
my* Dummymultiplication variable. is the suktour elimination constraint which is a well
t: The total time of flight for the drone to cover all cellsknown and standard constraint that prevents the system
x;*={1, if the drone moves from célko cell j at step k; from going into a swbour and; thgs, _not being able to
0, otherwise}. complete the whel_path. Constraint ifi7) ensures the
drone movement is a type of Moore Neighborhood
movement and other types of movements are not
allowed. With the Constraint i{8) the same movement
The objective function of the model is as given in (1).cannot be made in different steps. In other words, one
IEJEIE ¥%ho 2Ty (1) movement can b!elade only in one st_ep._Since the steps
are defined starting from €heconstraint in9) ensures

4.4. Mathematical model

Subject to that there is no movement in step 0. ConstraitffL@)

~ ~ e i .

'f‘U TBYL Ay TVG® &E RGGM T &GM - @ ensures that one step includes only one movement.
Ay ToaL s (3)  Constraint in(11) calculates the cumulative energy
ToL raE BRGAEL F (4) consumption to be used in the other constraints.
~ Constraint in (12) initializes the sum of energy
Ap TEWR s&ERFD % % (5) consumption to O at step 0. Constraint(i3) is the

constraint that provides continuity to the model in terms

QF QE +A, THQ +F SEEEMREP s&P s (6) of the steps. With this constraint, the ordérsteps is



Singledrone energy efficient coverage path planning with multiple charging stations for surveilldiée

correctly evaluated in the model. Constraint(id)
ensures the UAV starts from the initial popat step

1. Constraint in{15) is the initialization of battery level

to B which is the maximum, at step 0. Constrair{iLg)

is added to the ndelas an intermediate calculation that
calculates the auxiliary multiplication variable of
whetherthe UAYV is leaving the charging station or not.
The Constraint i(17) is the battery update constraint
which ensures the battery is lowered after a moveme
is made at any step. With the second part of the
equation, the battery is fully charged if the UAV is
exiting a charging station. The charging is made after
the drone is done with its last step to ensure that there
is no overplus of energy used whenrthés none.
Constraint in(18) calculates the total flight time of the
drone to fully cover all the cells that can be covered as  Figure 2. Grid example of the scenario analysis
well as the charging times in stations according to the

amount of battery charge@onstraint(19) ensures that Table 1.Fixed-parameter values
the battery is always more than 20% of full capacity Parameter

L . . Value
[43]. Constraints if(20) and(21) are binary constraints Starting Cell 1u
for the variables >and m. Constraints i(22) are the  gpeeq (Square/Unit Time) 1
nonnegativity constraints for the nédmary decision  Average Energy Consumption Per Cell 1
variables. Maximum Battery Capacity (UnEnergy) 100
5. Experimental design In addition to the fixed parameters above, each scenario

In this section, scenario analysis is performed thas Controlled Parameters (C), Independent
analyze the model under different circumstances. THEhanging) Parameters (1), and Dependent Parameters
effects of parameters such as layout, number &P)- The controlled parameters have fixed values
obstacles, area size, and number of recharging statidRsough the associated scenario runs. The Independent

of the model are examined in detail with four differenParameters are the ones with changing values within
main scenarios. different runs of the associated scenario. The dependent

garameters are the ones whose values may change

the grid and cell design used by the model throughoa cording to the change of the Independent Parameters.

the scenario analysis. While black cells represent e matrix of the scenarios and parametegsésented

barrierstheblue cell represents the recharging stationd. Table 2. The dependentriablesto be observed

Arrows also represent the optimal redhat the model Were determined as total energy consur_nption_, average
energy consumption, and computation timin

finds to cover all cells. As can be seen, the rouf?cenario 1, area size, the number of obstacles, the
manages to avoid obstacles while at the same time ' ! '

h . . . . umber of covered cells, and the numberezharging
stopping by the charging station to avoid running out g .
battery. The battery needs to be always higher than 2% tions were kept constant to observe the impact of the

of its full battery leveto provide enough energy to ayout change, by shuffling only their places. In

return home base in case of emergencies accordingschéa::rri'g zl‘otgln g'r]:f:fg\}v lgggtl:;ewiirg d%%r:jsfaeéﬁ(jt}me
DJI whichis one of the best drone producets]| » Only '

As mentioned above, the model was examined undlé?epmg the previous obstaglesitions constant while

four different main scenarios. The changing paramete'rnﬁcre"’1SIng the number of obstacles. The layout is not
are as follows: shuffled every time. As the number of obstacles

Layout Design increased from two to eleven at each run, the number

5 The number of Obstacles of covered cells decreased.
3. Area Size Table 2 Parametersf thescenarios
4. The number of Recharging Stations (RS)

The grid example shown below in Figure 2 illustrate

=

Number Number
of Lavout Nug;ber Area of

There are also the fixed parameters of the model which Cells 4 obstacls  Sizé  Rechage

are not changed across scenarios. The list of parameters Covered Stations
and their values are given in Table 1. Howewther  S-1 C I C C C
than thesel, dronethEe, processor povvlelr_,f and battery » D c | c c
type situations, which may vary in real life, are not o , b c c | c

considered in our analysis.

S4 C C C C |
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In scenario 3, only the area size is increased by keepimpdel was compiled on the Gurobi Optimization
the numbers and position of all obstacles andibrary in Python 3.8. The Gurobi version 9.1.2 was
recharging stations constant. Accordingly, the numbersed to run the algorithm. The computer which was
of coverable cells has increased. Six different area sizesed to run the scenarios had a microprocessor of
changing from 3*3 to 8*8 were considekat different Intel(R) Core (TM) i#7700HQ, and a total of four
runs. In scenario 4, the number of obstacles and anglysical cores, and eight logical processors were used
sizearefixed. One new recharging station is added io run the scenarios with eight threadée sharedthe
each run, keeping the previous recharging statiorBython codes of the mathematical model ][4
positions constant. The number of charging statiorfsor the study, the total energy consumptioriclvhs

was increased from one taxsat each iteration. The the objective of the model is the primary concern in

layout is not shuffled. terms of the outputs. As shown in the scenario details,
since some of the models included different numbers of
6. Scenarioresults anddiscussion cells, the total energy consumption would not provide

. . . ccurate or meaningful resultdence, not to lose an
After deciding on the scenario setup, inputs, an 9 y

h h cal model by chanai pe of information and to better interpret the results,
the. parameter values at each Seenario, fierativel®, 2Verege energy consumption per cell was also
throu%h the Gurobi Optimization Library ,Recorde%ﬁgged' L?Sﬂy’ for any scenario ap.plicatipn of the

' athematical modethe total computational time was
outputs were further prepared as bar/combo charts

; . r n hagf th m ion time w.
each scenario. Throughout the analysis, the code for t cgtggd and a chauf the computation time was

Figure 3. Scenariaesults for energy consumption

6.1. Total energy consumption analysis The first scenario was constructed to observe if the total

With the possible applications in mind, theost €nergy consumption changes in different layouts. The
important performance metric in the coverimission Medel was found to beesilient for different types of

is energy consumption. Drones are inadequate in terf@y/OUts by having similar results in terms of both total
of their battery capacity. Hence, utmost importance @Nd average energy consumption. This shows that the
given to the energy consumption. The four differerfnodel accomplishes what it was constructed for. In
scenarios have resulted as showniguFe 3. The bars Scenario 2, as the number of obstacles increases, the

show the total energy consumption, whereas the r&gf@l erergy consumption decreases. However, if
lines show the average energy consumption per cell, 2V€rage energy consumption per cell is observed (that
is plotted in red), it increases as the number of obstacle
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cells increases. This indicates that the movements affect the total energy consumption.
the drone become more inefficient as the arearnes
more restricted. In scenario 3, if there are more cel&2. Computation time analysis
resent on the map, the total energy consumpti . . . :
i%creases since the I?otal area to be cgi//ered incrgas € |Ilgstr§\te Fhe computatlonal.tlmes spent in eqch
The average energy consumption decreases sligh enario, In Figure 4. In Sqenano 3, the computation
when the map size increases, but noifitant changes tme 1S affected at ”?OSL sihce thg number of 'ce'lls
are observed. Scenario 4 depicts the cases where eases exponentially. Scenario 1 has similar

number of recharging stations increases in the Sarﬁgmp_utation.times through different Iayouts.vyith some
ging ﬁrlatlon. Thisshows that the model acts efficiently in
n

map setup (layout). The drone behaves differently an )
changes its path until a certain number of rechargi fferent layoutsin the second scenario, excep“."“’e .
odel that has three obstacles, the computation time

stations. After that, therdne follows the same path This d be due tthe d .
since the battery does not become its primary conce gereasesinis decreasean be due lne decrease in
e total cells that need to be covered. In the fourth

This behavior can be seen in Figure 3. After increasir enario, the computation time decreases until the
the number of recharging station nd two, th ! ; U
e number of recharging stations beyond two, turation point of the charging stats. After that, the

model gives the same result in terms of total ener P - :
g omputation time stabilizes. Bum up the area size to

consumption. 3 )
P L _ be covered affects the total computation time,
As a result, in different scenarios, the model managegynificantly. As the number of obstacles and

the bgttery of the drone as efficiently as possible, Whi%charging stationsncreases the computation time
covering the whole area. The map size, the number @fcreases up to a certain limihen stabilizes. The

covered cells, and to a certain extent the number pfyoytdoes not much affect the computational time.
recharging stations affect the togglergy consumption.

However, different layouts with shuffled cells do not

Figure 4. Scenariaesults for computationaime

7. Conclusion the objective. Bades, the model builds the path and
decides at which step the battery must be recharged in
e predetermined recharging stations while avoiding
aﬁbstacles during the path planning. In addition, the
impacts of the number of existing obstacles and
Vechargingstations, the size and layout of the area to be
&vered on the total and average energy consumption,

In this study, a novel mathematical model wa
proposed for the singledrone twoedimensional
Coverage Path Planning that minimized the tot
energy consumption. The specialized energ
consumption function for the drone has been defined
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and total computational time were examined using [@]
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comprehensive Scenario Analysis. We explained our
findings and proposed some insigh&ome of the
practical implications of this study are as follows:

X

Disaster commanders and locaovernment
officials may employ the proposednodel
embeddedn a software platform to plan the route
of the UAVSs, in order to assess the impact of the
disasteanddetermine the affected disaster zones.

For verybig-sizedisasters, the area to be covereiﬂ

may be broken into segments, and the model ¢

(5]

be solved, irshorter computational times.

X The availability of charging stations is a significant

issue HVSHFLDOO\

IRU HOHFWULF

The total flight time results of our model can bd 7]

H[SORLWHG IRU WKH QHZ UHFKD &f 5maglsc

decisions.

To give perspectives for future studies in this field,
more detailed studies can be performed on batterg]
algorithm, time, camera parameters, and movement.
Firstly, the model can be modified to allow partial

battery charging. In this way, it will provide more

convenient routing for a drone that needs a limited time

at the charging station or needs a partial charge

complete the route. Secondly, while dividing the areas
where CPP will be applied, the real camera angle can

be considered and the grid can be eréatccordingly.

In this way, a more realistic routing matrix will be

obtained.

[

10]

Third, an objective function such as minimum time or
latency can be written instead of energy consumption.
In this way, the task assigned to the drone can be
completed in a ceatn time instead of with minimum [11]
energy. Besides, the existing constraints in the model
can be simplified, or some heuristic models can be
developed for a faster solution. Because of the current
complexity, serious computational power and time are

needed. Lastly, the turning, accelerating,

or

12]

decelerating movement of the drone can be added to
make the work more realistic and applicable. For more
advanced work, there could be an expansion by

transitioning the 2D space to a-B space with different
obstacleswhich could be buildings of different heights

in the smart city application.
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1. Introduction acknowledge the need for exact solutions. How-
ever, it was also recently reported that certain
of these dierential equations may not be able

Systems of nonlinear ordinary di erential and in- o accurately depict complicated processes with

tegral equations make up a signi cant class of crossover tendencies when only utilizing a sin-

nonlinear equations because they have been dis- gle di erential operator. A notion known as the

covered to be e ective at simulating challenging piecewise di erential operator was proposed as a

real-world issues that come up in various branches gg|ytion and successfully applied in various signi -

of science, technology, and engineering|[1{10]. We cant applications [11[12]. In this study, we intend
will emphasize that a variety of dierential op- g investigate a model that has been studied in
erators, including the most recent one proposed 5 number of signi cant works a modi ed system

in the literature, piecewise derivatives, fractional  of nonlinear equations. Following that, we'll use
derivatives, and classical del’ivatives, have been various di erential operator types and o er some

employed to re ect the intricacies of nature. In numerical and stability analyses.

fact, no viable analytical solution that can be

solved analytically has been proposed in recent 5 pe npitions of derivatives

years. Therefore, to arrive at numerical solu-

tions to these nonlinear systems of equations, re- In this section, we summarized some basic frac-
searchers frequently used numerical techniques. tional order de nitions in the next section [11,13,
Conditions do exist, nevertheless, in which they |14].

*Corresponding Author
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De nition 1.  Caputo fractional derivative of or-
der > Oofafunctionf :(0;1)! R, according
to Caputo, the fractional derivative of a continu-
ous and di erentiable function f is given as :

Zt
1 d
C — o .
D, f(t)= 7(1 ) (t x) de(x)dx, Q)
0
where 0 < 1
De nition 2. Let f be dierentiable, then a

piece-wise derivative with classical and fractional
derivative with power-law kernel is given as

£°(1);
tClth(t)i

ifo t tg
ifts t T
)

HCDf(t) =

where §°D, represents classical derivative on

0O t t; and Caputo fractional derivative on
11 t T:
De nition 3. The Riemann-Liouville fractional

integral of order > 0 of a function f : (0;1 )!
R, according to Riemann-Liouville, the fractional
integral is considered as anti-fractional derivative
of a function f is :

Zt
1
oy ¢

0

De nition 4. Let f be continuous and > 0
then a piece-wise integral off is given as

I, f(t)= ¥ x)dx; x> 0: (3)

8

3 Fref( )d;
PPLJ. (1) = o1 R
ﬁtl(t )

ifO t t;
()d;
4)

where PPLJ, f (1) represents classical integral on
0 t t; and the integral with power-law kernel
ont; t T:

3. Model derivation

Fractional order models are very important for
studying natural problems. It is well known that

the nature of the trajectory of the fractional or-

der derivatives is non-local, which describes that
the fractional order derivative has a memory ef-
fect, meaning that the future states depend on the
present as well as the past states. With this mo-
tivation in 2012, Ozalp and Koca have considered
Barley and Cherifs deterministic model as frac-
tional order dynamic [15,16]. In this work, we

ifty t T
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extended the fractional-order nonlinear model by
adding x % and x ? factors where is 1 or 0. We
nd these components su cient to make relevant
practical conclusions. The model can be more
complex later, once that is shown to be necessary.
With these assumptions, the complete model is
given as

DXy = Xat X2 1"X3
+ x3 0< 1 )
D Xa(t) = 2Xp+ oX1 X3+ X 3

x1(0) =0, x2(0)=0:

Positive values for the model show positive con-
scious experience, while negative values show neg-
ative conscious experience. Other parameters are
oblivion, reaction, and attraction constants. Sto-
chastic modeling is used in many places, from sta-
tistics to biology, from economics to physics. We
know that deterministic modeling is predictable,
so we know the future for sure, while stochastic
modeling is random, so we cannot predict the fu-
ture for sure. So we say that stochastic models
can give rise to deterministic behavior. In par-
ticular, we can construct a sequence of models
with a decreasing level of detail, from a determin-
istic model to a stochastic model or vice versa.
Stochastic modeling is random in nature, and un-
certain factors are included in the model. So in
this paper with a numerical part, we will con-
sider the fractional-order deterministic interac-
tion model as a fractional order stochastic model
with an added noise piece.

Xm(t) = X1+ 1X2 1"Xg + X % dt
+  1X20By(t); )
dxo(t) = X2+ oX1q 2"X§ + X % dt

+  2X20dBo(t);

We believe that this nonlinear stochastic model
will explain the stochastic rates and factors (eco-
logical, historical, cultural and community condi-
tions) better than its deterministic version

4. Chaotic number for modi ed
nonlinear model

The concept of mathematical modeling is used to
analyze the between at least two variables. Peo-
ple who are in communication are aware of each
other, and their connection with each other is con-
scious. In this section, we search for the chaotic
number (Cop), which has been worked on by some
researchers recently [17]. So we can have an idea
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about the future of communication. The function

F will be obtained from the nonlinear part of the

model, and the function V will be obtained from

the linear part of the model. Here we recall our
nonlinear model including classical derivative.

dx(t "
dt()= X1+  1X2 1 X5+ x§;
(7)
dxa(t) _ . NETY
dat 2X2 2X1 2 X7+ X1,

with initial conditions x1(0) = 0 and x»(0) = 0:

We note that in analysis we take =1:
To begin, we divide the system into two sections.
mn O #
Moo=t (8)
X2
Heref is given as
me3 4y 2
- 1 X5+ X5
f 2"X 3+ X] ®)
and v is given as
V= X1 1X2 (10)
2X2 2X1

Let us take partial derivatives of f and v then we
get F and V which are given as below

E 0 3 1"X% +2Xo |
3 2"X% +2X1 0 ’
(11)
and
v= 1 ! (12)
2 2

To obtain Chaotic number (Cp), we have to cal-
culate Ng = F:V 1 matrice which is named as
Next-Generation matrix of the system. Then (Co)
will be obtained from the spectral radius of the
matrix of Ng:

First, we need to calculateV 1:If V is

(13)

then

vV - = (14)

So we get

183
=Ry 1_ 0 3 1"X%+2X2
) " 3 2"X%+2X1 0
2 1
12 12 12 12
2 1
12 12 12 12
(15)
2( 3 1"x3+2x7) 1( 3 1"x2+2x2)
. 1_4 12 12 12 12 .
FV 2( 3 2"x§+2x1) 1( 3 2"x§+2x1) :
12 12 12 12

Now we calculate the eigenvalues by solving

det F:Vv 1 1 =0; (16)
so we get
det F:v 1|
2( 3 1"X%+2X2) 1( 3 1"x§+2xz)
= det 1 2 1 2 1 2 1 2
2( 3 2"X§+2X1) 1( 3 2"x%+2x1)
12 12 12 12
17)
Here we need simpli cation as
i = 3 2xi+2xg;
l, = 3 1"X%+2X2; (18)

k =

So start from forming a new matrix by subtract-
ing from the diagonal entries of the given matrix
we have

12 1 2:

]
)

1l2
k

det F;-V 1 | =det K L =0;
k K
_ 2l ala 1 2kl _
Tk k k2
= 2 %*‘% %(12 1 2)=0:
(19)

We can have two roots from the last equality

— _alit olo+ 212 20511 1 244 1 2lalit+ 313
212 12
(20)
and
, = 1+ 2lo f@ 21211 1 244 1 2lal1+ §|%
212 12 )

(21)

We know that the maximum eigenvalue is the
spectral radius of the matrix, so the chaotic num-
ber is found for this model as
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it 2la+ 212 2501 1 244 1 alala+ 215
5 :

12 12

Co:

(22)

5. Global stability results for nonlinear
model

Explicit solutions to a given di erential equation
are often di cult to nd. In such cases, trying to
understand how the solutions of the system be-
have as time goes to in nity can give a lot of in-
formation about the system. Equilibrium points
are very important for systems because all solu-
tions converge on these xed points. To achieve
this, we can use the Lyapunov method, which was
introduced by Aleksandr Mikhailovich Lyapunov
in 1982. So here, the Lyapunov function theory
will be used to investigate the global stability of
the system. Let us consider the model again.

dxq(t "
dt( ) = X1+ 1X2 1 Xg+ X%;
(23)
dxa(t) _ . e
dt 2X2 2X1 2 X1t X7,

with initial conditions x;(0) =0 and x»(0) =0:

Theorem 1. If Cp 1, the equilibrium point of
model E (X4; X,) is globally asymptotically stable.

Proof. We prove this using the idea of the Lya-
punov function. We start by de ning the Lya-

I. Koca, A. Atangana / IJOCTA, Vol.13, No.2, pp.181-192 (2023)

Now we divide all items into positive and negative
parts,

dL(t)
=L Lo; 27
el L (27)
Here
X ||X3
Li1= 1Xo+ X%+ X1 1t %+ 2X1 + X%
1
n, 3
+ X2 2+ X2 2 Xl;
X2
X, 1X
Lo= xp+ "3+ 2 172
X1
+ X1X%+ o+ o34 Xz 2X1 XoX7 .
X1 2ne 27 X2 X2
(28)
Therefore if
L
L; Ly> 0then d (t) > 0
dL(t
L1 L, =0 then ():o; (29)
L1 L,< Othen dL(t) <0

5.1. Second derivative of Lyapunov

The Lyapunov function is used for reporting the
global stability of systems. The sign of the rst
derivative of the Lyapunov function may not be
enough to say whether we are talking about the
local maximum or the local minimum. So we can

punov function associated with the system as be- proceed with analysis to determine the sign of the

low:

LE (xpixo) = X1 Xp+ Xylog L
L)

+ X2 X+ leogx—2
2

By the derivative of Lyapunov function with re-
spect tot, we get

dL(t) — X1 Xq;  dxg(t) L X2 X dxa(t) .
dat X1 dt X2 dt -
(25)

Now we put values in the above equation for
derivatives

dL(t X
) - 1 = X1+ 1Xz  1"X3+ X5
dt X1
X2 -
+ 1 7 2Xo +  9oX1 2 X7+ X7
2

(26)

second derivative of the Lyapunov function. With
the following inequality, we obtain the second de-
rivative of the Lyapunov function for our model:

E dL(t) _E X1 Xq dxl(t)+ X2 Xy dxo(t)
dt  dt  dt X1 dt X2 dt
0 1, 0 1,
y y Pxa(t)
= @A .+ @2A x4+ XL X o
X1 X2 X1 dt
L X2 X d?x(t)
X2 dt?
(30)

Here we need rst and second-order derivative
counterparts of equations.

dxdlt(t) = Xt 1Xe 13+ x5

dxgt(t) = et 1 23+ xd
d2xa(t) _ dxy(t) dxa(t) uy, 20X%2(1) dxao(t) |
a2 - Yat T gt S iXeiTg TPeg
d?xa(t) _ dxa(t) dx1(t) wy 20X1(1) dxy(t)
a2 - g T oraq S@XiTg tPag
(31)
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If we arrange the last two derivatives

d2X1 t " "
dt2()= at 13+ 1ot xE+3 1" 23
+3 1 2"2x3x3+2 oxyx +2x2x2
(1 12X+ X3+ 1 2Xo+ 1 2'X3+3 1 2"X3x1
+3 "33 +2 x5 +2x0 2"X3);
(32)
and
d2X2 t B .
dtz(): ot 2 It 12Xt X3+3 2" 1xi
+3 1 2"2X%X2+2X2X1 1+2X1X§
(2 X1+ 2X2+ 5 X1+ 1 2'X3+3 1 2"X3x2
+3 "3x2+2 1x2+2x1 1"X3):
(33)
Let us consider
d?x1(t)
t
d?x(t)
= Bi+ By:
dt?

Here A1 and B are positive part and taken as

_ 2 w3 2 w3
Ar=  IXi1+ 1 15+ 1 oX1t+ XT+3 1" 2X5
+3 1 2"AX3X3+2 oX1Xp + 2XoX3;

_ 2 3 2 w3
Bi= 5Xo2+ 2 2"XT+ 1 2Xot+ 2X5+3 2" 1X7

+3 1 2"2X%Xg +2XoX1 1+ 2X1X%
(35)
and A, and B, are negative part and taken as

Ap= (2 2xa+ 2X3+ 2 1Xa+ 1 2'X3+3 1 2"x¥xp
+3 1"X3x2+2 X3+2x%2 2"X3);
Ba= (2 2X1+ 2X§i+ 2 X1+ 1 2'%X3+3 1 2'X2x2
+3 "2 +2 1x2+2x1 1"X3):
(36)
So we have
. 0.1, 0, 1,
L(t X X
O - @A x, +@2A x, @37)
2 1 2
dt X1 X2
X X
+A1+ Ay SIA; Sl
X1 X1
X X
+B,+ B> —281 szzi
X2 X2

Now we divide normalsize all items with positive
and negative parts

d’L(t) _ :

(38)
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Here the positive part of equality is given as

0o 2 o 2
X1 X2 X1 X2B,-
15 5 Xt % Xpt Art Bit Ao+ 2By

(39)
and the negative part of equality is given as

X X
5= A+ B, iAl iBl: (40)
Therefore if
2
L

1 2> oten 20

2
1 o=othen X0 =0, (1)

d?L (t

1 2> < 0 then dt§)< 0:

6. Existence and uniqueness of system
solution

In the last past years, several authors have de-
voted their attention to developing conditions un-
der which nonlinear di erential equations admit
unique solutions, in particular for the case of clas-
sical derivatives. Several extensions have been
done within the framework of fractional deriva-
tion with singular and non-singular kernels. We
shall state one of the important on here, which
will be used.

Let I+ = [0;T]; the function f
is such that, f (t;y) is measurable

Theorem 2.

I R! R

(ty)! f(ty)
fory2 Randy! f(t;y) is continuous for each
t 2 I1: If there exists onM 2 L?[I1;R] such that

fFEy)i® M 1+jyi® ,8(ty)2It R (42)

then there exists a continuousu(t) such that
Zt
f(Cu())d:

0
If in addition, one have

u(t) = (43)

ifGy) fEyi<Kiy v% 8y;y2R (44)
then the solution is unique.

Indeed the existence can be achieved via se-
guence by constructing the Picard, Tonelli other
sequences| [18, 19]. The main task is to show
that under the above condition, the sequence is
equicontinuous uniformly and bounded uniformly.

The Peano-Cauchy theorem helps us to secure the
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existence [[20]. The Gronwall inequality helps us :

obtain uniqueness within the framework of frac- x1=f1(x%2)5 0 ¢ T (50)
tional calculus, there is an extra condition on the X2 = f2(X1;X2); v
fractional order. It's required that > 3 since For proof, we consider the function

1 2t 2 if1(x1;x2)j? = ot xa a3+ xg 7
l¢ (. o -
e t ) “fGy()d (45) 4 Fjxaj? +4 Zjxy)?
0 +4 2233244 x2°
Zt 25y, :2 2 iy i2
1 s 2. 5 4 1jx1j°+4 1 sup jxo
20) t ) it Gy()icd €2[0T1]
0 +4 22 sup x3%+4 sup x32°
7t 7t t2[0;T1] t2[0;T1]
L. " 2
Zt y )2 2d o f Gy ()i*d 4 fixaj?+4 Flooki +4 7 x§ |
0 0 +4 x3 2,
t2 1 2 4 Zkxok? +4 372 3 2
————— Kkt (YK 210 1 KX2Kq 1 21
2 1) 2 ' Lo0T] 2
@ 1 2() 32 !
Thus > i 14+ 4 3ixaj?
. . . " 2 2
The existence and unigueness of the solution of a 4 2kaok +4 22 x3 L t4 x5
di erential equation are the most important parts s1(1+ jxa(t)j?)
of the theory of di erential equations. There are (51)
various proofs on this subject. Here we will do our Here
proof by obtaining the necessary conditions via
Linear growth and Lipschitz for our model [21].
J P B 24 20k +4 22 332 44 22 (52)
dxa(t) _ 3 4 2.
at X1+ 21Xz 1'X3* X2,(46) a0 under the condition that
dXz t n
dt( ) = 2X2 +  2X1 2 Xf + X%; 2
L <1 (53)

2 2 2u2 3 2 2 2
with initial conditions x1(0) = 0 and x»(0) = 0" rhoky * 3 x5 g X5
Let us nd the necessary conditions for the exis- then we have

tence and uniqueness, we must prove thaB [0; T1]

and fj(xq;x2) for i = 1;2 satisfy jfl(Xl;Xz)jz s1(1+ jxl(t)jz): (54)
1)Linear growth condition

ifi(xi;)j?  si(L+jxj%) fori=1;2 (47) Using the same routine

. . . 1 . 2 - n, 3 2 2 .
2)The Lipschitz condition fa(xiix2)i® = 2xo* 2X1 X1+ X17]
. 2 . 2 . 4 2302+ 4 2jxq1)2+4 22 33244 x22,
ifikxi;t)y  fi(xi;vj© sijx; X fori=1;2 21Xz 21X1 3"° X1 15
(48) 4 3jxj®+4 3 sup jxaj®
t2[0;T4]
\ _ R +4 22 gup x3%+4 sup x2°
Now we de ne the normk' k, = sup | (t)j : Now 2 oy T e
. . i " 2
we put the existence and uniqueness of the solu- 4 2jx2)%+4 Skxiki +4 22 x3 7
tion for [0; T1]: For [0; T1], there exist 2 positive +4 x2 2.

11

" 2 2
4§kx1ki+4§2x§1+4 X ] |

constant M; and M, < 1 such that
4 2ixoj®
4 3kxke +4 22 x3 2 +4 x

s2(1+ jx2(0)j?)

lekl <M q; (49) 1+
szkl <M :

2 2
11

(55)
Let us write the system as below: Here
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2

- 2 2 2u2
82—4 2kX1kl +4 1 1

X2 +4 x3 1 (56)

and under the condition

2
1 <1

" 2 2 (57)

Zkxiki + 22 x3 T+ x} ]
Therefore the condition of linear growth is veri ed
if

8 ) 9
2 2kxo k2 + 2"2Iix3k2 +kx2k 2
max PR L2 2™ 5 < 1. (58)

1 .
Zoaak? + 272k +kaZkC T
The rst part of proof is completed. Now we have
to verify Lipschitz condition for equations. If we
have 8x1;X1 2 R? andt 2 [0; T1]; for the function

f1(X1;%2);

X1j;  (59)

X1j:

2.
1JX1
S1jX1

if1(x1;x2)  f1(X1;%2)]

If we have 8x,;X> 2 R? and t 2 [0; T4] for the
function 2 (X1;X2) ;

X2j; (60)

Yzj .

2.
21X2
S2jX2

ifo(X1;%2)  f2(X1;X2)j

We veri ed the Lipschitz condition, which com-
pletes the proof.
Finally, we consider the following fractional order
model as below;

oDy xa(t) = fr(txa(t); ift>0 (61)
EDy x2(t) = f2(tx2(1) ;
X1(to) = X10; X2(to) = X20 if t =0:
We can write the system above as
GDX () = F(tX(1); (62)
X(to) = Xo;
where
_ Xa(t); . _ Xi(to);
U= o T )

fa(t;x2(t))
(63)
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Now applying the fractional integral on both sides

Zt
1
XM= FGXO) ) *d: (64
0
At the previous section we showed that

f1(t;x1(t)) and f (t;x2(t)) satisfy the Lipschitz
condition and are bounded in p; b : Using the Pi-
card iteration for above , then we have that

7t
1) F (Xl )(t

to

X1 (1) = y ld:

(65)

For the existence theory, we de ne Banach space
= X X whereX = CJ[0; T1] under the follow-
ing norm

Xk = max ixa(t);xz(t) (66)

So we have

7t
— . 1
KX n+1 k = max — FOXa(D( ) ~d
to
Zt
3 s(1+ kXpk)(t ) *d
to
s(1+ kXaK) (t to) .
() '
(67)
So we have that8t 2 [a; b
s(1+ kXpk)
kX'n+1 k ﬁ(b to) (68)
But 8n> 0;9c2 [xg C;Xp+ C]then
s(1+ kXpk)
—— (b tp) <gc;
C+1) (b to) <c
c( +1)
b< ———— + o
s(L+ kX K) 0
(69)
Under the above condition X ,(t) for n 0 is uni-

formly bounded and well-de ned. For equiconti-
nuity of X, let us takety <t, < T4, then consider

kXn(t1)  Xn(t2)k
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R 1
1 tF(;an())(tl ) -d
= ——max OR
¢) FGXaa(D(t ) 'd
to
R 1
tF(;an())(tl ) d
R
=%max TROXa a0 ) M
R )
+tF(;an())(tl ) ~d
1 22 n o)
T35 WFOXaa(Dk @) Yt ) td
to
i
+ﬁ kKF (;Xn 12( )k(t1 ) td
t2
S(L+kXnk) (ta t)) (t2 to) (ta tp)
()
L SA+KXnk) (1 to)
()
Wf(tl to) (t2 to) O:
(70)
Noting that the (t to) is dierentiable, by the

Mean Value theorem we can ndc?2 [t; to;t2
to] such that
(c to) “(t1 t2)=(t1 to) (t2 to) :
(71)
So we have
1+ kXK
Xnt) Xaltdk = @ 1) )
s(1+ kXnk) N
<
(72)

then 8" > 0, we must nd 9 > 0 such that

")
s(1+ kXnpk) (c

) I (73)

So under the condition aboveX,(t) is uniformly
equicontinuous.

Beside the Caratheodory principle veri ed above,

one can demonstrate the existence and uniqueness dxa(t) =

of the system solutions of the considered system.
We have that

6Dy x1(t) = f1(txa(t)); ift>0

§ D¢ X2(t) = f2(t;x2(1)) :

(74)
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It is sucient to show that 8t 2 I, = [0; D] the
associate Jacobian matrix is di erentiable contin-
uous. The Jacobian associated to this system is
given as

" 2
1 1 3 1X2+2X2
J (X1;%X2) = "

( ) 3" X2+2Xx 2

(75)

The above is continuous for8(x;y) which com-
pletes the proof.

7. Model with piecewise concept

It indeed above model can be used to replicate
some interpersonal interaction, one will notice
that the current mathematical model show only
one process, for example with the Caputo one can
only describe the relation following the power-law
behavior. Whereas in normal situations, inter-
personal interaction undergoes piecewise behav-
iors, where the relation change as function of time
in the case of ordinary di erential equation and
space time in the case of partial di erential equa-
tion. In this section, we shall consider the model
with two to three processes, including classical
behaviors, then power law behaviors or power
law and stochastic with piecewise idea|[11]. In
these cases, the following mathematical systems
are constructed

dxq(t .
(;-t( ) = X1+ 1X2 1"X§ + X %; ifoO t t
dxo(t "
dt(): Xot X1 2'Xi+ X T
CDyxa(t) = 1xa+ X a3+ xGifty ot T
EDxa(t) = 2Xot 2X1 23+ X %
(76)
or
dxq(t .
cit(): X1+ X2 X3+ x 300t ty
dxo(t
(jt( ) 2Xot X1 2'Xi+ X T
dxa(t) = X1t Xz 1"X3+ x5 dt+ xadBy(t);
ifty t T
2X2 +  oX1 2"X%+ X% dt + ox2dB(t):

(77)

Obviously the above system can not be solved an-
alytically indeed due to non linearity, therefore we
will present some existence and uniqueness con-
ditions for the two systems. Indeed by putting



Theoretical and numerical analysis of a chaotic model with nonlocal and stochastic di erential ...

dxét(t) = fo(t;xqx2); ifO0O t

dxozlt(t) = fa(tX1Xa); (78)
CDexa(t) = fo(txyxo)ifty t T
ﬁDtXZ(t) = fa(t;xe;X2):

The following Picard system of sequence can be

de ned
Zt
Xin+1 (1) = X2(0)+  f1(;Xan;Xen)d; ifO t g
0
7t
Xon+1 (1) = X2(0)+  f2(;X1n;X2n)d;
0
oyt
X1n+1 (1) = Xq(t1) + ﬁfl( ;X 1n;X2n) d ;
t1
ifty t T
ot
Xon+1 (1) = Xo(t1) + ﬁfz( X 1n;X2n) d ;
ta
(79)
and
7t
X1n+1 (1) = x2(0)+  f1(;X1n;X2n)d; ifO t 1
0
Zt
Xon+1 (1) = X2(0)+  f2(;X1niX2n)d;
0
Zt Zt
Xin+1 (1) = Xa(t)) +  fo(5Xan;Xon)d + 1 XgndBy(t);
t1 ta
ifty, t T
Zt Zt
Xon+1 (1) = Xo2(t2) +  fo(5X1niXon)d + 2 XondBa(t);
t1 t1
ifty t T:
(80)

The above sequences are Picard sequences that in-
deed satisfying indeed under some conditions uni-

form equicontinuity and bounded, this lead to the

existence of a unique system of solutions. The de- Xan+1 = x20+ Z(hiﬂ)
tailed proof will not be presented here. However,
a numerical scheme will be used to solve numer-
ically the above equation. For the classical case,

we shall adopt Heun's method
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Bin+1 = X1n + N[f1 (th; X1ns X2n)]s
Xon + h[f2(tn; X1n; X2n)];

Eon+1
_ h Y : } .
Xin+1 = X1n + E[fl(tnuxlnyx2n)+ f1(th+1; Bin+1; Bon+1 )]s

h
Xon+1 = Xon + E[fZ(tn;Xln;XZH)"' f2 (th+1; RBin+1; Bon+1)];

(81)

replacing Bin+1 and Bon+1, We get

h
X1in+1 = X1n + E[fl(tn;xln;xzn)

f1(the1;Xan + hf 1 (tn; X1n; X2n))];

+

h
Xon+1 = Xon + E[fZ(tn;Xln;XZn)

+ o (the1; Xon + hf 2 (th; X1n; X2n))]:

For the Caputo type, to avoid confusion, we de ne

X1(th+1) = X1n+1; (82)
X2(th+1) = Xon+1;
X1(to) = X10;
X2(to) = Xz0:
1 xn z tj+1 1
Xin+1 = X0+ — fr(ixx2)(ther ) ~d;
() =0 Y
1 X1 Z tJ+1 1
Xon+1 = X20+ —— fa(ix1ix2)(ther ) ~d;
( ) j=0 tj
1 )@ Z tl +1 [f ( )
Xin+1 = X10+ > 1 (1 5 X5 1 X2j
( ) j=0 tj
+ f1(GeriXgjersXg+0)] (tner ) 1
)(ﬂ z tj+1
Xon+1 = Xoo+ [f2(tj;Xg5X2)
20 )5 vy
+ fo(tjer;Xgj+1:X+1)] (tner ) *d
(83)
h X1
X1n+1 = X10+ 2( +1) [fo(ty;Xgy; X))+ Fotjen;Xaje1;Xg41)]
j=0

fn j+1) (0 j)g
h
+ m[fl(tn;xln;xzn)"' f1(th+1; Bn+1;RBon+1)] ;5
1
[f2(tj;xaj;Xz)) + T2 (tj+1;Xgj+15X2)+1)]
j=0
fn j+1) (0 j)g

[f2(tn;Xan; Xan) + f2(the1; Rin+a s Rone1 )]

(84)

h
+
2( +1)
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where
><] . .
Bin+1 = X10+ ( +1)j_0f1(tj;x1j:X2j)f(n i+  (n j) g
h x
E2n+1=Xzo+W fa(tiixyixg)f(n j+1) (n j) g

j=0

(85)

Finally for the stochastic part, the following nu-
merical solution can be obtained

Bin+1 = Xin + hf1(th;X1n;Xon) + 1X1n [Bin+sz  Bunl;
Bon+1 = Xon + hfa(tn;Xin;Xon) + 2Xon [Bonsz  Bonl;

h
Xan+1 = Xan + S [f1(taiXanixXzn) + 1 (tnes i Rines i Bane1)]
Figure 2. Numerical solutions for =0:97.

+

1X1n [Bin+1  Bun];

h
Xon+1 = Xon + E[fZ(tn;Xln;XZn)"' fo (ther; Bin+s; Bon+)]

+

2Xon [Bon+1  Banl:
(86)

8. Numerical simulations

In this section, we will deal with the numerical
simulation of the interpersonal model with the
piecewise di erential operators and the numerical
scheme where the Lagrange polynomial interpo-
lation is used [22]. In the numerical scheme, the
rst part is classical, the second part is stochas-
tic and the last part is fractional. The numeri-
cal simulations are shown in Fig. 1 for = 1,
Fig. 2 for =0:97, Fig. 3 for = 0:98, and
Fig. 4 is obtained for chaos for = 1, Fig. 5
is obtained for chaos for = 0:97, Fig. 6 is ob-
tained for chaos for = 0:98: For all gures, den-
sity of randomness are taken as ; = 0:09, and
2 = 0:09. Also gures including the initial con- Figure 3. Numerical solutions for =0:98.
ditionsasxy(0) = 0:1,x2(0) = 0:8: Also, for the
numerical simulations of the system we consider
the values of the parameters as follows:

1=0:1, ,=0:01; 1=5:7, o= 1,"=0:01

Figure 1. Numerical solutions for = 1. Figure 4. Numerical solutions for = 1.
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Figure 5. Numerical solutions for =0:97.

Figure 6. Numerical solutions for = 0:98.

9. Conclusion

In this work, a nonlinear di erential equation was
taken into consideration, and the Caputo, sto-
chastic process, and piecewise di erential oper-
ators were used in place of the classical di eren-
tial operators. Through this work, we have looked
into the associated equilibrium points' general ap-
proach to stability. We have derived the condi-
tions under which the system admits a singular,
unique system of solutions using the linear growth
and Lipschitz requirements. To solve this problem
numerically in the Caputo, stochastic, and piece-
wise cases, a numerical approach was adopted.
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%2 (1,2). At rst, we implement

1. Introduction

The recent development in the area of fractional
theory plays an important role in mathematics.
It is well understood by physical interpretation
of di erential equations that many of the realis-
tic systems are better modeled by fractional or-

the following research articles the above discussed
concepts are well explained|[6, 10,11, 15, 16].

Inclusion type di erential equation establishes a
relation of the type x 2 F(x) in such a way that
the map F assigns any pointx 2 R" to a set
F(x) R". To put in simple terms, the gener-
alization of the di erential function x = F(x) is
termed as di erential inclusion. In 1995, El-Sayed

der derivatives than integer order. Hence, there and Ibrahim extended the theory of integer or-
has been a huge growth in the fractional research der di erential inclusion to fractional order [17].

eld. The progress of this particular theory has
a wide range of application in electro-magnetic,

Di erential inclusion of fractional order acts as
a key technique in analyzing di erential equation

viscoelasticity, image processing, signal process- with discontinuous right hand side which basically

ing, control theory, di usion, porous media, uid
ow and other elds. For more noteworthy contri-
butions of fractional eld the readers are referred
to the books [1{5] and the research papers
Moreover fractional integro-di erential equations

are used in various scienti ¢ domains such as con-

trol theory, medicine, biology and ecology etc. In

*Corresponding Author

6{14].

arises while modelling dynamical system which in-
volves friction and impact problem. A sectorial
operator is a type of linear operator that maps
functions from one Banach space to another. It
is a type of operator that is widely used in the
study of partial dierential equations and their
associated boundary value problems. Sectorial
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operators play an important role in the analy-
sis of di erential calculus, especially in the study
of well-posedness and stability of boundary value
problems. They are also used in the theory of
semigroups of operators and in the study of evo-
lution equations. In [18] Kazufumi Ito et. al. an-
alyzed the various secorial properties of Caputo
derivative of order %2 (1;2). In [19] JinRong
Wang et. al. investigated the existence of piece
wise mild solutions of nonlocal impusive fractional
di erential inclusions with fractional sectorial op-
erator on Banach spaces.
fer to [12,20{24] for present qualitative research
topics in di erential equations of inclusion type.
In [13,/14.25, 26] the authors studied the existence
and solvability of mild solution for various frac-
tional order systems with sectorial operator of the
type (P; ;%; ).

In general, while dealing with complicated di er-
ential systems such as growth modeling, econom-
ics, biology and quantum eld theory the random
noise or stochastic perturbation is unavoidable.
Therefore there are numerous ongoing research
in analyzing the existence and uniqueness of sto-
chastic control models using various xed point
methods. The concept of stochastic fractional
control system has been well developed with the
help of dierent kinds of xed point approaches
in [6,/13,27,28]. The weaker notion of control
theory is called as approximate controllability.
This type of controllable system ensures that the
system is steered to any random small neighbor-
hood of the nal state. Recently, the approx-
imate controllability of control systems de ned
by impulsive functional inclusions and neutral
integro-di erential systems are well discussed in
the research publications [6, 8,10, 12, 29{32].

Very recently the autors in [10] investigated the
following existence results for Caputo fractional
mixed Volterra Fredholm-type integro di erential
inclusions of order%?2 (1;2) with sectorial oper-
ators. Further in the past few years the applica-
tion of nonlocal condition in fractional di erential
equations has emerged as a magni cient area of
investication since it describes the evolution of the
system in an e cient way. Therfore we extend
out theoritical result of the Caputo fractional
stochastic integro-di erential inclusions system
to nonlocal conditions with sectorial operators.

Z
°D%()2Az( )+ G ;z(); f(:i;z();
Z - 0

f(;;z()Nd ; 2V=[0;T],

0

The readers can re-
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z(0) = zo; zY0) = z1:

Being motivated by the above works, in this pa-
per we establish the su cient conditions for the
approximate controllability of Caputo fractional

stochastic integro-di erential inclusions with sec-
torial operators of the form

Z

°D¥%()2Az()+ G ;z(); f(;;z()d
0

OIV:JI/()+BX( ) 2V =[0:T] (1)

z(0) = zo; zY0) = z:

where %2 (1;2), the sectorial operator A is a
mapping from D(A) X to X of type (P; ;%; )
in Banach spaceX. W/( ) be a standard cylin-
drical Wiener process in X dened on a sto-
chastic space ;=;f= g s0;P . The nonempty,
closed, convex and bounded multivalued function
G:V X X! 2X nf,g and f be a mapping
fromV V X into X, x 2 L%(V;H), where H
stand for Banach space. In addition, the linear
operator B: H! X is bounded.

The article contains the following parts:

Part 2 : Consists of the preliminaries and de ni-
tions.

Part 3 : The controllability results for the chosen
fractional inclusion systems [1) are derived by us-
ing xed point technique.

Part 4 : The outcome of approximate controlla-
bility results derived for system (1) is extended to
fractional nonlocal system.

Part 5: Appropriate illustrations for the obtained
results have been established.

Part 6: Conclusion and future works of the pre-
sented system are discussed.

2. Preliminaries

Consider the Hilbert spaces X, K and the com-
plete probability space (CPS) ;=;P outtted

with a normal ltration f= ; 2 Vg satis es the
regular conditions (= is a increasing right con-
tinuous family such that = , =( contains
all P-null set). Let E(:) denotes the expectation
with respect to the measureP. Let fg gjlz1 be a
complete orthonormal basis ofK. Suppose that
W = (W) _, is a cylindrical K-valued Wiener

process de ned on the CPS ;=;P with co-
variance operator Q > 0; such that Trace(Q) =

< 1;and Qg = jg. Then

W), with Wi( ), j =1to 1
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are mutually independent one-dimensional stan-
dard Wiener processes. We consider that
TfW(s) : 0 6 s 6 g is the sigma algebra
generated by W and = Let L(K;X) be
a bounded linear operator space with the usual
operator norm k k. For ' ZXL(K;X) we de-

kp

j=1
k' k? < 1 then' is called Q Hilbert-Schmidt
operator and the space of such operators is de-
noted by Lo(K; X). The completion Lg(K;X) of

L (K;X) w.r.t the topology induced by the norm
kikq wherek' k& = (";" ) is a Hilbert space with
the above norm topology.

The Banach spaceL, ;=1;X is the collection
of all square-integrable, strongly measurables
adapted, X valued random variables. Also take

ne k' k? = Trace 'Q' Ci'e (K2 If

CV,Ly ;=1:X z:V! L
z is continuous and supEkz( )k < 1
2V

;=T X

be a Banach space. Finally, we de ne the set

C 22 C V;Lo( ;=71;X) jzis measurable

adapted X valued functions

be a closed subspace a V;Ly( ;=71;X) with
norm kzk = sup ,y Ekz( )k?, E determine the
integration w.r.t the probability measure.

De nition 1. [3] The Riemann-Liouville frac-
tional integral of order  having the lower limit O
for a function g mapping[0;1 ) into R* is de ned
as

1 9 ) N
| = d; > 0 2R":
V- »
De nition 2. [3] The Riemann-Liouville frac-

tional derivative of order employing the lower
limit O for a function g is de ned as

Z
RLD g )= @) Y

2R";j2N:

(]

di
J ydi
0 1<

> <l

De nition 3. [3] Caputo fractional derivative of
order employing the lower limit O for a function
g is de ned as

I
L I
X 9(')(0)i .

il

°D g()="D g()

i=0

>0 )] 1< <j 2R";j 2N:
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De nition 4. [14] The closed and linear opera-
tor A mapping from D into X is called sectorial
operator of type (P; ;%; ) provided that there ex-
ist belongs toR, belongs to(0; ;) and P > 0
such that the %resolvent of A exists outside the
sector

+S =f + ™

in C(V;X); jArg(

P
KON

Hi< g

k(M A) k %2 +S:

Further, throughout the paper we assume thatA
is a sectorial operator of type @; ;%; ), hence
it is easy to establish that A stands for in nitesi-

mal generator of a%resolvent family fW of )g o
which belongs to B%nach space, where

Wof ) = e”R ( ®A)d:

L
2i ¢
De nition 5. [14] Let G \% !

L(K;X) beRthe strongly measurable mapping

such that g EKG( )kPd < 1 then
d;

R

Ek o G( )dW( )kP 6 Ly o EKG( )kE(K;X)
forall 2J andp> 2, wherelg is a constant.
De nition 6. [14] A function z belongs to

C(V;X) is called mild solution of provided
that it ful lls the operator equation

()= K%( )20+ Qo )z1

+ Wy )9( )dW (1)
Zo
+ W )Bx( )d:
0
In the above 7
1
Ko )= 5= e® *R( %A Qo )
ZC
= o= e® %2R(%A);
ZC
_ 1 % % .
Wy )= — e”R( "A);
21 ¢

with ¢ being a suitable path such that 2 + S
for ' belongs toC.

Theorem 1. [14,33] If A is a sectorial operator
then the following hold onkKo{ )k :

(i) Take Oand0< < ,then

1 "
[M 1( ) 0/3] 2 1+ Sin?m ) 1

)Pe

)2+

KKof )k Ma(;

1
sintt %
(%P

1+
( j cos

°/t)+

a+ i ”sin  sin

sin

where, > O;Mq(; =max — ——;1 :
1(5 ) sin( )
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(i) Take < Oand0O< < then for > 0
1
eP(sin +1)% 1] (AP '

. ) l . . . -0,
jcos jitw jcos jjcos—-j%

Theorem 2. [14,[33] If A is a sectorial operator
then the following hold forkWe{ )k and kQo{ )k:

(i) Take Oand0< < then > 0
Ul/
W K P 1+ sins(In ) 1
A ) sin
@+ %% % 1gms(i a0
P % 1
(1+ "Mjcos—j%sin sin
3.7
P 1+ sins(m ) 1 M]_(, )
kQod )k %2
sin %
L+ %% % igvaG e b
P %
(1+ "jcos—-j%sin sin
n 0
whereM(; )= max 1;%
(i) Take < Oand0O< < then
% 1
kKWo )k ———,
O gy
eP[(sin +1)% 1]
jcos |j
P
+

jcos—g-jjcos j

ol Ik eP[(sin +1) 3/02 1,
jcos jtt %
9% %P
jcos—-jjcos j
1 .

for > O

Let (X;d) be a metric space. The following ex-
pressions are used in this article:

N (X)=fH2P(X):H 6 ;g;

N ¢g(X)=fH 2N (X): H closed;

N p(X)=fH 2N (X): H bounded;
N p(X)= fH 2N (X): H compactg;
N ¢(X)=fH 2N (X): H convex:
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For the multivalued map K : C ! 2°nfg the
following de nition holds. Additional informa-
tion on multivalued maps can be found in the
books [34].

De nition 7. [35] If for all z 2 C; K (2) is
closed(convex) then the mafK is closed(convex).
gor every bounded setC of C, K (C) =

s2c K (2) is bounded inC then K is bounded
on bounded sets.

De nition 8. [35] K is known as upper semi
continuous (u.s.c) on Cif the following conditions
holds:

(i) For all zg 2 C the setK (zp) 6
is closed.

(ii) For all open setC 2 C such that C
K (zp) then there exist an open neighbor-
hoodK (W) C:

De nition 9. [35] If K (C) is a relatively com-
pact, for all bounded subsetC of C then K is
completely continuous.

De nition 10. [35] If the completely continu-
ous map K has a nonempty values therK is
u.s.c if and only if K has a closed graph i.e.,
Zk1 z,uk 1 u, uk such that K zK signify
u 2 K z . Moreover , if there existsz 2 Y such
that z2 K (z) then K has a xed point.

and it

An u.s.c function K : X I X is said to be con-
densing if for all bounded subsetC X having
(C) 6 0, where stands for the Kuratowski mea-
sure of non compactness, we get

(K (C)) < (C):

De nition 11. [35] G mapping fromV X X
into Np:ci.ep(L(K; X)) is called L 1-Caratheodory
provided that

(i) ' G(;z;xy) is measurable for all
Z;X;y belongs toX:
(i) (z;xy) ' G(;z;%xy) is u.s.c for all
belongs toV.
(i) For all p > O, there exist j, belongs to
L%(V;R*) such that

EKG(;z;xy)k?® supfEkgk?:g2 G(;z;xy)g
jp( ); forall 2V:

For further information on multivalued functions
refer the books |[34]. Detail analysis in multival-
ued maps are presended in this work. The follow-
ing are two suitable operators and their underly-
ing assumptions:
Z 1
6= Wy
0
R(~ )=(~+ §) t:x1x

)BB Wo(  )d X !X ;
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In the above W ) and B stands for adjoints (H2) The functions g( ;s;:);h(;s;:) : X !

of Wo( ) and B respectively and Clearly X are continuous for all (;s) 2
is the bounded linear operator. and forall z 2 X the function
To begin, evaluate the below assumptions: 9(552):h(hnz) - P X are strongly
measurable.
(Ho) In theT strong  operator topology,  (H3) The multivalued map G : V. X X !
~R(~ ¢)! Oas~! 0. Np:cicp(L (K; X)) is an L2 caratheordy
Consider the accompanying linear inclusions of function such that for all 2 V; the func-
fractional system tion G(;51) 1 X XAIN  papep(L(K; X))
% isus.candforall(s;z) 2 X X the set
CD"2( )2 Az( )+ Bx(); 2V =[0;T];
2(0) = zo; 2Y0) = z3; Sez= 92 LAJL(KX):g()inG ;z();
is approximately controllable on V: Zy
) f(;;z())d forae 2V
Lemma 1. [16]. SupposeV is a compact 0
real interval and the collection of all nonempty, is nonempty.

bounded, closed and convex subsets ¥fis called
Npcicp(X).  Consider multivalued function G (H,4) There exists a function Lgp : X ! R*

mapping fromV X into Np.:cp(X) is measurable such that.
to for all xed z belongs toX, upper continuous ) Z
to z for all belongs toV and for all z belongs to SuP Ekgk®:g() 2G ;z(); . f(;:z()d
< Lgp( );
Sez= Qg2 LYV;X):9()2G :z(); for almost every 2 V.
7 (Hs) The function ! ( )T Tgp( ) 2
Tf( 2 (pd 2V L1(V;R") such that there exist' > 0 such
o ’ that
is nonempty. Assume thatM : L1(V;X) ! C is im inf 0 gp()d < 41
a linear continuous function, next pil P - '
M Sg:C!N peicp(O (Hg) If g: C([0;T];X) ! X is continues then
z1 (M Se)(2)= M (Sez) there exists some constantM 4 such that

Ekg(x)k? k xk?:

Now, we can show that the system ) is control-

Lemma 2. [36] SupposeH is a subset ofX |gpje approximately on the given interval. That is
which is nonempty, bounded, closed and convex, ihere exist a mild solution z 2 C satis es the re-

assumeD : H ! 2% nfg is us.c with closed, quirements of approximate controllability, where
convex values such thab(H) H whereD(H)

is a closed graph operator belongs t€ ! C .

is compact, thenD has a xed point. ()= K"/Zt( )20+ Qo )z1
. . + Wy dw
3. Approximate controllability 0 A )e()aw ()
The section explicitly focuses on the articulation + Wy )Bx( )d; g 2 Sg;z;
of mild solution for the above mentioned system 0
(@). We now present the required hypothesis for X()= B Wy YR(~ Haz()):
proving the main theorem:
In the above
(H1) Ko ), Qo ) and Wo{ ) are compact % _ . ,
resolvent families generated by the secto- a(z()) ZTZ K o(Mzo Q ofT)2a

T

rial operator A. For all belongs toV, .
Wo dwW( ):
there exist ® > 0 such that A Je0)aW ()
sup kKof )k oF Theorem 3. On considering the hypothesis
o T (Ho) (Hse) are ful lled then (L) contains at least
sup kQo{ )k B; one mild solution onV if
o T
4
(BPe)*

sup KWo( Yk I 4b2 1 +
0 T
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with Pg = kBKk. and
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mP( ) = KO/Z& )20+ Qo )Z1

Proof. The main aim of this theorem is to nd
conditions for solvability of system () to be re-
solvable for~> 0. Now we prove that the map-
ping from Cinto 2€ given by

(2)= z2Cm( )= Ko )zo+ Qo )1
Z
+ Wy )9( )dW( )
Zo
+ Wo( )Bx( )d; 92 Sg; ;

0
has a xed point.

Step 1. Forall ~> 0, ( z) is convex for all z
belongs toC. Let mq;my 2 C, then there exists

01; 02 belongs to Sg.; such that belongs toV,
we obtain
mi( )= Koé )20+ Qo )21
+ Wo{  )gi()dW()
0
Z
+ Wl )BBWy(  R(= 9)
zr K ofT)zo Q oAT)z1
Zq
Wo{T ~ )a()dw( ) ()d; i =1;2
0
Let 2 [0; 1], then for all belongs toV, now we

have
(mi+(1 )"%2)( )= Kof )20
+Qof J)zat+  Wof No()+(@  )ge( )]d
z
+  Wo{  )BBWy( IR(~ )
0 .

zr K o(T)zo Q o(T)zs . Wo{T  )[ga()

+(1 )g()ldw( ) ()d:

SinceSg:; is convex, m 1 +(1 )m, belongs to
Sg:z. Hence m 1 +(1 )m, belongs to ( z).
Step 2:  Assume that
Bp = z2Cjkzkc
Clearly By is convex, closed and bounded subset
of C. For ~ > 0, our assumption is there exist
p > 0 such that

p ;forp>0:

( Bp) B p:
If not, then for all p > 0, there exist z°P belongs
to By, but ( zP) 2By, i.e,

k( zZ°)kc=sup kmPkc:mP2 ( zP) >p;

EkxP( )k?2= E B Wo T

O Wod  )gP()dW( )
Z0

tooWel BB Wl R( 0)
zr K ofT)z0 Q AT)z1
Zq

. WodT  )g°( )aw( ) ( )d;

for somegP belongs toSg.zp.
By referring (H 3), we get

JR(= Q)

zr K 0/((T)Zo Q OAT)Z]_
z T

. WodT  )gP( )dw( )

EkB K2EKWo (T  )K’EKR(~; {)K?

K oT)zo Q AT)za

2

E
Z 1
Wo(T

0

7

)g°( )dw( )
2 21 2
P2PZ= 4Ekzrk
+ 4EKKofT)zok? + 4EKQo(T)z1k?
T
)gP( )k?d

+4Lg  EKWo(T

0
P2p2

AE kz7 K2 + 4 P2E kzok? + 4 P2E kz, k2
Zq
+4P2L
0

kgP( )k2d

Now for ~> 0,

p<Ek( zP)( )k?® 4EKKo{ )zok®
+4EkQof )z1K?
Z

+4L4 )oP( )k?d
Z

+4

E KWo(

E KWof )BxP( )k?d

0

AB2E kzok? + 4 B2E kz, k2

ya
+4B2L,  EkgP( )k

0

z

+4B2  EKBxP( )k3d

0
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AB2E kzok? + 4 P2E kz;, k2
Z

+4P2 i Lgp( )d

yA 2p2

be’B Ekzrk? + P2Ekzok?

Zq
+ B2Ekz k2 + B2 g

0

+4P2p2

0

Lgp( )d d

AP2E kzok? + 4 P2E kz, k2
Z

+4B2L,  Lgp( )d
0

(02P3)?

AE kz7 K? + 4 P2E kzok?
Z1
+4B2E kz1k? + 4 P2
0

+4

Lgp( )d

Dividing the above equation by p and asp!1
we obtain
2p2y2
42 1+47(Ib E)B) L
which contradicts to our assumption.
Step 3: We check that f ( z) : z 2 Bpg is
equicontinuous.

For all m belongs to (z) and z belongs to By,

there exist g 2 Sg.; such that
Z

199
Z 1
+ EKWo 2
0

) W o1 )IBx( )kd

BEKKof 2) K of 1)K’Ekzok?
+6EKQof 2) Q of 1)K’EkziK®
Z

2
+6L202 Ly )d
z
+6L5  EkWof 2
°z
+6P2p2
z
+6P¢

) W1 )KLgp()d

2
Ekx( )k?d

1

EKWol 2 ) Wl 1 K

0
Ekx( )k?d:

In the above aforementioned inequality the right
hand side! O as »! 1 by using the continu-
ity of functions ! kK of )k; ! kQ of )k and

' KW of )k. Therefore, ( Bp) is equicontinu-
ous.

Step 4: We show that H( ) = fm(): m 2
( Bp)g is relatively compact belongs inX. For

= 0, result is trivial, hence H( ) = fzp0:
For some xed belongs toV. Assume that
0 < < , z belongs toBp and introduce the
operator m by

m()= KO/Z‘( )20+ Qo )z1

m()= Ko )20+ Qof )zz+  Wo{  )g( )d
z 0 o Wof )9( )dW( )
+ Wy )Bx( )d: yA
0 iy + Wo{  )Bx( )d:
Suppose 0 1< 5 T. In addition, 0
2 _ , . HenceQ( ), > 0 is a compact operator, then
Ekm(ZZ) m( ok Bk 220+ Quf 2)21 H()=fm():m 2 ( Bp)gis relatively com-
+ ZW%( > g )dw( ) pact belongs toX, 0 < < . Further, for all z
20 belongs toBp, we get
2 Z
+ o Wo 2 )BX()d Ko )20 Q o 1)ZiEkm() m ( )k?= Ek 0 Wof )g( )dW( )
1 z
Wo 1 )g( )dW( ) + W )Bx( )d
2, Z°
, Wel 1 )Bx()d k? o Wel eO)aw()
BEK[Kof 2) K of 1)]zok? z )
+6Ek[ZQ%( 2) Q of 1)]z2K? Lo Wo{  )Bx( )d k7,
+6L5 2EkWo/<( > )g( k3 2 L SEKWof )g( )k3d
z z
+L5  EKWo{2 ) Wof1 )lg( )k +2 EkWo{  )Bx( )kd
z ° z
+ EkWo{ » )Bx( )k’d 2L20% Ly )d

1
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ya
+2P2p?2 Ekx( )kd :

We see thatEkm( ) m ( )k’! Oas ! O'.
Thus there exist relatively compact set and it is
arbitrarily close to H( ) = fm( ): m2 ( By)g
and the setH( ) is relatively compact in X for all

2 [0;T]. At =0itis compact, henceH( ) is
relatively compact belongs toX for all 2 [0; T].

Step 5:

Considerz"! z andm"! m asn!1l . We
will prove m 2 ( z ). Sincem" 2 ( z"), such
that g" belongs toSg.,n such that

m"( )= KO/Z‘( )20+ Qo )Z1

)g"()dwW( )

has a closed graph.

+ Wo(
0
Z
+ Wo(
0

)BB Wo{  IR(~ {)

zr K o(T)zo Q ofT)za
Zt

Wo T )
0

g"( )dw( ) ()d:

We need to show there existg belongs to Sg,
such that for all belongs toV,

m ( )=ZK°/<( )20+ Qo )Z1

+ Wy )g ()dw()
#0

+ Wof
0

)BB Wo{  IR(= {)
zr K ofT)zo Q oAT)za
Zq

Wo(T
0

)g ()dw() ()d:

Clearly,

E m"'() Ko )z Qo )z

Z
Wof

0
zr K (T)zo0 Q o(T)za

Z 1
Wol T

0

)BB Wo  )R(~ ¢)

)g"()dW( ) ( )d

m() Ko)zo Qo )z

z

Wi
0

zr K ofT)zo Q ofT)z1

)BB Wo{  IR(= {)

Z; 2
. Wo{T  )g ( )dW( ) ( )d I 0
asn!l .ZAssume that T : LY(V;X)!C ;
(To( )= Wy )9( )dW( )
07
+ We(  )BBWy( )R(~ g)
s
. Wo{T  )g( )dW( ) ( )d:

We can conclude that the operatorT Sg; is a
closed graph by using Lemma[L. Then, in view of
T we can see that

m'() Ko )zo Q o )22

Wi
0

zr K ofT)z0 Q oAT)z1

)BB Wo  IR(~ ¢)

Z 1
) Wo T~ )g ()dw( ) ()d 2T (Sezn):
Sinceg" ! g, asn tends to zero, it follows that
for all belongs toV, we obtain

m() Kod)zo Q o)z
z
Wof
0

zr K ofT)z0 Q AT)za

)BB Wo(  IR(~ )

Z 1
. Wo T g ()dw( ) ( )d
As a result, is a closed graph.

Thus is multivalued map which is completely
continuous and hence as a result of the previous
steps and Ascoli-Arzela theorem it is easily see
that is u.s.c. As a result, which has a xed
point z( ) on By and by referring to Lemma Q
which is the mild solution of (fL).
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De nition 12.  The fractional integro-di erential
inclusions is called approximately control-
lable on[0; T] provide that R(T;z) = X; where
R(T;z) = fz1(z0;2) : z( ) in L?(V;X)g is a
mild solution of ().

The following assumptions are required for prov-
ing the main results.

H7 The function G : V X X |
Np;cr:cp(L (K; X)) is uniformly bounded for
al 2Vandz2X

Theorem 4. Suppose(Ho) (H7) are ful lled.
Further there exist | belonﬂs toL1(V;[0;+1))
such that sup,ox KG(;z( )i o f(;:z ())d )k

| () fora.e. belongs toV. In addition, (1)
is approximately controllable.

Proof. Let z (1) 2 B, be a xed point of the
operator ; by Theorem 31 any xed point of

is a mild solution of [I This means that there is
z 2 (z);ie. by the Fubini theorem there is

g 2 Sg:; suchthatforall 2V:
Z():KO/Z“ZO Q o )za
Wo{  )BBWo  )R(~ §)

0

zr K o(T)zo Q ofT)za

Zy
. Wo (T~ )g ()dW( ) ( )d
De ne
P(g)=2z K fT)zo Q oT)z1
T
. Wo (T )g ()dW( );
for someg 2 Sg; .
Noting that | R(= = R(= ),
iewegetz (h=2zr R(~ {P(g):

By assumption (H7),
Z Z+
2 2
g ()dW( )k® Ly .

Ek Ekg ( )kd
0

L3l( )T L3I T:
Subsequently, the sequencefg g is uniformly
bounded in L(V;X): Hence we can nd a sub-
sequence offg g which is still denoted by fg g
that converges weakly tog 2 L2(V;X)

enoting h = zr K oT)zg Q T)zz

o WodT  )g ()dw( ).
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We see that
EkP(g ) hk?
T 2
=E Wod{T )9 () 9()ldW()
0
Zy
L5 EKWy Mg () 9( )k
z
sup  EkWof Ng () g )Ikd:
Ot T

0
Using Ascoli-Arzela theorem, we can see that

R
the linear operator, (:; ) We{: )g( )d
0
L2(V;X) ! C(V;X) is compact. Therefore, we
getEKP(g ) hk?! Oas ! O.
Hence,
Ekz (b zrk?®= EKR(; ()P(g )K?
2EKR(; o)hK2+2EKR(; {)(P(g) h)k?
2EKR(; J)(hK2+ k(P(g) hk2! 0
as ! 0":

This proves the approximate controllability of sys-

tem
4. Nonlocal conditions

The idea of nonlocal initial conditions of the dif-
ferential systems were inspired by physical con-
cerns. The result pertaining to approximate con-
trollability is extended to Hilbert space in [37]. In
contrary, to local conditions Byszewski et. al [38]
interrogated the abstract Cauchy with nonlocal
conditions in Banach spaces. For more details on
nonlocal conditions refer [13, 14, 39,40]. Consider
the fractional systems of order %2 (1;2) with
nonlocal conditions:

g@%uzmn+azu;
o f(iiz ()d)H
3+Bx(); 2V =[0;T]
" 2(0) = zo+ w1(2); zY0) = 71 + Wo(2):

(@)

In the above, w1; W is appropriate functions and
it is mapping from V X into X which ful ll the
subsequent condition:

(Hg) The completely continuous functions
wi; W2 belongs to C(V;X) and there ex-
ists c; d; e; k > 0 such that

CEkzK? + d;
eEkzk?+ k; forall z2 Y:

E kw1 (2)k?
E kw,(2)k?
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De nition 13. A function z belongs toCis called
a mild solution of () provide that
z( )= KO/Z& Mzo wi(Z)]+ Qof )z1  w2(2)]
+ We{  )g()dW( )
0
z
+ Wo( )Bx( )d:

0

Theorem 5. Provide that (Ho)-(Hg) are ful lled
and if

b2 1+m '+ P2(c+ e

2p2y2
ol

wherePg = kBk then () has at least one mild so-
lution on [0; T] and is approximately controllable.

Proof. Since the theoretical proof of the theorem
much similar to that of Theorem 8} we neglect the
proof.

5. Application

To illustrate our nding we consider the following
fractional integro-di erential system

8

%gz(;s)z@@gz(;sﬂ\]
ez (sNd WOk w(ss);
z(;0)=12z(;1)=0; 2V;
2(0;s) = zo(s);

" 290;8) = z1(s); 2 [0; I

vz(;s);

®3)

In the above the order of fractional system%-= %
J :[0;1] X X! 2X nf,g and the continuous
function e mapping from [0;1] [0;1] X into X.
Let us considerX = H = L?([0; ]) and let W( )
be a standard cylindrical Wiener process inX
de ned on a stochastic space ;=;f= gsq;P,
D% = %'éﬂ is the Caputo fractional derivative of
order 1< < 2.

D(A)=fz 2 X :z; z°are absolutely continuous
%2 X z(0)= z( )=0g:

Now there exist a sequencd g g;~1 of eigenvec-

tors of A such that. fcﬁgj>0 is a complete or-

thonormal and g (y) = 2 siny: Furthermore A
is dense inX and A is the in nitesimal generator
of a resolvent family fW ( ); Og belongs to
X, according to [14].

Put z( )= z(; ), belongs to[Q1] and x(

) =
1'(; ). The linear bounded operatorB : H! X

K. Kaliraj, K. Muthuvel / IJOCTA, Vol.13, No.2, pp.193-204 (2023)

de ned by Bx( )(s) = w( ;s). Then
e(;;z)s)=1(;:z(s);

and

G(;z;} 1)(s)=J (:z(s);}1(s))

for ; belongsto[Q1],z;}1 belongs toX and s
belongs to [Q ]. The above mentioned fractional
partial di erential system (3)| can be consider as
the exact representation of the problem [1) with
the functions our preferred choices. Then it can
be easily viewed that all the requirements of the
Theorem[3 satis ed and hence we can ensure the
approximate controllability of (ﬂ on [0;T].

6. Conclusion

The ndings of this research analyze the outcome
results of approximate controllability of Stochas-
tic fractional integro-di erential equation consid-
ered in Banach space. Bohnenblust-Karlin's xed
point technique is used as the key factor to es-
tablish the required conditions for our chosen
fractional system @) to be controllable approxi-
mately. The above mentioned procedure to estab-
lish the approximate controllability is extended to
fractional nonlocal system. In future the present
work can be extended by analysing the controlla-
bility results of stochastic integro fractional di er-
ential inclusion system with impulsive conditions.
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The power circuit ofAC voltage controller capable of operating at a leac
lagging, and unity power factor is studied by a lot of researchéhg literature,
Circuits working with high switching frequency are known as power fi
correctors (PFCs). The singhase boostonverter has become the most pop
topology for power factor correction (PFC) in general purpose power suj
Power factor correction circuit provides conventional benefits to electric |
systems. The benefits are the reduction of power fact@ityeandutility bill and
power loss. Therefore, a boost converter power factor correction schi
presented in this paper. A PI, fuzzy logit and fractional order Pl (FOF
controllers are used to fix an active shaping of input current of the caneditc
improve the power factoi.he controller parameters (coefficients) are optim
using theParticle Swarm OptimizatiorPSQ agorithm. Average current moc

control (ACMC) method is used thecircuit. The converter circuit consists ¢
singlephese bridge rectifier, boost converter, transformer and load
mathematicamodel of the plant is required to desidpe Pl controller. A mode
for power factor correction circuit is formed in MARIB/Simulink bolboxanda
filter is designedo reduceTHD value The proposed model is simulated usa
combination of PI, fuzzy logic and FO&dntrollers The control scheme is appli
to 600 Watt PFC boost converter to get 400 Volt DC output voltage and 0.99
factor. The inputvoltage is 230 ¥wms with 50 Hz.The combinatiorof FOPI and
Pl controller has the best solution to control the power factor according to
fuzzy controllers.

1. Introduction distortiors. Generally, a high power factor is required

in power systems connected to grid to reduce the
&armonics occurring by high switching frequency. If a

onlinear load such agctifier or converteris tied to

?id, the harmonics with different frequency happen in
e current waveform. They are multiplies of the input
frequency. Therefore, the less average power is
transferred to load. Limits of power factor and input

current hamonics are determined according to

The advantage of semiconductor switches hagternational standard IEC 610@3and IEE/ANSI519,
dramatically increased the DOC boost convertefl].  respectively3].

One O.f the major appllcatlons IS~ power faCtorPFC correction circuits are widely used in the input part
correction. Using of switched mode power supply

; ; . i - T of electronic circuits to decrease the rective power
(SMPS) has increased in some industrial appllcatloras f h id41. The aim of thi dv i
such as robotics, dapacecraft, see vehicles et§2]. rawn from the grid4]. The aim of this study is to

. ] ) i reduce reactive power consumption and obtain better
If a nonlinear load is connected to g”d, there will be %)erformance in the circuit by improvement of power

voltage distortion in sidef the grid. Power factor factor. When line current with high power factor is
correction (PFC) is required to eliminate the

With the recent advecement in industrial equipment
power electronic components have gained populari
due to energy crises in the world and power converter
for renewable energy (solar, wind) have become mo
important. AGDC converters are played a vital role in
power supplies such as different levelyer charging,
mobile charging and battery charging unit.
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drawn by SMPS, total harmonic distortigfTHD) voltage () Vo.

decrases in side of griéind a filter is designedo

reducethe THDvalue on grid sideThe performance of

power factor correction is depended on the current and

voltage controllers. There are different control modes

such as average current mode control (ACMg@ak

current mode control and inductor hysteric control.

Various small signal modelling analysis and pulse

width modulation (PWM) control techniques has been

SURSRVHG LQ HDUO\ ifv. 7KH PRVW FRPPRQ PHWKRG LV
the averagdechnique[5]. The distinctive fetre of Figure 1. Ideal DGDC boost converter circuit topology
ACMC is a good tracking adverage currerg].

Many researchers have been directed to apply nonlin
circuit techniques to dynamic controbf circuit. The
average current mode control method is used to se
and control the peak voltage across inductor in pow
supplies. This method elimites the noise, immunity,
slope compensation and peak to average cuereots
[6]. Cascade control structure is presented for the
converter with PSéhased FOPI contr@l as inner
current and outer voltage controllers for PFC and load %)
voltage regulationThe main contribution of this paper

is to correct the PFC a_md output voltage qsing\/hen the switch position is on (u=1), 8) andEq.
Fuzzy+FOPI controllers with togethefhe paper is (4) for the circuit can be written as below
concerted in the following manne3ection 1 describes

the introduction, section 2 illustrates thaverage ©)]
current control methqdsection3 illustrates théboost

converter modelfuzzy logic controller, classic PI

controller, FOPI controller, selection of voltage 4
controller,selection of current controller, measuring of

power factor and THD valuesection4 describes the WhereVi, , I andV, are the input voltage, inductor

results and discussions, and sectibprescribes the current and output voltage, respectively. The output
conclusion. voltage is equal to the capacitor voltage because the

capacitor $ connected parallel with loadnd are
selected as state variables depending for a period,

In DC-DC Convertersaverage current control methodthe state space equations for boost converter by
is verypopular due to simplicity of implimentation and combining the above equations are written as shown in
good performancdn this method, the value of currentEq. (5) and Eq(6).

is sensed by a shunt resistar[R. The output voltage

e'g,ﬂere are two different operation modes of the circuit
epending on the switch position u. When Kirchhoff's
i%%w is applied to the circuit with switch off (u=0) and

e derived equations for voltage amdrrent are
written as below.

@

2. Averagecurrent control method

are subratracted from the refeoe voltages to gain the ®)
output voltage and this signal is used for the
multiplication block. Theinverse of square input value (6)

of voltage is taken and multiply by the with the input

voltage to gain the reference curent. Afterwards, the

current flowing fom the inductois measured using the 31 Fuzzylogic controller
Rs and itis subtrachteffom the reference currenthis

signal is used to control the MOSFET to get the outpqﬁuzzy Logic Controller (FLC) has been used in many

voltage as well as to for the PHE]. industrial applications such as AC and DiBves,

3. Boostconverter model PWM inverter and DEDC oonverters in past years.

Many research artieb has been written by using &

but they did not defined any exact model for converters

4%,5]. FLC is an application of fuzzy set the¢®y. This
eory is about uncertainty. It enables one to use non

Boost converters atepup converterdt is one of the
simplest typeof switchmode converter. Its duty is to
increase the voltage at the input of circuit at the outp

of circuit. An ideal circuit of boost converter is shown 2 .
in Figure 1. It is utilized in regulation of DC power precise ill-defined conceptfd]. FLC has an advanced

supplies and bidirectional DC power supplies. WheheveI of efficiency for norihear converterfl0). Many

the switch Q is on state (close), the diode is reverégsearchers apprO\_/ed FLC 1o become one of intelligent
biased. The output resistance is isalafeom source pontroller for the|r a_lppllances and czmssfully
and the energy is transferred from the source to t rgplemented the|rtact|_c{§1-14]. FLC do_es not require
inductor L. In the steadgtate analysis, the capacitor can accurate mathematical model of a circuit. Therefore,
is supposed too large to maintain a constant outp'l.tltIS valid to a process where the circuit model is
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unknown or iltdefined. Fuzzy control is adaptive in @
nature and nonlineait gives smooth performance 8
under variations of grameters and load disturbances ®

[9]. FLC is completely based on linguistic controlThese are extended at the input of the controller for

variables. FLC is like human thinking, so it lowers theuzzification. Fuzzy sets utilize linguistic terms and

gap between mathematical calculation of plant an HPEHUVKLS IXQFWLRQV 0)NV 7K1

human certainty. FC algorithm consists of three steps.memberships are presentiedFigure3. 0)fV GHSHQG

The first step is fuzzification, second step is inferencgpon the impact of the linguist term regarding the

and third is defuzzification[15]. The schematic output value.

diagram of FLC is shown iRigure 2.Fuzzy controller 1 fuzzy rule editor is shown iRigure 4, in which

has two inputs. Comparing the reference value Witfhles are selected according to us@ualizing The

output value at each interval, error (v) and change {§empership functions are selected by taking account

HUUR tre GaiCulated. Here the reference voltage e system limitsThe overall fuzzy logic designer

r(k) and output voltage is y(K). Error voltage e (k) iSgpresentation is shown fiigures. Fuzzy rules contain

calculated as shown in E). 5 error voltage as well as change in error of voltage.
The selected fuzzy rules are given in Table 1.

Figure 2. Block diagram of Fuzzy Logic Controller

@
Figure 4. Fuzzy rules editor
Table 1. Fuzzy rules
RAR NB N Z P PB
NB NB NB NB N Z
N NB NB N Z P
Z NB N Z P PB
P Z Z P PB PB
PB N P PB PB PB
(b)

3.2 Classical Plcontroller

Classical PI controller is the simplest control[&6]
which is frequently used in most of the circuits to
FRQWURO WKH RXWSXW YROWDJH DQC
demand. These types of controllers are used mostly in
situations where there are no load changes. The
accuracy of classical Pl controller can be distdrbe
when the load is varied frequently. Performance of

(© classical PI controllers used in the inner loop and outer

loop is also discussed in this section. The transfer

Figure 3. Designednembershigunctions(a) error MFs(b . : ) .
9 9 3 @ (b) function of classical PI controller is written as below.

change in error MF&) Defuzzification MFs
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reference voltage. Here error (e) and change in error
GH DUH FD O F X ntervelHaBerDtWakes e U
derivative of change in error value. The voltage
controller generates a signal whichrisnsferredo the
multiplier block. It multiplies the rectified voltage of
circuit with the square of peak voltage of sour@g
[3]. Then signal goes towards the current controller
after subtracting from reference current. After that
PWM generator block leads this signal to the gate of
switch IGBT or MOSFET. A shunt resistance (Rs) is
used in simulations to sense the inducurrent inthe
circuit.

In this paperdifferent controllers are used to determine
the best performance of the circuit. Classical Pl, Fuzzy
and FOPI controllers are utilised to control the voltage
and current in this study. To find the best contrdiber
outer loop, different controllers are used at the outer
loop while PI controller is only used in the inner loop.

. . . ) 3.5 Selection ofcurrent controller
Figure 5. Overall fuzzy logic designer representation

The selection of inner loop controller is done by taking
© account the best performance of outeop. It is

performed by keeping the FOPI as the outer loop
controller while the inner loop controller is changed.
The boost converter PFC circuit diagram is shown in
Figure?. In this paper, FOPI controller is found as the
best controller for the inner loop.

WhereKp andK, are gain coefficients of proportional
and integral controllel7].

3.3 Fractional order Pl controller

A generalization form of fractional calculus is classicaB.6 Measuring of power factor and THDvalues

integer order calculus, which consists of integrap,er factor is measured at the input side of circuit. To
differential operators of fractional orders. Differen erform the Fourier analysis, Fourier block is used in

approaches are executed to find optimum values of t designed circuits with the help of MATLAB
threeparameters of FOPD 9ont_roller. _One of the t”“i”%imulink, as shown ifFigure6 andFigure7. Voltage
rules of FOPID controller is ZiegleNichols method gisiortion occurs when the current drawn by the load
[18]. The mathematical expression of fractionalses not do remain sinusoidal form. Hamics play a
GHULYDWLYHYV G Hile@iko® 19,20 » Q ZRQ G ole for life of electrical and electronics
systems. THD is the most common measured
parameters of voltage and current of grid. THD is
(100 described as the root mean square (RMS) value of
harmonics divided by the RMS value of fundamental
This technique is used to calculate the transfer functi@nd multiply by 100.
of FOPI. It is described as beld@1-26]:

(12) 12
Here K is representing the proportional constantisK

representing thintegral constant andis representing
fractionalintegralconstant

Where Iimsm)is the RMS value of theth harmonic

current andms() is the RMS value of the fundamental

component. If the THD value of current is below 5%,

lecti fvol I it is considered within acceptable limits according to

34 Selection ofvoltage controller international standards. If it is more than 10%, it causes

The simulation of FLC circuit diagram on boost PFCSUREOHP IRU WKH HT[RT.SAedr@Mg TV DQG O
using the agrage current control methodpsesented to standards, the power factor should be betweenr 0.90

in Figure6. In this paper, FLC is based on Mamdan0.99 or near to unity. So, both designed controllers

fuzzy system whickontains two inputs and one output.show that tke power factor is almost near to unity as

The circuit inclides inner loop controller amditer loop  shown in Figure 8.The designed filter capacitance

controller. Inner controller is alsonkwn as current YDOXH LV P) DQG UHVLVWDQFH YDC
controller which controls the input current. Outer loopr HD value of circuit is decreased td72% as shown in

controller alsocalled voltage controllecontrols the Figure10 when passive filter is used in the input side

output voltage. Output voltage is compared wittof rectifier.
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Figure 6. Simulation diagram for the selection of outer laamtroller using FLC

Figure 7. Simulation diagram for selection of inner loop controller

Figure 8. Power factor measuring

Figure 10. THD value of designed controller with filter

When the passive filter is not utilized in the input side
of circuit, THD value is 228%. Thecurrent contains

harmonics,and its waveform is distorted as shown in

Figure 9. THD value of designed controller without filter - Figyre 11.
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performance according to the others.

Figure 11. Input voltage and current without filter

As shown in Figre 10, THD value decreasdrom Figure 13. Output voltage for the selection of voltage

29.28% to 4.72% when the passive filter is used in the controller

o oo vt et . om0 Seec h e oop conoler (curent contole),

the sinusoidal wavefornwith distortion as given in tt?le best performance of voltage controller is obtained

. Lo T ; . y FOPI controller. Therefore, FOPI controller for the

F_|gurelc_)wh_en the passive filter is settled in the inpu uter loop is notchanged when differércontrollers

side of circuit. such as Fuzzy, PFuzzy+PI structure are used in the
inner loop to determine the best controller for the
system. The output results of these controllers are
shown inFigure 14 It can be seen that Fuzzy, Pl and
Fuzzy+Pl achieve a good response at settling time.
When the variable load is added into the system, FOPI
controller is faster than the others in view of
performance of current controller. The performance of
current controllergs almost same whetoad change
occusin the system.

In the circuit, power factor correction and output
voltage control are implemented at the same time. THD
value is very high according to the international

Figure 12. Input voltage and current with filter standard as the power factor value approaches to unity.
To decrease THD valugassive filter RC is used in
4. Results anddiscussions the input side of circuit. Thus, unity power factor is

| . L adjusted 0,99 and THD value has been brought to

n this paper, th@ower factor correction is performed. X
. : international standard.

using the boost converter. The power factor is measure&

for each step by selecting the inner loop and outer loop

controller. The simulations are done by using the DELL

FRUH , ODSWRS 1RPLQDO ORDG LV XVHG DV Y DQG D
GLVWXUEDQFH ORDG LV DGGHG WR WKH FLUFXLW DV Y ,W FDQ

be seen inFigure 10 that the input current is not

sinusoidal and have a THD like 29.28%. When the

passive filter RC is added to the circuit, the current

waveform came into sinusoidal waveform and THD

valuebemmes4.72%. When the passive filter is added

into a circuit, the harmonicsome in a range of

intentional standards. The output voltag®r the

selection of outer loop and inner loop controllers are

shown inFigure 13 and Figure 14, respectively. It is

seenfrom Figure 13, when FOPI controller is utilized

in the outer loop while keeping PI controller in the inner

loop, the system has a good response compared to

reference voltage. When disturbance or variable loaghe selected parameters of designed circuit are shown
is added to the circuit for anterval of time, it does not n Table2 and the optimizegarameter using the PSO
maintain its accuracy and performance. As shown e shown inTable 3. For the optimizatiorintegral

Figure 13 FOPI controller is faster response than theime Absolute Eror (ITAE) function is used for
other controllers. It also maintains its accuracy and

Figure 14. Output voltage for the selection of current
controller
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optimizationof controller parametef21]. HereD is the duty cycle, f is the frequency al@ng
U

is representing the ripple factor of the output voltage
which is taking 1% of the output voltagéhe capacitor

Cy value is selected maximum to remove the ripple of
the input voltage.

(16)

Here the s Vs is the RMS value oturrent and
voltage representing respectivelyippk and Viigpie
representing the ripple current and ripple voltage
ther values are takebi% and P56 respectivelyf17].

Figure 15. Output voltage for the FOPI+PI controller . o
Table 2. The parameter values of designed circuit

The THD valwe of the designed circuiith filter is Parameters values
shown in Figire 16. It is clearly shown in the Rige9

that without the filter, THD value was 29.28% while L 4.34 mH
using the filter THDvalueis decreased to 4.27%s Cout —)
shown in Figire 16. This is acceptable according to y
IEE/ANSI519. Rioad Y
Vin 230 VRvs
Supplyfrequency 50 Hz
Rs N4
Cg 100 mF
Vet 400 V
Switching frequency 1000 HZ
Table 3. Optimized parameter values of the designed
controllers
Parameters Values
Figure 16. THD value of designed controller with filter FOPI Kp=1.5981
, _ Ki=1.5981
The designed parameters of discussed boost converter
are calculated according trsing Ec. (13)-(16). _
The value of the inductor isalculated using the Eq.  Classic Pl controller Kp=4.1437
(13). Ki=0.1

(13
5. Conclusions
In practical applicationthe inductor value is selected
25% greater than this calculatied better performance
Here the R is the resistanoafput load, f is the
switchingfrequency L is the inductoraluecalculated
by Eq.(13) and the D is the duty cycl&éhe D is
calculatedaccording tdEq.(14)

In this paper, fuzzy, Pl and FOPI controllers and
different variations of these controllers are applied to in
the inner and outer loops to increase the power factor
value and regulate the output voltage. The best
performance of voltage andurrent controkrs are
assessed for the PFC using boost conveéen he
FOPI contoller in the inner loo@and Pl controlleiin
outer loopare usegthe obtained residhave faster and
more smoothly response$he resultsare compared
Here the w is the input voltage andyVs representing with Pl and fuzzy PI (FPI) controller. They show the
the output voltageThe value of output capacitor is FOFP| has less fluctuations, overshoot and settling time
calculated using thEq.(15). compared to FPI. The presented system can be used to

provide electrical power to electronic devices in critical
(15 applications such asilitary, space craft,and sea
vehicles.

(14)

Y2

%o Rt —
A e @ a0



212 M. Demirtas, F. AhmadlJOCTA,Vol.13 No2, pp205213(2023)

Acknowledgment fuzzy PID controller based on peak observen,
. International Journal of Optimization and Control:
The authos are'sup'por.ted py the BAP project no. Theories & Applications3(2),139-150.
2022/012 of Balikesitniversity.
[13] Sulaimanl. M. & Ghazal P. L(2021). Shamanskii

References method for solving parameterized fuzzy nonlinear

[1] DivyaS. P N., SathikJ., L. A, V. K, & Almakhles equationsAn International Journal of Optimization
D. (2021) A comprehensive study on variousc and Control: Theories & Applicationg1(1), 2429.
converter voltagdoosting toplogies and their [14] Kakran V. & Dhodiya J. (2022)A belief-degree
applicationsCircuit World, 48(4),529-549. based multiobjective transportation problem with

[2] K. Periyasamy(2012) Power factor correction TU|t"CT°'f% demand and Zugpw‘n Il.nt_errr?atl(_)nal&
based on Fuzzy Logic controller with average ournal of Optimization and Control: Theories
currentmode for DGDC boost onverter, Applications 12(2) 99-112
Elektrorika ir Elektrotechnika2(2), 67 2. [15] SaravanarS., RaniP. U. & ThakreM. P. (2022)

[3] JenserC. H. K.,Lind R. B.,HertelJ. C., AmmarA. Evaluation and mprovement of aransformerless
M., Knott, A. & AnderserM. A. E. (2019) A time- high-efficiency DC#C converter for renewable
basedcontrol scheme forpower factor correction energy applications employing a ukzy logic
boost converter, IEEE Nord. Circuits Syst. Conf. con_troller, MAPANJournal of Metrology Society of
NORCAS 2019 NORCHIP Int. Symp. Syst. SoC 2019 India, 37(2) 291810
- Proc. [16] DemirtasM., CalganH., Amieur T. & SedraouiM.

[4] KessalA., RahmanilL., MostefaiM., & GaubertJ. (20I21)SmaILS|gn'aI modeling and robust multiop
(2012) Power factor correction based on fuzzy logic '3oi D QG + FISRAQ'IW UR O o H'ﬁyf;tgf QWKHVLV
controller with fixed switching frequency, Induction generator ransactions 117,
Elektrorika ir Elektrotechnika 2(2), 67 #2. 250.

[5] ChungH. S. H.,TamE. P. W., &Hui S. Y. R. [17] AhmadF. (2022) Powerpactorcorrectionin single
(1999) Development of a fuzzy logic controller for phas? AI\%/DCCOﬂ‘]’er'_‘ersﬁed_fO[JW're|e_SS aergy
boost rectifier with active power factor correction, ~ transferMaster ThesisBalikesir University
PESC Rec- IEEE Annu. Power Electron. Spec.[18] Arpaci H., Ozguven O. F. & Can M. S.(2016)
Conf, 1, 149454 Fractional Model Reference Adaptive Bl

[6] Dixon L. (1991) Average Current Mode Control of Control, Journal of New Resultsn Sceence, 5(11),
Switching Power Supplie®roc. Intersoc.Energy 102417.

Convers. Eng. Confl, 218£223. [19] liten E. & Demirtas M. (2019). Fractional order

[7] PanovY. & JovanovicM. M. (2008) Loop gain supert:mstl?g s_.hzlng_mode observgrof&rpsl,:_el?_ls_,ﬁrless
measuremenof paralleled DGDC oonverterswith control °| Y UC“?” fmotor, JEL: ed
averagecurrentsharing entrol, 2008 TwentyThird |nterhnat|on_a J(_)urnal or lcompgtatlorll anc
Annual IEEE Applied Power Electronics Conference ~ Mathematics in  electrical and  electronic
and Exposition 10481053 engineering38(2), 878:892.

[8] Ahmad Firdaus A.Z., Normahira M., Syahirah K.N.[20] Chafekar N., Mate U. M., Kurode S. R. &
& Sakinah J(2013) Design and simulation of Fuzzy Vyawahare V. A. (2019). Design and

Logic controller for boost converten renewable implementation offractional order siiding mode
energy application, 2013 |IEEE International ::oo?troller forlDGDfC buck f:)nvertiréZOlg Fifth
Conference on Control System, Comipy and ndian Control Conference (ICC201206
Engineering, 29 Nov- 1 Dec. 2013, Penang, [21] Calgan H.& DemirtasM. (2021) A robust LQR
Malaysia 520-524. FOPID— controller design for output voltage
[9] Lin B. R.& HuaC. (1993) Buck/boost converter regulation of standlone sekexcited induction
control with fuzzy logic approactProceedings of generatorFlectic Power SysimRearch 196, t
IECON '93 - 19th Annual Conference of IEEE 16.
Industrial Electronicsl 13421346. [22] liten, E. (2022). Conformable fractional order
[10] DuranayZ. B., GuldemirH., & TuncersS. (2018), controller de_S|gn _and optimization for sensorless
Fuzzy $iding mode control of DGDC boost control of induction motor, COMPEL - The
converter, Engineering, Technology & Applied |nteLnatloan Jqurnall for lcompu(;atlonl and
Science ResearcB(3), 3054:8059 mathematics in  electrical and electronic

engineering41(5), 1528-1541.
[11] IsmailN. F. N, Musirin I., BaharomR. & JohariD. )
(2010) Fuzzy logic controller on DC/DC boost [23] llten, E. (2022) Conformable fractional order

F R Q Y H20Y0 HEEE 'International Conference on controller design andmplementation foperphase
Power and Energy (PECon2010), Nov 2Bec 1, voltage regulation of threephase SEIG under
2010, Kuala Lumpur, Maysia, 1-6. unbalancedoad Electric Power Components and

Systems50(1112), 6365648.
[12] UcakK. & ArslanturkB. N. (2023) Adaptive MIMO


https://ieeexplore.ieee.org/xpl/conhome/1044/proceeding
https://ieeexplore.ieee.org/xpl/conhome/1044/proceeding
https://ieeexplore.ieee.org/xpl/conhome/1044/proceeding

Fractional fuzzy PI controller using particewarm optimization to improve power factor 213

[24] llten, E. (2021) Conformablefractional order Pl Metin Demirtas received Ph.D. degree in Electrical
controller design and optimization forepnanent Engineering from<®GO] 7THFKQLFDO 8B YHUVLW\
magnet gnchronousmotor speedtracking system is a full professe of Electrical and Electronics
'"«]FH hQLYHUVLWHVL %L O,l98),Y HEngiHeé¢hBOR pavhientd Balike¥it University, Turkey.
130-144. He is workingon power electronics, lectrical machines,

. . and control.
[25] OzyetkinM. M. & BirdaneH. (2022). The processes ) .
with fractional order delay and PI controller design https:/forcid.org/0008000326225286

using particle swarm optimizatioAn International . . .
Journal of Optimization and Control: Theories & Farhan Ahmad was born in PakistanHe studied F.Sc

o ) (Pre-engineering) in GOVT Higher Secondary School
Applications 131), 81-91 Muridke. He graduatedrom one ofthe public sector of
[26] Tajadodi H., Jafari H. & Ncube M. N. (2022) Pakistan Universityof Gujrat, Gujrat in the department
Genocchi polynomials as a tool for solving a class dElectrical Engineeringand technologyt the program of
fractionaloptimal control probleman International BS Electrical Technologiyn 2015 He worked 3 years in
Journal of Optimization and Control: Theories & semiautomatic plant of Steel Industiye graduatedrom
Applications 12(2), 160-168 Electrical and Electronics MSc program dBalikesir

[27] GradyW. M. & SantoscS. (2001) Undestanding University, TurkeyHis specialization is irthe field of

powersystem harmonic$EEE Power Engneering power eIectrprcs.
Revew, 21(11), 8 1. https://orcid.org/0000-:000213384328

An International Journal of Optimization and Control: Theories & Applicatibttp:(/ijocta.balikesir.edu.fr

This work is licensed under a Creative Commons Attribution 4.0 International License. The authors retain ownership of the
copyright for their article, but they allow anyone to download, reuse, reprint, modify, distribute, and/or copy arCIET A, |

so long as the original authors and source are credited. To see the complete license contents, please visit
http://creativecommons.org/licenses/by/4.0/


http://ijocta.balikesir.edu.tr/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

An International Journal of Optimization and Control: Theories & Applications
ISSN:2146-0957 elSSN:2146-5703

Vol.13, No.2, pp.214-223 (2023)

http://doi.org/10.11121/ijocta.2023.1269

RESEARCH ARTICLE

Prediction of anemia with a particle swarm optimization-based

approach

Arshed A. Ahmad,? Khalid M. Sa er, @ Murat Sari,”" Hande UsIf

aDepartment of Computer Science, University of Diyala, Iraq

bDepartment of Mathematical Engineering, Istanbul Technical University, Istanbul, Turkey
CDepartment of Mathematics, Yildiz Technical University, Istanbul, Turkey
arshed980@gmail.com, kha2005ms@yahoo.com, muratsari@itu.edu.tr, usluh@yildiz.edu.tr

ARTICLE INFO

ABSTRACT

Article History:

Received 23 May 2022
Accepted 8 February 2023
Available 28 July 2023

Keywords:

Anemia

Particle swarm optimization
Support vector machine
Prediction

AMS Classi cation 2010:

Healthcare enables the maintenance of health through some physical and men-
tal care for the prevention, diagnosis and treatment of disease. Diagnosis of
anemia, one of the most common health problems of the age, is also very am-
bitious. Whereas, pathological individuals could be predicted through various
biomedical variables using some appropriate methods. In order to estimate
these individuals just by taking into account biological data, particle swarm
optimization (PSO) and support vector machine (SVM) clustering techniques
have been merged (PSO-SVM). In this respect, the dataset provided has been
divided into ve clusters based on anemia types consisting of 539 subjects in
total, and the anemia values of each subject have been recorded according
to corresponding biomedical variables taken as independent parameters. The

93B52; 93C35; 93C40; 93C42

ndings of the PSO-SVM method have been compared to the results of the

SVM algorithm. The hybrid PSO-SVM method has proven to be quite e ec-
tive, particularly in terms of the high predictability of clustered disease types.
it is possible to lead the successful creation of appropriate treatment programs
for diagnosed patients without overlooking or wasting time during treatment.

1. Introduction

In the past decade computer models have be-
come very popular in the eld of biomedicine
due to exponentially increasing computer power.
So, an e cient healthcare system using computer
models can contribute to an important part of
a country's economic development, and industri-
alization. Healthcare has traditionally been rec-
ognized as an important determinant in improv-
ing the overall physical and mental health and
well-being of people around the world. Anemia
is clinically de ned as a below hemoglobin value
from the appropriate reference range for an indi-
vidual and it possibly leads to crucial blood dis-

Few have analyzed types of anemia, although it
has received much attention recently because of
epidemiological studies suggesting that anemia
may be associated with worse outcomes in var-
ious diseases [5{9].

In the literature, there have been several meth-
ods [8{1€] to analyze anemia types. Besides to
their notable advantages, many common proper-
ties, such as being costly, di culty in usage, time-
consuming and having constraints in daily usage,
lead to their drawbacks. In this case, optimiza-
tion modeling should be taken into consideration
alongside those methods.

It is obviously discovered that by taking into ac-

eases. Anemiatypes are determined depending on count the mechanics of computer hardware, it can

symptoms ranged from short episodes to chronic
conditions [1{5].

*Corresponding Author

be created novel hybrid approaches that are much
more e ective for certain calculations as outlined

214


http://creativecommons.org/licenses/by/4.0/

Prediction of anemia with a particle swarm optimization-based approach

in the literature [L7{24], even though these con-
cepts may appear to be unrelated to physical lim-
itations.

A more e cient algorithm can complete any com-
putation much faster than any ine cient algo-
rithm, even without changing the computer hard-
ware. Therefore, advancements in algorithms can
be used to make computers faster, such as pre-
computing parts of a problem or other solutions
to improve computing e ciency.

Therefore, there are particular techniques for op-
timization, including particle swarm optimization
(PSO) which is becoming increasingly popular
as an e ective method for many data processing
tasks. In this work, the hybrid algorithm of PSO
with another important optimization algorithm,
support vector machine (SVM), has been created
to predict types of anemia. To the best of the
authors' knowledge, this is the rst time a com-
bination of PSO and SVM has been used to fore-
cast anemia types using biological data, despite
the fact that certain conventional methods are
utilized for evaluating anemia types in the liter-
ature [7{15]. The PSO-SVM algorithm has been
suggested for reliable data treatment and further
analysis for interpretation due to its high level of
exibility and lack of requirement for specialized
knowledge in statistics [25{27].

The PSO-SVM is a comprehensive optimization

clustering technique as a consequence, enabling

the estimation of di erent patterns using the data
that is currently available in an area. By forecast-
ing the clusters that are most likely to include in-
dividuals who have that form of anemia, it is able
to predict anemia types. Investigating patholog-
ical individuals from a population was the goal
of this study, and using advanced computers to
implement the PSO-SVM technique has been at-
tractive [10], [28].

2. Materials and methods

2.1. Biomedical data collection and study
design

The dataset has been prepared from observations
of anemia disease. The dataset that consists of

the anemia measurements contains 5 classes and

539 subjects provided from the literature [9], [11],
[12] whose main concerns are creating mathemat-
ical models that can predict the type of anemia
based on various blood variables by only spe-
ci ¢ algorithms while in the current study, a hy-
brid algorithm has been developed using patho-
logical individuals from a population and their
corresponding blood variables. The data has
been collected from individuals between aged 6
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to 56 years. Each sample includes information
from blood variables; Red Blood Cells (RBC),
a portable protein Hemoglobin (HB) inside the
RBC containing iron atoms which carry oxygen
from the lungs to the body's tissues and return
carbon dioxide from the tissues back to the lungs,
Hematocrit (HCT) which shows the percentage
of RBC in the blood, Mean Corpuscular Volume
(MCV) which measures average size of the red
cells in a sample and|[8]. In addition to these,
some biophysical variables, sex and age, have also
been considered since natural HB in the body
varies from male (1) to female (2) and natural
HB in the body varies according to age.

The best four variables have been selected from
the prediction of anemia through the PSO and
machine learning, and are mentioned in Tabld [L
and Figures[1. The relationship between di erent
parameter values of the subjects is illustrated in
Figure [2.

@)

(b)

(©
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Figure 1. The parameter values of
every subject.

Figure 2. Relationship between pa-
rameter values of the subjects.

The goal of this research is to detect anemia in a
population through the utilization of PSO-SVM
algorithm and analysis of blood parameters. Since
the hybrid algorithm is based on clustering princi-
ple, the ve clusters have been generated by blood
variables as detailed in Tablg 1 and Figur¢ B. This
study has classi ed anemia types into ve sepa-
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2.2. Particle swarm optimization

Kennedy and Eberhart developed an evolution-
ary and population-based optimization technique
referred to as the particle swarm optimization
(PSO) [29] by drawing inspiration from the col-
lective behavior of birds and sh. So, these ani-
mals played an important role in the development
of an algorithm by escaping dangerous situations
and nding food. The PSO is much faster and
more e ective than other optimization techniques
because it requires fewer parameters and is less
likely to be stuck in local minimum points as a
possible solution.

The PSO seeks to improve a solution to a prob-
lem by having each particle trace its coordinates
in terms of the best solutions that have already
been made. The particle keeps track of its own
best, known aspbest and the best solution in the
near surroundings, known aslbest If the particle
considers the entire population for its topological
neighbors, then the best value becomes the global
best, or gbest At every step, the particles' veloc-
ities are adjusted according to thepbestand Ibest
locations.

In the PSO, software agents known as particles
move through the related space to nd improved
results. At each step, the randomly selected patr-
ticles adjust their velocities using data from their
local areas, their own neighborhoods and from
randomness in order to search for better spots
in the solution space. The position of a parti-
cle is an indication of a potential solution to the
problem. At the conclusion of each cycle, all par-

rate clusters based on common characteristics and ticles attempt to nd more desirable locations in

danger levels. The attributes of anemia dataset

the search space by altering their speed. For each

can be seen in Tablg 2. The proposed approach iteration, the position and velocity vectors have

has been implemented on the collected data to
identi cation a healthy or infected person out of
involved 539 subjects.

Figure 3. Dataset collected.

been determined as follows:

T = wv + cirandy(Pbest X J'Y) )
+ corandp(gbest X 0'%)
_ yold
XBeW - Xg + Vpnew (2)

where w represents corresponding weights¢s; ¢,
are acceleration coe cients (cognitive parameter,
social parameter),rand; rand, are uniformly dis-
trubed random numbers between 0 and 1,V

gives velocity of individual p at the iteration, X '
determines position of individual p at the current
iteration, Pbestand gbestindicate the best local
value of each particle and the best value of swarm,
respectively [30], [31].
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Table 1. Clusters and subject numbers.

Cluster no. MCV HCT RBC HB Number of Subjects Anemia Type

1 100 - - - 10 De ciency B12
2 < 100 48 - - 230 Thalassemia
3 <100 < 48 45 - 23 Sickle Cell

4 <100 <48 > 45 < 11 128 Iron de ciency
5 <100 < 48 > 45 11 148 Normal

Table 2. Attributes of anemia dataset.

Attribute Attribute value Attribute category

Age 6-56 0-13 Child,> 13 Adult
Gender 1,2 1 = Male, 2 = Female
HB 1.46-18.2 < 11 Severe, 11-15 Moderate
RBC 0.96-11.9 < 4.5 Low, 4.5-6.5 Normal,> 6.5 High
MCV 38.6-117 < 80 Microcytic, 80-100 Normocytic, 100 Macrocytic
HCT 7.7-51.7 < 35 Low, 35-48 Normal, 48 High
3. Support vector machine method that takes into account the number of
features studied for sample classi cation is nec-

Vladimir Vapnik began examining Support Vec-
tor Machines (SVMs) in the late 1970s, but in the
late 1990s, the eld began to gain extreme recog- N this study, a binary version of the PSO algo-
nition [32]. The SVMs are supervised learning rithm has been used and the placement of each
algorithms operated by statistical learning theory ~ Particle is indicated through a binary string that

to identify patterns and perform suitable regres- Symbolizes the feature choice situation. The po-
sion. sition and velocity of each particle is revised in

accordance with the following equations:

essary.

Statistical learning theory can accurately iden-
tify the components needed for successful learn-
ing of certain basic algorithms. However, due to Vpr}f"" = wVp?}d + cyrand 1 (P bespyg Xgéd)

the complexity of more intricate models and al- old (3)
gorithms used in real-world applications, it is dif- + carandz(gbest - Xpq)

cult to analyze them theoretically. S(Vewy = 1 (@)
The SVMs can be thought of as a combination of pd 1+e Yoo

learning theory and practicality, which is simple .
enough to be understood mathematically. This if (rand < S (V&™) then X gg" = 1;
is due to the fact that an SVM can be regarded else  Xgi" =0
as a linear model in a high-dimensional space and

the SVMs are able to go beyond the limitations of where V™ and Vg are the particle velocities,
linear learning machines by incorporating a kernel X Oéd shows the current position, and xggw rep-
function, allowing for the discovery of a nonlinear  resents the updated position for the related solu-

(5)

decision function [33]. tion. The values P bespq and gbesy are de ned
] as local and global best tness value. Therand,
4. The PSO-SVM algorithm and rand, are randomly generated numbers be-

The process of feature selection can be regarded astween 0 to 1, whereasc, and c; are acceleration

a challenge of global combinatorial optimization 'actors, usually chosen ast; = c; = 2. Veloci-
in machine learning, wherein the amount of fea- ties for each dimension have been tried to reach a

tures is reduced and also unimportant, noisy and mamTum_veIo(cj:_lty Vimax - Ifdt:e combined r\]/elocrl]—
redundant information is eliminated to achieve a U€S Of @ given dimension add up to more than the

satisfactory classi cation accuracy. The signi- Predetermined value ofVimax, the velocity of that

cance of this method is immense in the elds of dimension will be restricted t0 Vmax, which is a
pattern recognition, medical data analysis, ma- Value set by the user.

chine learning, and data mining. In order to After renewal, the new feature is calculated as in
increase processing rate, accuracy, and reduce Ed. [4, whereV#" represents the velocity. If cal-
incomprehensibility, a reliable feature selection culated value S(V™") is greater than a randomly
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generated number that is between (01), then its the two models, the PSO-SVM exhibits a higher
position value Fn;n = 1;2;:::;m is represented overall accuracy than the SVM.

as 1 by meaning that this feature is chosen to

be a required feature for the upcoming renewal.

Otherwise, the value is represented as 0.

A one-layer SVM model has only the capability 5. Results and discussion

of distinguishing between two types of anemia, as . .

it is a binary classi er. Because of this limita- The de\_/eloped PSO'SVM algorithm has mtend_ed

tion, in this study, a four-layer SVM classi er, as to predict anemia o_utcomes based on the testing

illustrated in Figure #] has been used to predict sam[sles presltlanted n Ta:)r!{]StﬁndSI\:)&urIE]G._:; has

anemia, which includes four disease states and one greater overall accuracy than the agorithm,

normal state. and has been attempted to locate the blood vari-
ables of the clustered data for each type of anemia.
The algorithm assesses whether the data for each
anemia type is categorized precisely.

Figure 4. Four-layer SVM classi er.
The anemia dataset has been randomly split into
two groups: 80% for training samples and 20% for
testing samples. Before the application, the PSO
algorithm has been used to determine the best
combination of parameters (; )for each SVM
based on the training samples. The testing sam-
ples have veri ed the e ectiveness of the multi-

Iaye.r SVM FIaSS' er. Figure 6. Comparison of the PSO-
An illustration of the setup of the PSO-SVM SVM and SVM algorithms by general

model for predicting anemia is presented in Figure accuracy (%).

5.
It can be a wise move to observe the distribu-
tion of data both practically and computation-
ally. The comparison between the computed re-
sults and the actual values has been displayed in
Figures [1,[8. It is evident that the calculated
results of all clusters are in agreement with the
actual results.

As seen in Table[3 and Figure] B, the produced
results of the PSO-SVM algorithm are generally
good outperform with the results of the SVM al-
gorithm. For example, the accuracy of the PSO-
SVM and the SVM algorithms are 80% and 70%
and success set 8 and 7 people for cluster 1, re-
spectively. Similarly, in the same order, the al-
gorithm's accuracy of the cluster 2 are 98.26%
and 96.52% and success set 226 and 222 people.
Figure 5. Flowchart of the predic- The two algorithms generated results of 21 and
tion of anemia. 20 individuals for Cluster 3, which is 3 lower than
the actual number of 23, and so the accuracies
The results of the anemia prediction from the test- are 91.3% and 86.95%, respectively. The success
ing samples are presented in Tabl¢]|3. Comparing set of the algorithms in the cluster 4 are 123 and
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Table 3. Comparison of the PSO-SVM and SVM algorithms by general accuracy (%)

Cluster Algorithms Test Set Success Set Fail Set Accuracy (%)

C1 SVM 10 7 3 70
PSO-SVM 8 2 80
C2 SVM 230 222 8 96.52
PSO-SVM 226 4 98.26
C3 SVM 23 20 3 86.95
PSO-SVM 21 2 91.3
C4 SVM 128 120 8 93.75
PSO-SVM 123 5 96.09
C5 SVM 148 140 8 94.59
PSO-SVM 144 4 97.29

120 people and the accuracies 96.09% and 93.75%.
Also, for the cluster 5 the success set are 144 and

140 and the accuracies 97.29%, 94.59%, respec-
tively.

(d)

(@) (€)

(b) )
Figure 7. Five clusters (a) HB and
RBC parameter, (b) HB and MCV
parameter, (c) HB and HCT param-
eter, (d) RBC and MCV parameter,
(e) RBC and HCT parameter, (f)
MCV and HCT parameter of every
subject without classi cation.

The ve groups with di erent parameters with-
() out classi cation can be seen in Figurg . On the
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other hand, the ve groups with di erent param-
eters after classi cation can be seen in Figur¢ 8.

The results of Figure [§ demonstrated that the
algorithm used in the research was designed to
determine the correct number of subjects in the
clusters, as well as the anemia types in those clus-
ters. By utilizing the PSO-SVM algorithm, the
accuracy of the data clustering and the e ects
of biomedical information on the anemia types
have been examined. In literature, various ver-
sions of the PSO-SVM algorithm have been de-
veloped for di erent issues in multiple scientic
elds. In comparison to the literature, the PSO
and SVM clustering algorithms have been ob-
served to be extremely successful for their own
concerns ([29{31, 34{43]. This study successfully
created a combined version of the algorithm, as
well as its computer code.

In this study, the PSO and SVM algorithms and
their combination have been used for the rsttime
to detect anemia types. One of the most signi -
cant contributions of this study is its application
of the algorithm to anemia data for the rst time.

It has been examined whether it would be success-
ful in this area, like in other areas of science. The
combination of the SVM and the PSO resulted in
very e ective outcomes in the investigation of the
anemia types. This application in this eld can
assist clinicians in predicting the anemia types.
The goal of the clustering was to distinguish the
anemia types into normal or pathological classes
accurately. The number of clusters for the algo-
rithm was given by the user. Subjects were split
into 5 clusters based on their blood variables. The
performance of the hybrid algorithm was deter-
mined by using the blood variables to predict the
anemia types. This demonstrates that the pro-
posed algorithm has been seen to be more e ective
when there is a well-structured algorithm with a
su cient amount of data.

@)

(b)

(©)

(d)

(e)
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)

Figure 8. Five clusters (a) HB and
RBC parameter, (b) HB and MCV
parameter, (c) HB and HCT param-
eter, (d) RBC and MCV parameter,
(e) RBC and HCT parameter, (f)
MCV and HCT parameter of every
subject with PSO-SVM.

6. Conclusions

This research has evaluated the feasibility of the
PSO-SVM algorithm to predict anemia using
biomedical variables. This was the rst attempt
to use this newly combined approach to predict
anemia. The results generated by the PSO-SVM
algorithm have been compared to the actual val-
ues and have been found to be highly e ective in
enhancing anemia predictions through biomedical
factors. The ndings suggest that this method
could be clinically valuable for creating suitable
treatment programs for patients. More clusters
could be used for further research, as the current
data structure is limited in terms of medical anal-
ysis point of view.
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In this paper, we discussed the existence, uniqueness and Ulam-type stabil-
ity of solutions for sequential coupled hybrid fractional di erential equations
with two derivatives. The uniqueness of solutions is established by means
of Banach's contraction mapping principle, while the existence of solutions is
derived from Leray-Schauder's alternative xed point theorem. Further, the
Ulam-type stability of the addressed problem is studied. Finally, an example
is provided to check the validity of our obtained results.

1. Introduction

Di erential equations are essential for a mathe-
matical description of Nature. Many of the gen-
eral laws of Nature{in physics, chemistry, biol-
ogy, economics, and engineering nd their most
natural expression in the language of di erential
equation. Di erential equation (DE) allows us
to study all kinds of evolutionary processes with
the properties of nite-dimensionality and di er-
entiability. Derivative of arbitrary order arises

more details; we refer the reader to the papers
[5{18]. On the other hand, hybrid di erential
equations have gained extensive attention from
many scholars; see for example [19{21]. Hybrid
di erential equations and coupled hybrid systems
involving fractional derivatives have also been in-
vestigated by scienti c researchers; see for in-
stance [22{28] and the references cited therein.
In recent years, sequential fractional hybrid dif-
ferential equations have been studied by several
researchers|[29{34]. On the other hand, the sta-

from many physical processes, such as a chargeypjjity of solutions of di erential equations is im-
transport in amorpho_us se_mlconductors, electro- portant in physical problems because if slight de-
chemistry and material science, where they are \jaiions from the mathematical model caused by
described by di erential equations of arbitrary or- |\ ;navoidable errors in measurement do not have a
der, see|[1{4]. Recently, many researchers have correspondingly slight e ect on the solution, the
exposed attention in the eld of fractional dif- | ,5thematical equations describing the problem

describe phenomena of real-world problems. For

*Corresponding Author
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For example, one of the di culties in predicting
population growth is the fact that it is governed
by the equation w(t) = ce*, which is an unsta-
ble solution of the equation w{t) = aw(t): Even
if there are no unfavourable factors, very few in-
accuracies in the initial population count (c) or
breeding rate (a) will result in fairly signi cant er-
rors in prediction. One of the interesting subjects
in this area, is the investigation of the existence
and stability of solutions, because the study of the
existence of solution of the fractional di erential
equation(FDE) became important due to the lack
of a general formula for solving nonlinear FDEs,

see |[29, 30, 32, 33]. Recently, Some scholars have

discussed the existence, uniqueness, and di erent
types of Ulam stability of solutions of fractional
sequential hybrid di erential equations [29,32,33]
and the references cited therein. The classical
form of hybrid di erential equation [35] is given
by the following di erential equation

d w() _., . : :
i Ew) (tw(t); 0 t T,
3
' w(tg) = Wwp; Wp 2 R;
where 2 C(0;T] R;R f Og) and ' 2
C(0;T] R! R). Many scientic researchers

have studied dierent fractional types of the
above hybrid di erential equation. For example
in [36], the authors have discussed the fractional
hybrid di erential equations involving Riemann-
Liouville di erential operators

8

w)  _. o : :
3 Rlp —Ew - tw@); 0 t T,
3
: w(0)= 0;
where 0<< 1, 2 C(0;T] R;R f Og) and
"2C(0;T] R;R).

In [37], the authors studied the existence and
unigueness of solutions of coupled hybrid frac-
tional di erential equations described by

8

c w (1) e (Y - (g -
% ° ewmizay - GWOz0);
C z(1) — . ) )
JEwmizy WOz
w0)=w(@)=0; z(0)=12z(Q1)=0;
where t 2 [0;1];1 < 2.1 < 2, | 2
C(0;1] RR f 0g;j = 1;2 and 4 2

C([0;1] R;R). The existence and unique-
ness results were obtained by applying Leray-
Schauder's alternative criterion and Banach's
contraction mapping principle.

Motivated by above-mentioned works, in this pa-
per, we discuss the existence, uniqueness and
Ulam-Hyers-Rassias stability of solution for se-
quential coupled fractional hybrid system of the
following form

8
RLy G w (t)
PP w2 )
Xk
= itw(®);z();
i=1
1)
RLy G z(t)
P wmizm)
= i(bw(t);z(1);
i=1
w(0)=w(@)=0;z(0)=2z(1)=0;
where0 t 1,0<< 1.+ > 1,0<;< 1+ >

1; RD2 f;g and “D;2 f;g are the Riemann-
Liouville and Caputo fractional derivatives re-

spectively, ; :[0;1] R%?! R f 0g;j =1;2

and';: ;:[0;1] R?! R;1 i k; are contin-

uous functions.

We impose the following hypotheses throughout
the paper:

(Hy) For each i 1:2;::::k; the functions
i i :[0;1] R? ! R are contin-
uous and there exist constants | >
O;# > 0 such that for all t 2 [0;1]
and (wq;z1) ;(wo;22) 2 R21 R are con-
tinuous and there exist constants ; >
0;#; > 0 such that for all t 2 [0;1] and
(W1;71) 5 (Wo; 22) 2 R?;

Jhibwarze) Uit wa; zo)
i(jwi  zaj+ jwg

23));
and
Jittwyza) (w2
#i(jwr  zaj + jwe
fori=1;2; k;
For all j =1;2; the functions ; :[0;1]
R21 R f Og are continuous and there
exist constants ; > 0 such that

7))

(H2)

1(tw;z) rand 2 (tw;z)
for eacht 2 [0;1] and (w;z) 2 R?:
(H3) For each i 1:2;::::k; the functions
“i; i:[0:1] R?! R are continuous and

23
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there exist constants ;! i; io;! IO 0 and
i >0 i0> 0 such that for all t 2 J and
w;z 2 R; we have

itwiz) i+ jwi+ ijzj;

and
(Gwiz) g+ wiE
The rest of the paper is organized in the follow-
ing fashion. In Section 2, we introduce some ba-
sic de nitions and lemmas which are useful in our
main results. In Section 3, we establish a criteria
for the existence and uniqueness of solutions to
the boundary value problem (1) by applying the
Leray-Schauder's alternative xed point theorem
and the Banach's contraction mapping principle
in a Banach space. In section 4, we study Ulam-
Hyers-Rassias stability of solutions to the problem
(1). Finally, as an application, we demonstrate
our results with example.

2. Preliminaries

In this section, we introduce some basic de ni-
tions and lemmas which are useful for our later
discussions.

De nition 1. [38] The Riemann-Liouville frac-
tional integral of order > 0 for a function f

(0;1)! Risdened as
1 4

1f()y= — (t s) f(s)ds;
0 o

provided that the right side is pointwise de ned on
0;1):

De nition 2. [38] The Riemann-Liouville frac-
tional derivative of order > 0 for a continuous
function f :(0;1)! R is dened as

1 d mZ

f(s) .
(m ) dt 5 m 10S

o= o (t

wherem =[] + 1 ; provided that the right side is
pointwise de ned on (0;1 ):

De nition 3. [38] For a function f given on
the interval [0;1 ), The Caputo derivative of frac-
tional order  for the function f continuous on
[0;1) is de ned as

() = ! s)™ 1 (M(s)ds;

m=[+1:

Lemma 1. [12] Let ;> 0 and h 2 L1([0;1)).
Then Il h(t) = 1 *h(t) and RDIh(t) = h(t):
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Lemma 2. [12] Let >> 0 and h 2 L1([0;1]).
Then RDIh() = | h(t):

Lemma 3. [12] Let > O: Then for w 2 C (0; 1)\
L1(0;1) and R"'Dw 2 C(0;1)\ L1(0;1); we have

IRDW(t)= w(t)+ cit T+ ot 2+ +cpt ™

whereg 2 R;i=1;2:;nmn=[+1:

Lemma 4. [12] Let > O: Then

D (t) = w(t)+ o+ cat; +Cot?+ i+ ¢y ot" L

forsomeci 2 R;i=0;1;2;::;n 1,n 1<<n:

Lemma 5. For g;h 2 C([0;1];R) and ; 2

C([0;1] R%R f 0g ;j = 1;2; the boundary
value problem
S ap w(t) .
% ° Tewoizey -9
oD z(t;vj((tt)):Z(t)) - ho:; ?
w0)=w(@)=0; z(0)=1z(1)=0;

where 0 t 1, 0<< 1+ > 1, 0<;< 1
+ > 1; has a unique solution

Z

‘1
W= aGwize) P geds
Z +

tr 1 01 ¢ s (S) 1g(s)ds;
] 3)
an z. C g
z(t) = 2(tw(t);z(1)) Tg(s) ds
z . 1
t* 1 Ol(l(f))g(s)ds:
(4)
Proof. Using Lemmal[3, we can write
w(t) _ :
Ewiz@ 0T ats
2(1) Lh(t)+ bt

2(tw (1) ;z(1))

where a;; by 2 R: Now by Lemmal4, we have
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w(t)= a(tw(t);z(t) 17g(t)

a ()
(+)
2w (t);z (1) 17h(t)

L b0
*)

where ap;bp, 2 R: Using boundary conditions
w() = w(@) = z(0) = z(1) = 0; we obtain
a=p=0;

®)

+

+ 1 .
t + az

z(t)=
(6)

t+ 1+bg;

Z 1
a= w9 ig(gds;
0 o
and
Zl
_ (+) + 1 .
bh= — @ s) h (s) ds:
0 o

Substituting the values of aj;b;j = 1;2 in (§)
and (6), we get (3) and (4).

3. Existence and uniqueness of
solutions to the sequential coupled
hybrid system

We will use the standard xed point theorems, to
study the fractional hybrid system ([[). In this
regard, we de ne the space

W Z=f(w;2):w;z2 C([0;1];R)g;

endowed with the norm k(w; z)k,, ; = kwk+ kzk;
where kwk = sup fiw (t)j:t 2 [0;1]g: It is clear
that W Zkk,, , is a Banach space. De ne an
operator O:W Z! W Zby

O(w;z) (1) = (A (w; 2) (1) ; Q(w;2)(1); t2[0;1];

where

Q (w;z)(t) =

in which

1(Gw (t);z(t) No(t); (V)

XK Zt(t S)+ 1
i 0o (™
X Zipa st
™

N1(t) = Li(s;w(s);z(s)) ds

"i(s;w(s);z(9)) ds;

QG (w;z)(t)= 2(tbw(t);z(t)) N2(t);  (8)

in which
XK Zt + 1
No(t) = ) (t(f; i(s;w(s);z(s)) ds
i=1
)4< Zl + 1
) [t(l(j)] i (s;w(s);z(s)) ds :
i=1

Now, we prove the existence of solutions of the
fractional hybrid system (@ by applying Leray-
Schauder nonlinear alternative [39].

Lemma 6. (Leray-Schauder alternative). Let
F : E! E be a completely continuous opera-

tor (i.e.,a map that restricted to any bounded set
in E is compact). Let

(F)=fu2E:u= F (u) forsomeO< < 1g:

Then either the set(F) is unbounded, orF has
at least one xed point.

Theorem 1. Assume that hypotheses{Hj)j =23
are satis ed. Furthermore, assume that

X i, 2 0 < 1
o GFD Gy 2

and
oo A0 1
(++1) (++1) 2

Then the system ) has at least one solution on
[0; 1].

Proof. Inthe rst step, we show that the opera-
tor O:W Z! W Zis completely continuous. By
continuity of the functions ;" i; i;j =1,2;i =
1;2;:::;k, it follows that the operator Ois contin-
uous.

Let W Z be bounded. Then we can nd
positive constants Aj; Bj;i =1;2;:::;k such that

AiJmi(bw(t);z(1)] B
: Then for any (w;z) 2 we

i (Gw (t) ;z (1))
for all (w;z) 2
have

kQ (w; z) k

R
1

) ., o
t+ 1)4<Zl
(+)

2 1A |
(++1)

s)t it i(s;w(s);z(s))jds

(t

@ 9" ' i(s;w(s);z(s))jds
i=1

X«

i=1
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which yields
. 2 1A, .
kQ (w; z)k ~ ﬁ < +1: 9)
Also,
. 2 2B .
kQ (w; 2)k ﬁ <+1: (20)

i=1
Hence, by [9) and [10), we deduce that the oper-
ator Ois uniformly bounded.

Next, we show that Ois equicontinuous. For all

0 ty<t; 1; we have
Q (w;z)(t1)  Q(w;2)(t2)
Xk A
1A + + +
L ey (TR
+t7 Pt (11)
and
1@ (w;2)(t1)  Q(w; Z)(t2)]
XK g, N [
2Di + + +
L Gy @G
+jt; Yo Y (12)

From (L) and (12), kO(w; 2) (t1)  O(w;z) (t2)kyy 7
I 0 asty ! ti1: Thus, by using the Arzela-
Ascoli theorem one can conclude that the opera-
tor O:W Z! W Zis completely continuous.

Finall)é, it will be veri ed that the set
= (w;2) 2 W Z(w;z)= O(w;2);0 1

is bounded. Let (w;z) 2
t 2 [0; 1]; we can write

w(t)= O(w;2)(t) and z(t) = Q(w;z)(t):
Then, we have

o

. Then, for each

jw (t)] 1jN1(D)j;
and
iz (1) 2jN2(t)j:
From (H3), we obtain
. . 2 . . . .
WOI 5y (ot 1w+ 2i2(0));
and
. . 2 . . . .
2O 5 (ot 1w+ 2i2(0D):
Hence, we have
kaK 21w kwkt ! kzk):
W W( i i kw i kzk) ;

i=1
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and
Xk 2,
kzk G O+ Opwk + 1 %kzk ;
i=1
which imply that
kwk + kzk
X2, X 2,
| I
1 (++1) - (++1) |
X 2. +)<K 22 0 gk
| I
i1 (++1) -1 (++1) |
2 1 2 2 0
kzk:
| |
1 (++1) 1 (++1)
Consequently,
hx«
. 1 2 1
k(W,Z)kWZ 6 i=1 (++1) i
X 2 5 OI
++1) '’

for all t 2 [0; 1]; where G = min fd3; d>g; in wr}ich

Xk Xk

BN ) RN O )
and |

Xk Xk '
d=1 igﬁ. L!O

- (++1) :1 (++1)

This shows that the set is bounded. Hence all
the conditions of Lemmal6 are satis ed and conse-
qguently the operator Ohas at least one xed point,
which corresponds to a solution of the system[(L).
This completes the proof.

In the next result, we establish the existence of
unigueness solutions to the fractional hybrid sys-
tem by using Banach's xed point theorem.

Theorem 2. Assume that(H;) hold and that

j=1;2
oo 1
| < :12 k
_l (++1) 4 1!' 1 b 1 H
v (13)
#i 1 .
< = ke
(++1) 4 2!' 112! 1k

i=1

Then the problem has a unique solution on
[0; 1].

Proof. Dene supyq) i (0,0 = i < 1
and sup(z[o;l]j i(0,0j=r;<1;i=1;2:3k
such that maxf} 1;} 29 ;i=1;2::k; where
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n # l
e X 101 X 1
1 (++1) 4 1 (++1)
and
m # 1
b, = X ori 1 X o
5= <! = _em
- (++1) 4 1 (++1)
Firstly, we show that OB B, where B =

(W;z) 2 W Z:k(w;z2)kyy, 7
Bandt 2 [0;1]; we have

: For all (w;2z) 2

i (bw(t);z (1))
jritw(t);z(1)
i (w@®i+jzMpD+
i kK(w; z)k+ it o0

“i(60;0)+ i (t0;0)
i (kwk + kzk) +
i=1:2;:0k:

Similarly, we have

jiw(t);z ()]

i iw®);z@®) i (t0;0)+] i(t0;0)
#Ow@®j+jz@)p)+ ri  #(kwk+ kzk) + 1 j
#ik(w;2)k+r; #+r;i=1:200k

Using (3), we can write

jO(w;z)(1)j 1 sup Na(t)
t2[0;1]
ik=121i !(=121ri.
(++1) ++1)
which implies that
kQ(w; 2)k

X 1 X 1

- (++1) (++1)

Z:

Also, by (B), we have

kG (w; z) k
X 2Hi X 2l i
o1 (++1) (++1)
Z:

From the de nition of k ky z; we have

kO (w; z) kw z
X 1 1#i
(++1) (++1)
X 2 i 2l
(++1) (++1)
E;
which implies that OB B: Next, for

(wy;z1) ;(wo;Z2) 2 B and for eacht 2 [0;1], we
have

Q(wy;z1)(t)  O(wz; z2)(1)

X L gt

su ———( s)ds
1t2[O;F?L] iy 0o (™ 9
XK 1 1 S)+ 1
+t7 1 = = ds :
e ® 2(s)ds

where

Li(siwa(8);22(9)];
Li(siwa(8);2z2(9)]:

2(8) = j i (s;wi(s);z1(s))
2(8) = j i (s;wi(s);z1(9))

From (H1); we can write

KO (w1;21) O (wp;z2)k

2 1

R

Wo;Z1 Zo)ky z:

i=1

Similarly, we obtain

K (w1;21) Q@ (wz;z2) k

X o

wrp K

Wo;Z1  Zo)ky z:

i=1

Consequently, we obtain

kO(wi;z1)  O(wz; z2) kw z
= kQ (w1;21) QO (wp;z2)k
+ kG (w1;z1) Q@ (wg;22)k

X 2 1 2 o#
(++1) (++1)

i=1

(Wi wa;zg

22) W Z:

Thanks to ([L3), we conclude that Ois a contrac-
tion mapping. Hence, by the Banach xed point
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theorem, there exists a unique xed point which
is a solution of system Q) This completes the
proof.

4. Stability in Ulam-Hyers-Rassias
sense

In the following section, we consider the Ulam's
type stability of the fractional hybrid system (L)
For t 2 [0; 1]; we give the following inequalities:

wy (t)
1 (t wy (t) ;21 (1))

dy;
(14)

i (wy (t);2z1(1))

i=1
73 (t)
2 (twy (t) ;21 (1))
XK

RD D

i(bwa(t);za(t))  do
i=1

a
w (t)

R C
DD w0 0)

i (wy (t);z1(1)

73 (1)
2 (twy (1) ;21 (1))

diu (t) ;

(15)
RD D

%
-
I

i(Gwi(t);z1(t))  dau(t);

where d;;j = 1;2 are positive reals numbers and
u:[0;1]! R*;is continuous function.

De nition 4. [40] System (1) is Ulam-Hyers
stable if there exists a real number . ., =
(s ) > 0/i =1;2::5k such that for each
d = max(di;d2) > 0 and for each solution
(w1;z1) 2 W Z of the inequality (14) there ex-
ists a solution (w;z) 2 W Z of the system [1)

with

jwe (1) wi(t);z1(t)
fort2[0;1];1=1;2 ;k:
De nition 5. [40] System [1) is Ulam-Hyers-
Rassias stable with respect tau 2 C ([0;1]; R) if
there exists a real numbe& ;. .y = (&;:.u; &) >
0 such that for eachd = max(ds;dz) > 0 and for
each solution (wy;z1) 2 W Z of the inequality
there exists a solution(w;z) 2 W Z of the
system [1) with

jwa(t)  w(t);za(t)

fort2[0;1];1=1;2; ;k:

z()i 4

z(O)i & udu(t);
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Theorem 3. Assume that(H;),_, ., hold. If

(16)
1.
2

then the problem @) is Ulam-Hyers stable.

Proof. Let (wj;2z1) 2 W Z be a solution of the
inequality (L4) and let (w;z) 2 W Zbe the unique
solution of the system

8
RL~ C w (t)
R TORA0)
X
= liew(t);z();
i=1
Ry Op z(t)

2(tw (t);z(1)
Xk
= i(Gw (t);z(1));

i=1
w(0) = w1 (0);w (1) = wi(1);
" z(0)= 2z(0);z(1) = z1.(1):

By Lemmal5, we have

w(t)= 1(tw(t);z(1) 1 g (1)
i=1
+ a2+§) + 1+a2
and
z(t)= 2(tw(t);z(t) | hf (t)
i=1
b1() .
R
such that
g'(M)="iwt);zt);i=1;2 ik
h7 ()= (tw(t);z(t);i=1;2 ;k

Integrating (L4), we obtain

X
1(tw(t); z(t)) I

wy (t) g (1)
i=1
as O +
C I
dit* d; _
(++1) (++1)
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and
Xk
z1(t)  2(tw(t);z(t) 1" h{ ()
i=1
N b;()) ¢ lep
dot* do
++1) (++1)
From (Hj)j=1:2; we have
jwi (t)  wi(t)]
wi(t)  a(Gw(t);z()  17g ()
i=1
as () +
EROR
Xk
Hioaw iz 1T ig" M) gt ()i
i=1
dh X + W1 A
W"‘izl gt () gt ()
this implies that
jwi(t)  wi(t)]
d X i ) .
(++11) + B 7(+i1) jwy (t)  w(t)j
o
+jzi () z(b)j :
Similarly, we get
jze () z(t)]
Xk .
Gen ey M W)
[
+jzi () z(b)j :
Thus,
Jwa(t);za(t))  (w(t);z(1)) ]
1 1
+
G+ D) g
min f X, %g B
where
_ 1 X P
BT L e
1 #
Xo =

o (D)

Hence the system|[(lL) is Ulam-Hyers stable.

Theorem 4. Assume that (H;j),, , and )
hold. Suppose there exist 1, > 0; , > 0 such
that

[ *u(t) wu(t); 1 u(t) auu(t);t 2 [0; 1];

(17)

whereu 2 C(]0;1];R+) is nondecreasing. Then
the system 1) is Ulam-Hyers-Rassias stable.

Proof. Let(wsi;2z1) 2 W Zis a solution of the in-
equality ( and let us assume that v;z) 2 W Z
is a solution of system Q). Thus, we have

w(t)= 1(tw(t);z(t) g (1)
i=1
+ a2+§) t+ 1+ a
z(t)= 2(tw(t);z(1)) 1" hf (1)
i=1
() .+ .
O
From inequality (IL5), we have
Xk
wi(t) 2 (tw(t);z(1) 17 g (1)
i=1
+ a?+§) t* 14 as d1I+u(t);
and
Xk
z1(t)  2(tw(t);z(1) I h{ (1)
i=1
+ bz+()) tt T+ by dol * u(t):

Now, using (H;)j=1;2 and (17), we get

wi(t) w)]
dowl®+ g wa ) W)
i=1
i)z
and
iz 2]
o 2u®)+ () W)
i=1
iz z)):
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dg
Consequently, RUGY Ol w (t)
1(tw (t);z(1))
j(wa(t);za(t))  (w(t);z(1))] W du(t) x
Jwt: 1 ’ L minfl 129 | 20 Citw(t);z(t)  dwu(t);
= &, udu(t);
where R O z(t)
« 2(tw (t);z(1))
| =1 1 . XZ
1 O Htw(1);z(1)  du();
and
XK H where
l2=1 —— cos (2w ) izj
) ++1 ! W =
i D) 1(tw;2) 60 30(1+jz)
Hence the system ) is stable in Ulam-Hyers- +arctan t2+2t+1 ;
Rassias sense. L (twiz) = W N In(1+t)
2 ’ ’ - |34 - .
. 32 +37 )@+ jwj) 3
5. Application ) sin 7 o
To illustrate our main results, we treat the follow- 16(52+2(1+3" 1))’
ing example. oo cos+ 2) . 1+ 2gl+t '
Example 1. Consider the following fractional 1(Ew;2) = 19(In(@+t)+2" ) 2
hybrid system: iwj tan 1z
2(tw;z) = 5 —
8 " #it 3(t +3)°(1+ jwj) 27
Rips Cpe w(t) +sinh 1+ 13¢"
smw(t)+1 +1+ l%e t2 cosz (t)
COS(ZW (t)) iz(V)] +arctan t2+2t+1 and 1 1 2
T30+ iz ) 1(bw;z)= Z(sinw+1)+1+ —e ' cosz;
Jw (D) . sifz(t) g 13
T RE st ) W) 16EF2@+3" ) 2 (tw;z) = Stcosw + ;
,n@+ t) 7 7+z
23 5’ 33 For (wi;zj) 2 R%i=1;2andt 2 [0;1]; we have
IMaltwyz) T a(twaizo)]
RLps §pt 2
i Stcosw (1) + - w weitin z);
7+z(1) 30 ’
cos w (t) + Z(t,)) + 1+2et J' 2(t'W1;21) "a(twaizo)]
19(In(1+t)+2 ) 2
]W(t)j L tan tz() rsinh 14136 - m (wi  woj+jz1  z3));
"33 7@ wo 21 ' w7 i
" w(0)= w(1)=0; z(0)= z(1) =0 F2(twyzr) - 2 (w2 22)]
(19) P (Wi i+ iz 7))
and the following inequalities 3
8RLDé - w (t) Ja(twazr)  2(twa;zo) ]
. . 1 . . .
1(tw(t);z(1)) (w1 Woj+jz1 z9));
3@ 27
LiEw(D);zZ() i and 4
i=1 j 1(tw;2z)j j 2(tbw;2)] =
jatwiz)i o jo2(twiz)i
RIS CpS z(1) 1 1
(G ()2 (1) Sowe take 1S w2 S @ MS
2 WT); #2:%; 1=@and 2= 3.

i(tw(t);z(t) do
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Hence, we obtain

x 1 -4:9722 10 2< i=o:10385
_, (++D) 4 1

and

X ou

1
M =1:4019 10 2< — =0:10714
L @D 4

By Theorem[1, we conclude that the systent (18)
has a unique solution. And from Theorem[ B we
deduce that [18) is Ulam-Hyers stable with

Jwz (1) 5z2(t))  (wa(t);za(t))] 0:36568;
for t 2 [0:1]; d > O: Let u(t) = t=; then

ulls

| 5% 5ug(t) = | 5% 5¢

|

= = qu(t);

and

oln

| 8% dup(t) = 1873t

|

j_'_ 31 = 2Uu (t)

Thus, the condltlopng of Theorem [4 is satis-
ed with u(t) = t2 and ;, =0:28901 ,, =
0:252 74 Hence from Theorem[4, the system[(18)
is Ulam-Hyers-Rassias stable with

jwa(t);za(t)) (w(t);z(t))j 0:948 ozutpTg;
fort 2 [0;1]; d> O

Remark 1. One can easily gure out that prob-
lem is not commented by any of the relevant
existing results in the literature.
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This new research aims to extend the topic of the enlarged controllability of a
fractional output linear system. Thus, we characterize the optimal control by
two methods, ensuring that the Riemann-Liouville fractional derivative of the
nal state of the considered system lies between two given functions on a sub-
region of the evolution domain. Firstly, we transform the considered problem
into the saddle point using the Lagrangian multiplier approach. Then, in the
second one, we provide the technique of the subdi erential, which allows us to
present the cost-explicit formula of the minimum energy control. Moreover,
we construct an algorithm of Uzawa type to illustrate the theoretical results
obtained through numerical simulations.

1. Introduction

The concept of fractional calculus has attracted
increasing attention from many researchers, and
it was introduced in the 19th century by Riemann,
Liouville, and Letnikov. Their objective was to
extend classic di erentiation and integration us-
ing non-integer orders, they have been used in
mechanics since the 1930s and later in electro-
chemistry in the 1960s (see| [1]). In addition, the
integer derivative of a function ' at a point Xg re-
mains a local property. However, the fractional-
order di erentiation of a function ' at xo depends
on all values of' , including those that are not in
the neighborhood ofxg:

The regional controllability is a crucial and mod-
ern topic in advancing control theory and engi-
neering. It is a qualitative property of controlled
systems and has an exceptional property in con-
trol theory. The last notion is the basis of a
mathematical description of a dynamical system,
which is also related to the realization theory of
quadratic optimality in linear time-invariant con-
trolled systems.

*Corresponding Author

The problem of regional controllability involves
determining whether it is possible to nd a con-
trol that can bring the state of a system from its
initial state to the desired state exclusively within
a subregion! at a nite moment. The concept
of regional controllability for distributed systems
was introduced in the 1990s by Professors El Jai
and Zerrik (see [2{4]), in which it was possible
to study the idea only on a subregion! of the
domain

This topic has admitted many applications and
has led to crucial results such as the possibility
of reaching a state of the system only on an in-
ternal subregion! of or on a subregion of the
boundary @ of (see [5],/ [6]). Also, the prob-
lem of driving a system to a state between two
known functions is well detailed in [7]. Further-
more, in |8], they have investigated and developed
the problem of the regional controllability of the
gradient state. This problem involves directing
the state gradient of the considered system to-
wards a speci ed function that is only de ned in
the domain subset! . Furthermore, authors
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have examined a problem of regional gradient con-
trollability, which is emphasized by concentrating
on a control that would realize a given nal gradi-
ent on! with minimum energy (see [9]). Finally,
in [10], the authors have proved the fractional con-
trollability of linear hyperbolic systems by using
an extension of HUM.

As the optimal linear Iter and estimator,
the Kalman Filter design for linear in nite-

dimensional systems has been widely employed a boundary @. For

for state estimation and prediction in the realm

237

approach, which allows us to determine the ex-
plicit formula of optimal control. Finally, the the-
oretical results achieved are illustrated through
numerical simulations by applying an algorithm
to the one-dimensional di usion equation.

2. Problem statement

Let be an open bounded subset of R" with
T > 0 we denoteQ =

10; T[:

of lumped parameter systems (see [11]). Besides Let's consider the linear system with internal con-

that, fractional derivatives have been applied to
the modelling of combustion processes, 0 ering
unique insights into the dynamics and features
of these systems. They allow us to characterize
processes that involve under- or superdi usion,
where the di usion rate does not follow the classi-
cal di usion equations. Our problematic is about
studying the regional controllability of the frac-
tional state of the considered system. In particu-
lar,if I = and = 0; we obtain global enlarged
controllability over the evolution domain. On the
other hand, we achieve enlarged regional control-
lability of the system's state gradient with =1
in all parts of I within : Hence, we show that the
obtained control allows us to generalize the latter
cases using the concept of the fractional derivative
of order 2 [0; 1]: In order to solve this problem,
we employ the approaches of subdi erential and
Lagrangian to determine the optimal control that
steers the fractional derivative of an output of the
considered system between two known functions
on subregion! in the interior of as shown in
the following gure: (e.g. see Figure@r).

Figure 1. The goal of this research.

The structure of this research is as follows. Sec-
tion P]is devoted to recalling some de nitions and
the statement of the considered problem. In Sec-

tion B] we use two procedures, one based on sub-

di erential tools and the other on the Lagrangian

1‘8rol described by:

g?x;t) = Az(x;t) + Bu(t) Q
3 z(;t)=0 @ 10T[
z(x; 0) = zo(x)
1)

where A generates aCg-semigroup S(t), t 0
in H}() and B 2 L(RPH3(), u 2 U =
L2(0; T;RP) and z5 2 HE().

The problem @) admits a unique solution z, (%)
such that z,(T) 2 H3() and given by the varia-
tion of constants formuéa (see|[12], page 106)

t

S(t
0

Zy(t) = S(t)zg + r)Bu(r)dr:

The operator of controllability Lt is de ned by:
Lr:U ' HE)
Z 1
S(T
0

u 7! t)Bu (t)dt

and its adjoint L;z=B S (T :)z.

Let RLD, HY) ' L?() the frac-
tional Riemann-Liouville operator of order and
(R D,) its adjoint (see [13]).

Consider ! as a subregion of Let | :
L2() ! L?(') be the restriction operator to ! .
The adjoint operator of | is denoted by , and
is given by

z(x); x21
z)(x) =
(12 0; otherwise.
Denition 1.  (see [1] and [14]) Let<( ) > O
and : [a;b! R be continuous and integrable.
For x > a, we call
1 * 1 :
la )= — (x 1) (Hdt: (2
() a
the Riemann-Liouville fractional integral of  of
order
De nition 2.  (see [1] and [14]) Let such that

0 < 1L
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The fractional derivative of Riemann-Liouville of

order of a function is given by:
RLp, (0= S1b ()
dx 7
1 d X
=T )X . x t) (t)dt:
(3)

Let f; g 2 L?(!) with f(2)
all the following we set:

g:)aein!. In

RbD,z2 L2(!) =
[f(; 9] =
f () R-D,z  g(:) aze: on!
De nition 3. (General de nition of old one [3])

System G) is said to bdf (:); g(:)]-controllable on
I: if there existsu 2 U such that

f(2) RLD, 7, (T)

De nition 4.  (General de nition of old one [B])
We say that the actuator (D; h) is [f (}); g()]-
strategic on!; if the excited system ig[f (:); 9(:)]-
controllable on! .

g(:) aeont!:

3. Minimization problem

In this section, we exploit two methods to nd a
control with minimum energy that allows driving

the system (1) from z; to the fractional output

betweenf (:) and g(:) on !: Later, let's consider
the following mingamization problem:

< min }kukz
2 (4)
u 2 Uad
where the set of admissible controls is given by
u2U= )
Uag =
f() R:D,zy(T) 9() ace:on!

Proposition 1.  Problem (4) has a unique solu
tion if the system (1) is [f (:); 9(:)]-controllable on
I

Proof. By hypothesis, system @,) is T(); ai)-
controllable on !, then Uyq 6 ;. Moreover,

1 5. . :
u! ékuk is strictly convex and lower semi-

continuous in U: As result, it suces to verify
that Uyq is a closed convex set ob.

We can deduce the convexity ofU,q from the lin-
earity of the mapu! R D, zy(T).

Now, we show that Uyq is closed. Let Up)n in
Uag such that uy ! u strongly in U. Since that
RLD, Lt is continuous, then R-D,Ltup !
RLD,Ltu strongly in L?(!), we know that
RbD,zy, 2 [f(2); g(:)] which is closed, then
RLD, zy 2 [f (2); g(:)]. We deduce that u 2 Uug:

R. Larhrissi, M. Benoudi / IJOCTA, Vol.13, No.2, pp.236-243 (2023)

Consequently, U,q is closed.
Therefore, problem @) admits a unigue solu-
tion.

We will provide two methods to characterize the
optimal control solution of (@ in the later subsec-
tions.

3.1. First method: Subdi erential method

In this subsection, we provide an expression that
characterizes the solution to the problem [4) us-
ing the subdi erential approach.

Problem (4) is equivalent to solve the following
problem vgithout fractional constraints:

2 min kuk+ oy, (U)
2 (5)
>
T u2U
where, for a nonempty subsetF of U, we have
0 if u?2F
F(u) = _ (6)
+1 otherwise;
the indicator function of F.
Let
_ :U! 11 ; +1]; convex proper
(V)= . )
and lower semi  continuous on U
Let 2 (U),dom( )=fu2U= (u)<1g
and is the polar function of de ned by:
(v)= sup fhv; ui (ug 8v 2 U:
u2dom( )
De nition 5.  (see [15]) The set of subgradients

of atug?2 U is called the subdi erential of at
uUg. We denote it as follows:

@(UO): V(uz) Y=

The following result characterizes the solution to
the problem (5):

Proposition 2. Assume that system ) is
[f (); g(:)]-controllable on ! , then u? is the so-
lution of Equation (p) if and only if

U’ 2 Ugg U ( U) = k U’k

(up)+ v ; u uwi8u2U

and

(7)

Proof. By the properties of the subdi erential,
we deduce thatu? is a solution of (§) if and only
ifo2@ + u,)(u).

Therefore, (u) = %kuk2 2 (U), and Uy is
closed, convex not empty, then y, 2 ( U): In
addition, system @) is [f (:); g(:)]-controllable on
' and dom( )\ dom( u,) & ;. However, is
continuous, where

@ + yy)(U)= @U)+ @y, (uY):
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Consequently, u” is the solution of Equatlon . Theorem (see|[1/7], page 362), we obtain
|fandonly|f02@(u)+@Uad(u) o (u?)=
On the other hand, we know that is Freshet- ad_ E) AL ) E
di erentiable, then @ (u?) = fr (u?)g = fu’g: 2|1‘nC];'1 ( ©-DyLt)Y uh O+@ ) )
We conclude that u? is the solution of (§) if and -9
only if u?2 @ u, (u?); one has from (7), we conclude that

U () U U+ % U (U U ( U7) =
: 2\ 2. ( RL N -
;0 g+ ()i () = mn U E iy gT;i 8 ,
0=y, (u?)+ ku’k?+ sup thu?; ui PA D ExET R
U2U o = k u’k?:
Uad (U)g:

Then, u? 2 Uy and Uad(u") + oy U) =
k u”k?: We know that U 2Uad, SO g (U)=0: 3.2 Second method: Lagrangian
Finally, we obtain that u? 2 U,q and Uyg € u?) = multiplier method

k u?k?.
()= f()  FD.S(T)zo and () =
g:) R-D,S(T)z, then

U= u2U= F'D,Lru2[ ();
As a result, we get the following:

We put
9]

Proposition 3. u?
() if and only if
( FEDeLT)Y (); U7
( F-DyL1)Y () u?
= ku’k?;

where the pseudo-inverse operator of R“ D, Lt is
given by (see|[16]):

( f'D,L1)

=( f"DyLt) ( R"DyL1)( f-DyLrt)

is the solution of Equation

min

(8)

1 -

We have

Uaa = ( FED, L)Y (0 () ()

Applying the proposition P] we get u’ which is

the solution of @ if and only if u? 2 Uy and
Uy (U7 Y= ku

In addition, for all u? 2 U, we have

Proof.

U ( U)=supfh u? Vi oy, (Vs
v2U
=suph u’;vi= inf ;v
Vv2U o V2U4q
= o inf hu?; vi
y ) G
v2( R DLyl (i (D E

= inf u?; ( R*DyL7)Yz
22| (-),D(-)] N E
— ; y 2. . .
inf (RO W O+ ) O
The mapping
L:[0;1] ! R
E
L()=  (FDiLr)Y v’ (O+@ ) ()

is convex and continuous, using the Krein-Milman

Problem (4) is equivalent to solve the coming
problem: 8

1
< in —k k2
min > u

()]
(U y)2Vv
where ( )
o (wy)2u [F(); 90)] =
BL DxZU(T) y:O

We de ne the assistant variabley 2 [f (:); g(:)] re-
lated to u by equation R-D,z,(T) y=0. We
transform problem @ into a saddle point prob-
lem using the Lagrange multiplier.

De nition 6.  (see [8]) We call the Lagrangian
associated with problem.) the functionL de ned

by: 8 (u; y; )2U [f(); 9] L2();
L(uy; )= %kuk2+ h; D, zy(T) yiLz(!):
De nition 7. (see [8]) We say that(u?; y?; ?)
is a saddle pomt ofL if
max L(u% y% )= L%y, )
2L2(1)

= min L(u; y; ?):

u2U; y2[f (2); 90l

Suppose that system [(1) is excited by a zone ac-
tuator (D; h). Then, we consider the problem [(4)
and can characterize its solution by the following
result:
Proposition 4. If the actuator is

(D; h)

~If(2); 9(:)]-strategic on!; then the solution of (4)
" is characterized by
u?= (DLr) 7 (10)
whither ? veri es
Gy, 7+y’=0
(11)

Y?= Py gt 7+ Y9)
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where P[f ); g - LZ() ! [f (:); g(:)] des-
ignates the projection operator, G
RbD,Lt PRDyLt andr> 0.

Proof. Suppose that the actuator (D; h) is

[f (:); 9()]-strategic on !; then Uy 6 ; and (4)

has a unique solution.

It's clear that U [f (:); 9(:)] is nonempty and

closed convex. Moreover, we know that the func-
tion !'L (u; y; ) is dierentiable, concave,

and upper semi-continuous. Likewise the func-
tion (u; y) 'L (u; y; )is dierentiable, convex

and lower semi-continuous.

We deduce that there exists o 2 L?(!) and

(uo; yo) 2 U [f(2); 9(:)] such that
li L(u; y; =+ 1; 12
o (CHR)) . (12
and
lim L(uor yor )= 1 (13)
As a result, L possesses a saddle point.
In the following, assume that (u?; y”; ?)is a

saddle point of L and prove that u? is a solution

of ().

Now, for all (u; y; )2 U [f(); g()] L2(');
we have

L’ y% ) L@hys ) Ly 7
The inequality one gives

h; FDyz(T) Y% h 7 FDyze(T) Y7
8 2L%();

means that RD,z,»(T) = y?: Consequently,

F-Dyzue(T) 2 [f (3); 9()]-
Using the second inequality, we obtain

%ku?k2+ h? RLD,zp(T) i
%kuk“ h? FDzu(T) i
8(u; y)2 U [f(2); 9()]:
Since RLD, zy2(T) = y?, we will have
;ku?kz %kuk2+ h? RD,zy(T) vi;
8(uy)2U [f(); g(]:
For R-D,zy(T) =y, we get%ku?k2 %kukz.

Therefore, u? is of minimum energy.
On the other hand, if (u?; y*; ?)is a saddle point
of L, then the following assumptions are satis ed:

tw” u u’i+h? R'DyLt(u u)i=0; 8u2U
(14)

? ?
h %y yi 0 8y2[f(); 9()] (15)
h > RiD,zp(T) y%i=0; 8 2L2():
(16)

Vol.13, No.2, pp.236-243 (2023)

From the equation (14) gives [10).

Then, using (16), we get R-D,L+t(u?) = y*
Hence, with (10,) we deduce[(1]).

Applying inequality (15), we get

hr ?+y?) yhy yi o 0 8y2[f(); 90
and r > 0, that is equivalent to
y' = P gen(r 7+ YY)

Corollary 1. If system @) is [f(2); 9()]-
controllable on!; then (y?; 7) is a unique so-
lution of system (11), wherer > 0 is suitably
chosen.

Proof. Assume that system [1) is f (:); 9(:)]-
controllable, implies that ( R-D,Lt) and G
are one to one. In addition, if (u?; y*; ?)is a
saddle point of L, we deduce then system[(1]1) is

equivalent to
?

G-ll y?

? ’. 2 ? (17)
Y7 = Py gp( 1G4ty + y7):

Therefore,y? is a xed point of

Ne o [FC); a0 v IR ()5 9()]

X 70 Py gen( 16/t X+ x);

since that the operator G, is coercive, which
means

9k 0 such that hG.,‘'x; xi kkxk*:
Hence,
kNp () Nr(y)k?

= kP (9: g TG 4t X+ X)
Pt : gon( 1G Ly + y)k?

= k( 1G /'x+x) ( 1G.ly+y)k?

= k( 1G,(x y)+(x YK

=] G (x ) 1G T (x )
2r G.h(x oy x oy Foyx i
(1+r%kG 'k 2rk)kx  yk?%

8x; y 2 [f(:); a()]:

If we choser < ———; we conclude thatN, is
G. k?

a contraction, which implies that y? and ? are

unique.

4. Applications and simulations

In this section, we solve the equations ) and
numerically and propose an Uzawa-type al-
gorithm to evaluate the e ectiveness of the La-
grangian method (see|[18], page 3).
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4.1. Algorithm

step 1. Initial data: , zone of action D, subre-
gion !, precision threshold" is su ciently small
and a fractional order

step 2: Initiate two functions (yo; 1) 2
[f () g L2 ):
step 3: (Yn 1; n) is known, we determine up
and y, by the equations
Z
Un(t) = e (™ " (x)dx
7 k=l D (18)
R Dy’ k(¥) n()dx
@(X)=
% f(x) ifr n(x)+ yn 1(x)  f(x)
r n(X)+ Yn 1(X)
iff(xX) rn(x)+yn 2(x) 9(x)
g(x) ifr n(X)+ yn 1(X) 9(x):
(19)
step 4: While ky,  yn 1k 2y >",
n+1 (X) = n(X)
)4 Z
+ kOdx REDL ()
1 b k ! x k (20)
Zt
e (T Yup(tydt  yn(x);
0

and return to step 3.

Where (' n)n2n iS @ complete basis of eigenfunc-
tions of A in H1() associated with the eigenval-
ues .

4.2. Simulations

This part aims to test the e ectiveness of the
Lagrangian approach through numerical simula-
tions.

Example 1:

Iéet =10 ; 1] and consider the ensuing system:

% ofux = g(t;xw Xou(®; 10 T[;
z(0;x)=0; X2 ;
§ z(t;0) = z(t;1) =0; t2]0; T[;
gé(t; 0)= g;(t; 1)=0; t21]0; T[;
(21)

taking T = 2 and the actuator is located at D:
Let f(x) = %xz(l x) and g(x) = 4x%(1  x3).

@

The operator Az = o

admits a complete set of
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eigenfunctions
P~ .
"n(X)= 2sin(nx)
and the associated eigenvalues, = n* 4. Ap-
plying the above Algorithm, the simulations give
the following results.

4.3. First case: ! =]0:3; 0:9]

. Zone of actionD =]0:4; 0:8[:

Figure 2. Control Function.

Figure 3. Final state between [ (:); g(3)]

Figure [2 displays the evolution of the control
function over [0; T = 2]: Figure [3 shows that
the fractional nal state with dierent values of
is betweenf (:) and g(:) on ! . Therefore, the
[f (:); g(?)]-controllability on ! is obtained with
transfer cost ku?k? = 0:258 kuik? = 0:164 and
2

5
ku? k? = 0:0912.
5

Example 2:
Iéet =10 ; 1] and consider the following system:
2 git;x) - g;(t;XH Xput); 10, TI;
E z(0;x)=0; X2 ;
z(t; 0) = z(t; 1) = 0; t21]0; T[;
(22)

taking T = 2 and the actuator is located at D:
Let f(x) = %xz(l x?) and g(x) = 4x(1  Xx).
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@z

The operator Az = @z

eigenfunctions
" a(x) = pésin(n X )

and the associated eigenvalues, = n? 2. The
simulations provide the following outcomes after
applying the aforesaid Algorithm.

admits a complete set of

4.4. Second case: ! =]0:25; 0:6]
. Zone of actionD =]0:1; 0:4]

Figure 4. Control function

Figure 5. Final state between [ (3); 9(:)]

Figure [4 displays the evolution of the control

function over [0; T = 2]: Figure [§ shows that

the fractional nal state for various values of

is betweenf (:) and g(:) on ! . Therefore, the

[f (:); 9(:)]-controllability on ! is obtained with

transfer cost kugk? = 0:0054 ku’ k? = 0:0183 and
2

ku%k? = 0:0038.
4
Remark 1.

1) The simulation results show the e ective-
ness of the proposed control approach in
achieving the desired goal of maintain-
ing the fractional state between two given
functions over the subregion. Overall,
Figures[Z and[4 provide a clear visual rep-
resentation of the simulation results of the
proposed control approach. The dierent

R. Larhrissi, M. Benoudi / IJOCTA, Vol.13, No.2, pp.236-243 (2023)

plots in Figures[3 and[% depict the behav-
ior of the system's fractional state with

varying values of the fractional order and

constraint.

2) The relationship study between the mono-
tonicity of the cost function and the order
of the fractional derivative is not obvi-
ous. However, the question still remains
open.

5. Conclusion

We studied the concept of regional controllability,
which realizes a situation in which the fractional
output of the system lies on between two known
functions in a subregion of the evolution domain.
Hence, we used two methods to characterize the
optimal control. Additionally, we explored the
numerical simulations to check the implementa-
tion of the theoretical part with di erent values

of and subregion! .
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ARTICLE INFO ABSTRACT

Article History: Academic achievement is very important, as it enables students to be well-

Received 1 February 2023 equipped for professional and social life and shapes their future. In the case of
Accepted 21 March 2023 a possible academic failure, students generally face many cognitive, social, psy-
Available 29 July 2023 chological, and behavioral problems. This problem experienced by the students
Keywords: has been addressed with the mathematical model in this study. This math-

ematical model will be handled with the help of the fractional operator, and

the existence, uniqueness, and positivity of the solutions to the model equation
system will be examined. In addition, local and global stability analyses of the
equilibrium points of the model are planned. Numerical simulations are per-
formed with di erent values of fractional orders and densities of randomness.

Academic achievement
Fractional di erential equation
Crossover behaviour
Numerical simulation

AMS C.ZIassi ca.tion 201.01 This study is very important in terms of its original and multidisciplinary ap-
26A33; 34A34; 35B44; 65M06 proach to a subject in the eld of social sciences.
1. Introduction both [2]. In addition to the grades deemed ap-

propriate by the teachers, the recently developed
Academic achievement is an almost compulsory standard achievement tests are also preferred as a
process that occurs as a result of social progress. criterion for measuring academic achievement [3].
Because the professions that emerge as a result of some criteria are taken into account when deter-
the division of labor require very broad and com-  mining whether a student is academically accom-
prehensive knowledge, as well as technical exper- plished. Some of these criteria are the general
tise and new perspectives, It has become a ne- goals and desired behaviors determined for the
cessity for individuals who want to have a job education level of the student, the overall suc-
and a profession to enroll in long and compre- cess of the student's class or group, all the topics
hensive education programs and succeed in teach- that need to be learned, norms of achievement
ing processes in order to acquire knowledge and geveloped at the country or local level, opinions
skills related to that profession. The concept of of teachers and relevant experts, the student's
success is expressed as reaching the desired regywn level of ability, the student's level of suc-
sult, reaching the intended goal, and achieving cess at entry to the education program, the stu-
the desired [1]. Academic achievement, on the gent's socioeconomic level, and current conditions
other hand, is de ned as the skills or the expres- gnd opportunities [4]. Another important aca-
sion of learned knowledge that are developed in gemic achievement criterion is grade point av-

the lessons taught at school and determined by erage (GPA). According to York, Gibson, and
grades appreciated by teachers, test scores, or

*Corresponding Author
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Rankin, GPA is one of the best indicators to re-
ect the academic achievement of students |[5].
The GPA is a summary of all the e ort put forth
by the student in a given time period. GPA is
not based on a single course but can be de ned
as the numerical expression of the achievements
obtained from di erent courses in which various
tasks are given. From this point of view, while
determining the main actors of this research, the
grade point averages of the students were taken
into account. The students were handled in three
di erent groups: those with achievement above
GPA, those with average achievement, and those
with below average achievement. With the help
of the mathematical model developed within the
scope of this research, it is aimed to determine the
main factors that play a role in determining the
academic achievement levels of students, to what
extent they are e ective, and to determine their
relations with each other, to determine the level of
academic failure in schools, and to obtain impor-
tant ndings about how to prevent failure. The
tendency of students toward academic achieve-
ment is not only related to the individual charac-
teristics of students but also to the fact that many
factors such as family and social-cultural environ-
ment play a role. Studies have shown that stu-

accomplishing it perfectly, overcoming obstacles,
doing better than others, resisting failure, and
striving to accomplish a task [14]. In this context,

it can be said that high motivation for academic
achievement will lead to high academic achieve-
ment. The social cognitive approach emphasizes
that motivation can change with the in uence of
the social environment. From this point of view,
success motivation is not a xed feature for the
student; it can be said that it varies in relation to
class, school, social environment, family, and the
context of the subject. The last factor related to
academic achievement is self-esteem. Rosenberg
conceptualized self-esteem as a positive or neg-
ative attitude towards the self, which is derived
from the sum of self-evaluation across di erent
domains [15]. When the literature is examined,
it is understood that there is a positive relation-
ship between self-esteem and academic achieve-
ment [16]. In this context, it can be said that
positive self-esteem will increase students' aca-
demic achievement. Another important factor af-
fecting the academic achievement of students is
family. In his meta-analysis study, Sarer deter-
mined the family-related factors a ecting the aca-
demic achievement of students as parents' atti-
tudes and behaviors, participation in education,

dents who achieve academically owe their successthe educational status of parents, and the so-

primarily to themselves, while family and school
are shown as auxiliary factors |[6]. In this con-
text, it can be said that all three factors are im-
portant in studies aimed at increasing academic
achievement. In the meta-analysis study con-
ducted by Sarer, self-e cacy perception, student
motivation, and self-esteem came to the fore as
factors related to academic achievement with stu-
dents [7]. Self-e cacy refers to an individual's
personal judgment of his or her ability to perform
in any eld [8]. An individual's self-e cacy belief

a ects whether he or she can successfully perform
a given job [9]. In this context, it can be said that
a positive self-e cacy belief motivates the indi-
vidual to be successful, encourages the unknown
and di cult tasks to be overcome, and encour-
ages them to make an e ort [10]. Studies have
shown that there is a highly signi cant relation-
ship between students' self-e cacy and academic
achievement [11], they revealed that self-e cacy
and motivation are important predictors of aca-
demic achievement|[12]. As students succeed in
the academic eld, their self-e cacy will increase,
and they will be more motivated for academic
achievement [13]. Another individual characteris-
tic that a ects the academic achievement of stu-
dents is motivation. Academic achievement moti-
vation can be de ned as doing an action skillfully,

cioeconomic level of the family [[Y]. The child is
born into a family environment. It should not
be overlooked that this environment has a signif-
icant impact on the child's social adaptation and
personality development, as well as on academic
achievement [17]. The family is the rst institu-
tion where the child starts school. The child forms
his/her perspective on education for the rst time
here [18]. If a home is a place where the child's
basic needs are met and he lives in peace and se-
curity, this positive atmosphere will contribute to
the child's self-con dence in school|[19]. In addi-
tion to a healthy and orderly family environment,
the parents' interest in and inclinations toward
the academic eld will positively a ect the child's
interest in academic activities and his or her de-
sire to achieve success. The education level of
the parents is another factor that shapes the aca-
demic achievement of the child. It is known that
as the education level of the parents increases,
the attitudes of the parents change positively [20],
which enables parents to act more consciously
about their children's educational lives. In ad-
dition, the socioeconomic level of the family is
shown as one of the most important factors af-
fecting the child's ability, interests, and attitude
toward education, and thus his success and har-
mony at school [21]. Studies have shown that as
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the socioeconomic status of the family increases,
students' success|[22] and their motivation may
increase ([23]. The last important factor that
a ects the academic achievement of students is
school. In his meta-analysis study, Sarer found
some school-related factors that are determinants
of academic achievement: school culture, teacher
behavior, and the leadership of the school princi-
pal [7]. Students spend most of their daily lives
at school. For this reason, it is inevitable that the
structure of the school and the attitudes of teach-
ers will have signi cant e ects on students' behav-
ior and academic achievement [17]. The existence
of a positive school climate not only facilitates
students' academic achievement and learning but
also contributes to their healthy social and emo-
tional development [24]. The dominant culture
in a school has an impact on the behavior of ev-
eryone working in that school and on students. A
collaborative or positive school culture causes stu-
dents to be more committed to the school's goals,
and as a result, academic achievement rises. Oth-

erwise, academic achievement is expected to be

low [25]. On the other hand, it was found that
the supportive behaviors of the teachers increased
the success of the students. It is known that chil-

P. Yaprakdal Uzun, K. Uzun, I. Koca / IJOCTA, Vol.13, No.2, pp.244-258 (2023)

concept for social sciences and students, has not
yet been developed and that the limited num-
ber of studies [34] are still at the initial level.
Based on this de ciency in the literature, our
study aimed to develop a realistic mathematical
model for academic achievement. The idea seems
e cient if we model problems with crossover be-
haviors. Because of this, in this paper, we aim to
modify a metapopulation model with the concept
of stochastic situations.

2. Preliminaries

In this section, we give some important de nitions
of non-integer fractional derivatives and their use-
ful properties [35{37].

De nition 1.  The Gamma function ( x) is de-
ned by the integral expression given as
z
(x)= e 't* ldt 1)

0
which converges in the right half of the complex
plane Re(x) > O.

De nition 2. Riemann-Liouville de nition of

dren who perceive the school environment as safe fractional order di er-integral:

and supportive have higher school success [26]. In

addition to the observations and inspections he

makes, the decisions he makes, and the high ex-

pectations he creates for teaching, the school prin-
cipal can signi cantly a ect the academic achieve-
ment of the students with his leadership behav-

iors, such as providing the necessary resources

for quality education, evaluating and developing
teachers, and leading the formation of a learning-
centered school climate|[2]7]. It can be seen that
all these variables, which are e ective on the aca-
demic achievement of the students, interact with
each other and determine which group the stu-
dent will be in in terms of academic achievement.
Because of the interaction between the variables,
academic achievement in this study was handled
with the mathematical model developed through
the metapopulation model. Mathematical models
can be helpful in explaining a system, examining
the e ects of di erent components, and predict-
ing behavior. Mathematical models can be used
in the social sciences (economics, psychology,
ciology, political science, etc.) as well as the nat-

ural sciences (physics, biology, earth science, me-

teorology, etc.) and engineering disciplines (com-
puter science, arti cial intelligence, etc.) [28{33].
In the literature review, it was understood that a
comprehensive mathematical model for academic
achievement, which is an extremely important

SO-

R
D f )= g ¢ )" f()d;
a
(2)
where
n 1< 6nn2N (©))

and 2 R (R is the set of real numbers) is a frac-
tional order of the di er-integral of the function

f ().

De nition 3.  Caputo's de nition of fractional
order di er-integral:
z
1 fh()
c - .
D, f (t)= d, 4
a -t ( ) ( n) ) (t ) +1 n ( )
wheren 1< 6 n;n2 N, 2R is a fractional

order of the di er-integral of the function f (t).

De nition 4. Let f be continuous not neces-
sary di erentiable in [t; T]. Thus, the piecewise
Riemann-Liouville derivative is presented as

RO
RLD, f (t);

>
ta

if 0 t
if tg t

t
BRL Dy 1 1 ©®
where§R-D, presents classical derivative orD

t t1 and Riemann-Liouville fractional deriva-

tveont; t T
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De nition 5. Let f be continuous and > 0
then a piecewise integral off is given as

( R
f()d;
PPLth(t): . RO
. ® )

t1

ifo t g

¥(yd; ifty t T

(6)
where PPLJ, f (t) presents classical integral on

0 t t1 and the integral with power-law ker-
nelont; t T:

3. Model derivation

In this paper, we considered and studied an aca-
demic achievement model with given standard in-
cidence with takes the following form [34]:

dP
9 PK P + I
—dK = PK K 1 ) K; @)
dt
dl
—= (1 K + )I;
= @ OK ()
where P; K; | denotes the numbers of students

with above average achievement (aac) at any time
t, students with average achievement (ac), stu-
dents with below-average achievement (bac) and
N = P+ K + | is the number of total population
of individuals.

P (to) = Po; K (to) = Ko and I (tg) = lo. (8)

The parameter denotes the rate of students ex-
posed to negative teacher attitudes; denotes
rate of students with academic motivation; is
rate of students with high self-e cacy, denotes
the rate of students with low self-esteem and
denotes the rate of students with positive family
attitudes. The parameters involved in the system
(7) are all positive constans.

Fractional calculus, which means fractional
derivatives and fractional integrals is of increas-
ing interest among researchers. It is known that
fractional operators describe the system behavior
more accurately and e ciently than integer-order
derivatives. Because of the great advantage of
memory properties, let us modify the above sys-
tem by replacing the integer-order time derivative
by the Caputo fractional derivative below:
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GD(P (1) = PK P + I
§DK(M)= PK K (1 )HK (9
sD ()= (1 HK (+ )
with the initial conditions
P (to) = Po; K (to) = Ko and | (to) = |0. (10)

3.1. Positiveness and boundness of
solutions

In this section, to show the positivity of the solu-
tions of system for8t > 0, we de ne the norm

kfk, = sup jf (1)j:
t2[0;T]
Let us write the system and start with the second
equation

(11)

dF(;,Et) = PMOK(@) P @+ I (t);8t>0;
(K (+ )P(D:8t>0
sup jK (t)j+ P (t);8t> 0
t2[0;T]
(12)

( kkk, + )P (1);8t> O
Then this provides that

P(t) Poe ( KKki+ )t-gt s
Secondly for the function| (t), we obtain

(13)

TO- @ ko (+ nweso
(14)
(+ )I();8t>0:
So this provides that
I(t) loe (*)h8t> 0 (15)

Finally we assume that P (t) K (t) are nonnega-
tive then for the function K (t), we obtain

det(t) =P (H)K(@®) K (@) (@ )K():8t>0;
(+ @ )H)HK(@);8t>0:
This provides that
K(t) Kee (* @ Ntgt>0  (16)

Now let us check for the following total population
size is given by
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from the last equality
NAD) = PO+ K1)+ 17(1) % 4 )
= P @K@ P )+ I (1) | = (23)
+ P (K@) K@ @ )HK(@® (+ ) 75+1
(17) So we have success equilibrium pointE =
+ (1 K@) (+ )I() (P :K ;1 ) given as:
= (P(t) + K(t) + 1 (1)) |
= N (1) Eo. . (). Zea _
Integrating over [0;t] then we get, @) ) g1
(24)
N@)=1 e!+N(@Qe!; (18) and success free equilibrium point EO =
0.k 0.10 —(1-( -
lim N(t)=1: PY, K" I =(1;0;0) given as
ti1 . . . P K P +1 =0;
So the model has the following feasible region P K K 1 )K =0; (25)
3 @ )k (+ ) =0;
= P@;K@;IM2R: :N@® 1 : (19
3.2. Equilibrium points of system K =0andl =0:
In this subsection, we nd equilibrium points by P =0;
solving the equations obtained by equating time _p - (26)
derivatives in the system to zero. - '
P =1
POty=" P (K () P ()+ I ()=0;
KOty= P ()K () K (1) (1 )K@)=o0; 3.3 Reproductive number for model
1°)= @ HK(@®) ( + )l(=o0: Here we will discuss the reproductive number of

Then we write

the academic achievement model by considering
the next generation matrix method. Remember-
ing the system;

P K P +1 =0; dP(t)
P K K (1 )K =0; (20) e POK(@® PO+ 1 (1);
(oK O b =0 Th=p ko ko a e
From the last equality, we get dl (1)
o= @ KM ()1
@ K =(C+ )l (21) (27)
K = ( + ) | and divide the system into two parts.
@a ) We call f with the nonlinear part of system and
and from the second equality we get V is called with linear part of system as below:
2 PO 3
PK=K + (1 )K; (22) 4 KOS5 =1 v: (28)
oot @ ) 1°

So we have the following matrices

If we put them in the rst equation we will get

following

(+ )l

P OK M) 2 £ P 1)
f=4 P@MK(@® 5, v=4 K @+ @ )HK(@® 5;
(K + )P +1 =0; ° @ KO+ )I((gg)
(+) + 1 )

I+ — 7 4+ =o0;

2y @1 ) From the above matrices, we will obtain F and V

a oyt * 1 =0 which are partial derivatives of f and V.
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2 3 2
K P 0 0
F=4 K P 05,v=40 + @2 ) o0 5
0 0 o0 0 @a ) +
(30)
and
2 ; 3 2 2 ((1 )) ( ) 2 3
+ + 1 + 1 +
vi=f8o 4 o £.
0 ) 1
o @ @) +
2 3 (31)
0 0
F(E))=40 05; (32)
0O 0 O
2 0 0 3
+ 1)
FV Y(E)=80 ¢ 05 (33
0 0 0
where ; are obtained from
FVv ' | =o0: (35)

So we have the following reproductive number
which is important for us while deciding the anal-
ysis

Ro = (36)

3.4. Strength number

The concept of strength number @A) has been
suggested and will be used in this section [38].
The component Fp is obtained with deriving the
nonlinear part of the model classes. In our model
there are two nonlinear classes given by

PO- pokm P+
(37)
Th=pPpokn ko a o
Again here we use nonlinear parts for% and
% classes
TPO- pokw: @9
dK (1) _ :
e P (t)K (t):
Then
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@ _ .
QP K (t); (39)
@ _ .
oK P (1);
and
@ _ ..
@B 0; (40)
@ _ .
W - 0 .
In this case, we can have the following
0
Fa= | (41)
Then
det(FaV 1 1)=0; (42)
leads to
Ag=0: (43)

Ao = 0 means there is no strength. Also, there
are more conclusions when strength is zero. Stu-
dents will get motivation for having good marks
and expecting a good future, therefore, the num-
ber of incompetent students.

4. Stability analysis of equilibrium
points

In this section, a detailed analysis of equilibrium
points is presented. To do this we search for local
and global stability.

4.1. Local stability analysis

There exist two equilibrium points of the model
that are found by solving the equations obtained
by equating time derivatives in the system to
zero.Then we haveE? = (1;0;0) and E =
(P ;K ;1).

Theorem 1. The academic achievement free
equilibrium point E® of system is locally asym-
totically stable if and only if Rg < 1.

Proof. Let us consider the right sides of equa-
tions by solving functions F; : 1 i 3.

Fi(t P () =
Fa(t K (1) =
Fa(t1 (1) =

POK® PO+ 1 (1);
POK®M K (@® @ )K@O;

@ H)K@® (+ )IM®:
(44)

The Jacobian matrix of the system is given by
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J=4 @z @ @k 5 45
g & & )
2 @P @K @I 3
K P
=4 K P T ) 0 3
0 @ ) ( +)
atE%=(1;0,0);
2 3
J=4 K P ) 0 S
0 @ ) (+)
(46)

If we solve the associated characteristic equation

we will get the following eigenvalues;
The academic achievement free equilibrium point
is asymptotically stable if all of the eigenvalues
1, 2, 30fJ EO satisfy the condition
jarg ij >

—:1=1;2;3: 47
2!' ) &y ( )

These eigenvalues can be determined by solving

the characteristic equation det J E° I =0
which leads to the following equation;
det J EO |
= K @ ) 0
0 @ ) (+)

(48)
=( )( a ) K c+) )
1=, 2= 1 )and 3= ( + ):

(49)

Here 1; 3 are negative. For , following must
be satis ed;

(50)

o+ @)
So the proof is completed.

Theorem 2. The academic achievement equilib-
rium point E = (P ;K ;1 ) of system is locally
asymptotic stable if and only ifRg > 1.

Proof. The Jacobian matrix J (P ;K ;1 ) for
the system given in (7) is.
2 K P 3
J=4 K P 1 ) 0 5:

0 a ) (+)
We now discuss the asymptotics stability of the
E = (P ;K ;I ) equilibrium the system given

(51)

P. Yaprakdal Uzun, K. Uzun, I. Koca / IJOCTA, Vol.13, No.2, pp.244-258 (2023)

before:

(52)

(+ ) gT>+1

The characteristic equation of the system is ob-
tained via the determination of

L()=det(J 1)=0: (53)

The characteristic roots are obtained by solving
the following equation

L()= 3+a %2+a +ag=0: (54)
where
a= K + P+ 1 ),
a=( + )(K + P + (1 )
+ K @ )y P + 2@ )
as=( +) K (@1 ) P + 2@ )
K (1 ):

For aj;ap;ag > 0 and aja, az > 0, so hy
Routh-Hurwitz Criterion, all characteristics roots
have negative real parts|[39]. Therefore academic
achievement equilibrium point is asymptotic sta-
ble.

4.2. Global stability of equilibrium point

In this section, we present the global stability of
(PKI) model named by the academic achieve-
ment model. Let us consider the model again;

PO(t) = PMK(@® P )+ 1 (1)=0;
KOty= P (DK () K (t) (1 )K(t)=0;
1= (@ K@M ( + )I()=0:

(55)
Theorem 3. If Rg 1, the pointC (P ;K ;1)

is global asymptotically stable.

Proof. Here we show the proof of the theorem by
using the Lyapunov function. We start with de n-
ing the Lyapunov function associated the system
as below:

L(C (P;K;l )= P P+Plog%

K I
K K+Klog?+l I+IIog|—
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By the derivative of the Lyapunov function with (i) 8(x;t)2 R® [0;T]:

respect tot, we get . . o
P J iR OGP T 1kt 0 (62)
P K K I
LOt) = PO+ KO+ —— 1§
®) P K ! We now recall our model,
dP(t) _ o
1 Gk kA e Sat POKO POTIO=RER)
| "Oopokm k® @ IKO=FAK);
+ 1 T (@ K (+ )N di (t)
e 1 HYK@® (+ )I{)=Fstl):
=0: t
(56)  We start with the function Fi(t;P (t)). Then we
Then we write; will show that
o p p
L'm=  PK P+l - +PK+P iFL(P;t) Fi(Pi:Dj® 1jP  Pij?:  (83)
1

+ PK K @ )K PK + K + ( )K

I Then, we write
@ K () @ KA+ )
Let us write above also two part (positive and iF1(Pit)  Fr(Ppt)i2 = | PK P + |

negative terms) below; i
+ PaK+ Py 15

Loty = 1 2 (57) =jP( K ) Pi( K )%
where :jn K P opljz;
1= +1 +P K+P ; (ZQKF+221P Pf;
+ + + ;
PK + K @ HK; (58) 2 2sup jK (Dj2+2 2 jP Pij?;
+ (1 )K +( + )I ’ n t2[0;T] o
and 2 2kKIZ +2 2 jP  Pyj?;
P . .
5 = PK+P+?+P?I; 1P Py’
_ n 0
R @)K PKG 09 here 1= 2 2kKKE +2 2
|
+( o+ )+ T 1 K Now we continue the function Fo(t; P (t)). Then
Therefore if we get
0 _ o o PK K (@1 )K °?
1 2> Othen Lo(t) > 0; JF2(Kit)  Fa(Kyut)j”= COPKatT Kt (1)K
— — . (0]
1 2 — 0 then L (t) - O, (60) 2 2J-Pj2+2( + (1 ))2

< 0then L) < O: . .
o2 en L1 i (K Ky

2 2sup jP(D)P+2( + @ ))?
t2[0;T]
i (K Ko
n

2 2kPKE +2( + (1 )?

5. Existence and unigueness

In this section, we present a detailed analysis of
the existence and uniqueness of the system of

eqguations. To achieve this, the following theorem j (K Kj%;

is to be veri ed [38]. 2i(K K

Theorem 4. Assume that there exists positive |y here

constants ;7 such that ~ n2 2P +2( + (1 20_ 64
() 8i2f1;23g; 2= 1 +2( ( NS o (64)

F(xict) Fi x%t 2 x x%%: (61) Similary we get,
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jFa(l;t)  Fs(lst)j?
=i (1 K (+ )@ YK+ + )
= (+ )L+ + )15
=j (+ )% 1%

2 2+ 20 17

il 1)
where

3=2 2+ 2 (65)

We veri ed the rst condition for all functions.
We now verify the second condition for our model.

iFL(P;D)j? = j PK P + 1 j%
2 242( K + PjPjP+2 2jIj%;
2 2+4 2J'sz+ 2 ]P12+2 ZJIJZ,
|

2244 Zsup K O+ 2 jPj?

t2[0;T]
+2 2 sup jl (1)j%;

t2[0;T]
0 1
2 2kKKE + 2
2242 2Kk @+ ——— jPj?A;
2+ 2klkj
T1 1+Pj?

under the condition

2 2kKK + 2

24 2Kk

1, (66)

and
jF2(KGD)P=jPK K (1 K
3 2jpj2+ 2+ 2(1 )2 1+jK]2 :
|

3 Zsup P(if+ 2+ 2@ ) 1+jKjE
t2[0;T]
n [0}
3 2kPK2 + 2+ 21 )2 1+jKj?

— 1+jKj?

Finally, we get

Fa(b)i®=j @ K (+ )%
22(1 KPP +2( + )%
221 ) sup jK (0P +2( + )35
t2[0;T] |

221 Yk 14— (D
a ) 1 2(1—)2kKk§J j
3 1+l
under the condition
2
+
(*+ ) (67)

2(1 )?kKKS
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Therefore, if the condition on linear growth holds
such that

8 9
< 2 KK+ 2) 2
2+ 2K1K2

(+)?

21 )2KK K

max <1 (68)

the system of equations has a unique system of
solutions. Therefore, if the condition on linear
growth holds, the system has a unique solution.

6. Stochastic version of model

Stochastic modeling shows many interesting out-
comes that account for certain levels of random-
ness. Also, stochastic models give di erent results
for a set of values. Recently, many mathemati-
cians have developed several stochastic mathe-
matical models with the aim to show results more
variability. So in this section, we convert the de-
terministic academic achievement model to the
following system:
dP(t) = [ P (MK () P ()+ | ()]dt+ 1P(t)dBy(t);
dKt) =[P (K () K (1) (1 HK(@®dt+ K(t)dBo(t);
di=[ @ HK(@®) ( + ) (Odi+ 3l (t)dBa(t);

P(0) = Po; K(0)= Kg; and I (0) = I¢:

We can present a humerical solution of the model
by converting the stochastic model into an inte-
gral system below with di erent kernels, such as
power, exponential and Mittag-Le er.

6.1. Numerical Simulation for the
stochastic-deterministic model of
academic achievement

In this section, we give a numerical simulation
of the system of fractional stochastic di erential
equations. The notion of piecewise that was re-
cently suggested is perhaps the future of model-
ing processes with crossover in patterns. So we
have made use of the model with the piecewise
di erential operators and the numerical scheme
where the Lagrange polynomial interpolation is
used [40]. While modeling with the piecewise
idea, the rst part is classical, the second part
is fractional, and the last part is stochastic [36)].
The numerical simulation is performed for di er-

- ent values of fractional orders. So the stochastic-

deterministic model is given as

8

2 PO - POK® P @M+ 1 (t);
S ®O- P mKEM K@® @ )K@;ifo t w
MO @ K@) (+ )W

(69)
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< wbiP(M) = PMOK(@®) P @O+ 1 (1);
wDi KM= P (OK(@®) K@ @ )K(@®;
wDlM= @ K@ (+ )@®;

(70)

ifwW;, t W,
0< 1

g dP()=[ P ()K () P ()+ | ()]dt+ 1P(t)dBy(t);
dK@® =[P (HK (1) K () (1 HK@OIdt+ K(t)dBa(t);
daiy=[ @ HK(@® ( + )l Odt+ sl(t)dBs(t);

(71)
if W, t W: For simplicity, we consider right
side of the system as

8 .

2 P=Fi(P;KiI);

o E=F(PiKil); (72)
| = F3(P;K;l):

Using the numerical scheme presented in this pa-
per with piecewise derivative, the numerical solu-

tion of the stochastic-deterministic model is given

as follows:

3t
P = Pi(0) + s TFl(tkl;P(tkl))

t
Fi(tk, 1;P(tk, 1))7 ;0 t W

(y ™

( + 2) ko=n1
(nz2 ka+1) (n2 kp+2+ )
(n2 k2) (n2 ko+t2+2 )
iz, Falle Pt )
(n2 kp+1) ™

ko) (n2 ka+1+ )
P_I’lg - Pi(W2)+n3 372t':1(tk3!P(tk?,))

_ W, t
gk Rt 5P D)5

5 (P (tigr1) * P (i) (B (tigr1) B (tks))
(73)

P2 = P;(Wy) + Fa(tie: P(ti,))

W t W,

(n2

w

n3
+ k3= na

3t
K™= Ki0) + ki —5FaltiiK (ty))

t
Fao(tk, 1;K(tk, 1))7 ;0 t Wy

iy, Pk )
(nz2 ka+1) (n2 kp+2+ )
(N2 ka) (N2 kp+2+2 )

Gy, Felti 5Kt )
(g kp+1) **
ko) (n2 ka+1+ )

3t .
5 Fa(tks; K (tks))
ns — . + N3 2 3 3
Ki Ki(W2) * ig=n, Fats 1K (tks 1)) 5

W, t W
n (o]

*Ko=ns 5 (K (tige1) + K (1)) (B (tig1) B (ts)

Kinz = Ki(Wl)+

) Wj_ t W2

(n2

(74)

3t t
1= 1(0) + ¢l — Fallici 1 () Fallia 11 (tie 1)) -

0 t Wy
no _ (y ™ _
172 = 1i(Wy) + szznl [ 3(tk,; 1 (tk,))
(n2 ka+1) (n2 ka+2+ ) |
(N2 ko) (n; kpt2+2 ) @+ W2 U We
(y ™ .
szznl':?:(tkz u (tkz 1))
(n2 kp+1) **
(nz2 k2) (N2 ka+1+ )
3 Falti 1 (1))
1N = | (W>) + N3 5 F3\lkss ks
i I( 2) ksz=njy Fg(tk3 1;|(tk3 1))7l
W, t W

n o]
+ Es: n; E (I (tk3+l) + | (tka)) (B (tk3+l) B (tka))
(75)

6.2. Numerical simulations

In this section, we show the numerical simulations
for the considered stochastic model with piecewise
derivative. Also, for the numerical simulations of
the system, we consider the values of the param-
eters as follows:
=0:00L; =0:002

=0:021, =0:029 =0:047
In the model, the densities of randomness values
for Figure 1-6 are given as

1=0:19 -,=0:3, 3=0:4
Figure 1-3 is given with fractional order
Figure 4-6 is given with fractional order

(76)

=1and
=0:6:

Figure 1. Numerical simulations of
the system with initial conditions are
given asP(1) =10; K(1)=0;1(1) =
10.

In Figure 1, It is also assumed that there are no
students (ac) with average academic achievement
in the school. When the simulation in Figure 1,
drawn with this assumption, is examined, it is
seen that when the number of students (aac) with
academic achievement above the school's grade
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point average increases, the number of students
(bac) with academic achievement below the av-
erage decreases. In this context, it has been
understood that there is an inverse proportion
between the number of students (aac) who are
above the school's academic grade point average
and the number of students (bac) who are be-
low it. According to Figure 1, it can be said
that there is an interaction between the number
of students divided into groups according to their
academic grade averages, there are transitions be-
tween the groups in the process, and the resulting
process develops in the direction expected by the
researchers.

Figure 2. Numerical simulations of
the system with initial conditions are
given as P(1) = 10; K(1) = 10;
I(1)=0.

In Figure 2, it is assumed that there are no stu-
dents (bac) with below average academic achieve-
ment in the school. When the simulation in
Figure 2, which is drawn with this assumption,
is examined, it is seen that the number of stu-
dents (ac) with average academic achievement
decreased along with the increase in the num-
ber of students (aac) with achievement above the
school's academic grade average. In this con-
text, it has been understood that there is an in-
verse proportion between the number of students
(aac) who are above the school's academic grade
point average and the number of students (ac)
who have an average level of academic achieve-
ment. According to Figure 2, it can be said that
there is an interaction between the number of stu-
dents divided into groups according to their aca-
demic grade averages, there are transitions be-
tween the groups in the process, and the resulting
process develops in the direction expected by the
researchers.
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Figure 3. Numerical simulations of
the system with initial conditions are
givenasP(1)=10; K(1)=0;1(1) =
10.

In Figure 3, It is also assumed that there are
no students (ac) with average academic achieve-
ment in the school. When the simulation in
Figure 3, drawn with this assumption, is exam-
ined, it is seen that when the number of stu-
dents (bac) with achievement below the school's
academic grade average increases, the number of
students (aac) with academic achievement above
the average decreases. In this context, it has
been understood that there is an inverse propor-
tion between the number of students (bac) who
are below the school's academic grade point av-
erage and the number of students (aac) who are
above it. According to Figure 3, it can be said
that there is an interaction between the number
of students divided into groups according to their
academic grade averages, there are transitions be-
tween the groups in the process, and the resulting
process develops in the direction expected by the
researchers.

Figure 4. Numerical simulations of
the system with initial conditions are
givenasP(1)=0;K(1)=10;1(1) =
10.
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In Figure 4, it is assumed that there are no stu- process develops in the direction expected by the
dents (aac) with above average academic achieve- researchers.
ment in the school. When the simulation in Fig-

ure 4, drawn with this assumption, is examined,

it is seen that when the number of students (ac)

with average academic achievement increases, the

number of students (bac) with below average aca-

demic achievement decreases. In this context,

it has been understood that there is an inverse

proportion between the number of students (ac)

with average academic achievement and the num-

ber of students (bac) who are below the academic

grade point average. According to Figure 4, it

can be said that there is an interaction between

the number of students divided into groups ac-

cording to their academic grade averages, there

are transitions between the groups in the process, Figure 6. Numerical simulations of

and the resulting process develops in the direction the system with initial conditions are

expected by the researchers. given as P(1) = 10; K(1) = 10;
(1) = 10.

In Figure 6, It is assumed that the number of stu-
dents in the groups separated according to their
academic grade averages are equal to each other
within the school. When the simulation in Fig-
ure 6, drawn with this assumption is examined,

it is seen that there is an interaction between the
number of students divided into groups according
to their academic grade averages, there are transi-
tions between the groups in the process, and over
time, the students (ac) pile up into the group with

Figure 5. Numerical simulations of average academic achievement

the system with initial conditions are
given as P(1) = 10; K(1) = 10;
I(1)=0.

In Figure 5, it is assumed that there are no stu-

dents (bac with below average academic achieve- 7. Discussion, conclusion and

ment in the school. When the simulation in Fig- recommendations

ure 5, drawn with this assumption, is examined,

it is seen that when the number of students (ac) Academic achievement is very important, as it en-
with average academic achievement increases, the ables students to be well-equipped for professional
number of students (aac) with achievement above and social life and shapes their future. In the
the academic grade point average decreases. Inevent of any academic failure, students generally
this context, it has been understood that there is face many emotional, cognitive, and behavioral
an inverse proportion between the number of stu- problems. In this study, it was tried to calculate
dents (ac) who have an average academic achieve-the academic achievement levels of the students
ment level at school and the number of students throughout the school with the help of the math-
(aac) who are above their academic grade point ematical model developed through the metapop-
average. According to Figure 5, it can be said ulation model in order to nd solutions to the
that there is an interaction between the number possible problems that students may experience
of students divided into groups according to their due to their academic failures. In the model de-
academic grade averages, there are transitions be- veloped for this purpose, academic achievement
tween the groups in the process, and the resulting was determined by taking the GPA into account.
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The students were considered three di erent ac- account the interests and needs of students, or-
tor groups: above-average, average, and below- ganizing various learning activities, exemplifying
average students. Individual characteristics, fam- the application areas of the lessons in current
ily, and school variables were taken into consider- and professional life, and emphasizing the role
ation as factors a ecting these actors. By follow- of lessons in the development of critical think-
ing this path, it was possible to calculate the aca- ing and reasoning skills |[F]. In addition, school
demic achievement levels of the schools, in partic- counselors should organize awareness-raising sem-
ular for the students. The developed mathemat- inars and plan individual and group counseling
ical model will make signi cant contributions to  services in order to increase students' self-e cacy,
the determination of the e ect levels of the vari- self-esteem and motivation levels.

ables that can support and harm students' aca-
demic achievement. After the relevant variables
are processed, schools with low academic achieve-
ment will be able to learn from the variables
which variables they need to carry out preven-
tive and protective studies. Preventive and pro-
tective studies can be planned for the academic
achievement level of the students. In these study
plans, studies can be added on individual rea-
sons (self-e cacy, self-esteem, motivation, etc.),
family-related reasons (attitudes and behaviors of
parents, their participation in education, educa-
tion level of parents, socioeconomic level of the
family, etc.), and school-related reasons (school
culture, teacher behavior, school principal's lead-
ership, etc.) included in the mathematical model
developed. Although all of these variables inter-
act with each other, they are also determinants
of the probability of students being included in
the academic failure risk group. In this context,
it can be said that in order to minimize the prob-
lem of academic failure in schools, all these vari-
ables should be considered together and improved
within the framework of a common understanding
(the school and parents are in communication).

In this study, using a multidisciplinary method,
academic achievement, which is a very important
issue for the eld of social sciences (psychology
and educational sciences), is handled through a
mathematical model. The fact that a subject
in the eld of social sciences is handled with
a mathematical model apart from the comput-
erized statistical programs (SPSS, Amos, Lisrel,
Nvivo, etc.), which are frequently used in the lit-
erature, makes this study very unique in terms
of method. Starting with a similar approach,
the number of multidisciplinary studies can be
increased by developing mathematical models
about other concepts and phenomena (peer bul-
lying, school burnout, etc.) that are important
for the eld of social sciences. In addition, when
the literature is examined, it is striking that there
are almost no studies that develop mathematical
models in students. Low academic achievements
will negatively a ect students' chances to become
successful, happy, and socially integrated individ-
uals in their future lives. In addition, consider-
For example, both the structural characteristics of ing the potential importance of students for the
the family and the attitude of the family towards  society they live in, it is clear that new studies
the lessons have an important place in aecting should be planned to overcome this de ciency.
the student's motivation towards any subject or Of course, as with any study, this one also has
course. Therefore, the family should constantly some limitations. In this study, students who
support their child and try to keep her/his moti-  were above average, average, and below average
vation high in order to be successful at schoo| [41]. (according to GPA) were taken as the actors of
In order for parents with low educational levels, academic achievement. Individual, family, and
professional status, and family income levels to school-related variables that a ect these actors
acquire academic predispositions; seminars, con- are emphasized. In the models to be developed
ferences, etc. informative meetings. A strong later, new characters can be added among the
school culture causes students to be more at- actors of academic achievement by reducing the
tached to their goals and school, and as a result, GPA score intervals. In addition, the variables
academic achievement increases. School princi- a ecting the actors include learning speed, intel-
pals should be aware that they are directly in u- ligence, gender, interest, personality traits, readi-
ential in the creation of a strong organizational ness, etc. The mathematical model can be en-
culture and the development of student success, riched by addition. It should not be forgotten!
and they should transform their institutions into  Every study that will be carried out related to
learning organizations by demonstrating e ective academic achievement will add a di erent value
leadership behaviors. Teachers can help create ato the literature and prepare the basis for the for-
positive attitude towards lessons by taking into mation of new ideas.
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This paper studies the exponential stability for random impulsive non-linear
singular di erential systems. We established some new su cient conditions
for the proposed singular di erential system by using the Lyapunov function
method with random impulsive time points. Further, to validate the theoret-
ical results' e ectiveness, we nally gave two numerical examples that study
with graphical illustration and an additional example involving matrices with
complex entries, proving the results to be true in that case as well.

1. Introduction

Singular systems are widely connected to various
applications such as power systems, electrical net-
works, and robotics. However, it has some ex-
ceptional features like regular and impulse free
that do not exist in normal state-space systems.

been favorably examined including stability anal-
ysis, stabilization, guaranteed cost control, Iter-
ing, observer design, sliding mode control and so
on [2,/3]. The main target is to show the lat-
est developments in the analysis and synthesis of
SDSs. Since the system is chronicled by algebraic
and di erential equations, the SDSs may disclose
instability behavior and thus poor performance

These exceptional characteristics may cause some may be raised on the basis of presence of time

challenges upon studying the singular systems.
Further, because of the singularity matrix E, it
is not easy to formulate easy-to-check conditions
for analysis and synthesis problems. Due to the
above justi cations, the study of singular sys-
tems has been scrutinized more attention over

delay. Hence the investigation of stability char-
acter of SDSs becomes compulsory. By apply-
ing various methods and ideas, several authors
have studied the SDS. In |[4], the author stud-
ied the delay-dependent stability criteria by using
Writinger-based inequality. The delay-dependent

the past decades|[1]. The past two decades have robust stability norms for two classes of SDSs with

spotted an important development on the the-
ory of singular di erential systems (SDSs), and
many basic and most signi cant concepts have

*Corresponding Author

norm-bounded uncertainties are discussed in [5].
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In [6] the exponential stability problems of singu-
lar impulsive switched systems was investigated.
Impulsive stabilization problem for a class of lin-
ear singular systems with time-delays can be seen
in [7]. The problem of exponential stability anal-
ysis for a class of singular systems with inter-
val time-varying discrete and distributed delays is
discussed in|[8]. The stability problem of singu-
lar systems with time-varying delay by rst trans-
forming it into a neutral system with time-varying
delay and constructing an appropriate Lyapunov-
Krasovskii functional, is studied in [9]. In [10]
the control problem of switched singular systems
was investigated aiming to compress their incon-
sistent state jumps when switch occurs between
two di erent singular subsystems. In [11] we can
see a de nition of a transform that reformulates
the system with delays into a singular linear sys-
tem of di erential equations whose coe cients are
non-square constant matrices where the number
of their columns is greater than the number of
their rows. Further, in engineering applications,
the complexity increases mean accuracy will not
be described by linear singular systems. To over-
come this type of problem, we need generalized
nonlinear singular systems to solve the problem.
Very few authors have studied the nonlinear sin-
gular system models|[G, 12{15] and the references
therein. Moreover, The problem of sliding mode
control with torpidity of a class of uncertain non-
linear SDSs had been discussed in [16]. Many
other valuable results are obtained for stability
and stabilization for SDSs, see| [[7,17{26] and the
references therein.

Stability is a condition in which a slight distur-
bance in a system does not generate too disrupt-
ing e ect on that system. The dynamics of SDS
are by a mixture of dierential- algebraic equa-
tions, so the study of E-exponential stability ( E-
ES) was rst introduced by [12]. In [3]6], the au-
thors analyzed the connection between the expo-
nential stability (ES) and the E-ES for linear and
non-linear singular impulsive di erential systems
and they claimed that the E-ES is nearly equal to
its ES. Hence it is essential to speak about the
exponential stability of random impulsive non-
linear SDSs. On the other hand, impulsive sys-
tems stand up when dynamics generate discon-
tinuous trajectories. Discontinuities arise when
movements of states occur over a small inter-
lude that simulates a point-mass measure. There
are several works contributed to study the im-
pulses at xed point (see the monograph |[27, 28]
and [29{35]). The signi cant concepts of impul-
sive control have been disputed with a wide eld
of uses in analysis and control of complex systems

/ 1IJOCTA, Vol.13, No.2, pp.259-268 (2023)

in [36]. Some stability criteria for impulsive di er-
ential systems had been discussed in [37]. Global
ES for impulsive system with in nite distributed
delay based on exible impulse frequency are dis-
cussed in|[38]. In|[39], impulse control is used to
study nonlinear systems with partial unmeasur-
able states. Very few research have been carried
for random impulsive systems. When the reac-
tions of the impulse drawn at random time points,
the results follow as a stochastic process. Random
impulses are di erent from xed-time impulse ef-
fects. Recently in [40], the authors studied the
exponential stability based on xed and random
time e ect of the impulses while they proved the
robust mean square stability for random impul-
sive control systems in [[41]. Then, by consider-
ing the impulse moments at random time points
in [42], the authors proved the stability results
for di erential systems. Moreover and to the best
of authors' knowledge, we like to point out that
there is no paper about the investigation of the
ES on the random impulsive SDSs. For further
information the reader can refer to [43{48].

Inspired by the above discussion, in this paper,
we generalized theE-ES result for p" moment
and also proved the equivalence to ES for a non-
linear singular system. Further, we address new
su cient conditions to develop the exponential
stability criteria ( E-ES and ES) for random impul-
sive nonlinear SDSs. The waiting time between
two consecutive impulses is considered to follow
an exponential distribution when the e ects of
the impulses taken at random time points. By
employing the e ect of impulses and Lyapunov-
function approach, we achieve the desired perfor-
mance. The rest of this paper follows through
some de nitions and lemmas in Section 2. In
Section 3, we prove theE-ES and ES results for
random impulsive SDSs by using the Lyapunov-
function approach. In Section 4, three numerical
examples are discussed, the last of which involves
the usage of matrices with complex entries and
nally in Section 5 a conclusion is given.

Notations:  Let < indicate the set of all real
numbers, <. the set of all positive real numbers
and Z. the set of all positive integers. Let<"

be the Euclidean space provided with normk k,

and ( ;F;P) be a probability space. We use
PC([to; T];<"), to indicate the set of all piece-
wise right continual real-valued random variables
[to; T] ! < M, with the norm is described by
Ek' kP = sup EK' ( )kP. Furthermore, AT rep-

2[to;T]

resents the transpose ofA where the maximum
and minimum eigenvalues of the matrix indicated
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by max(), and min (). Then E[], indicates the
expectation operator with respect to the given
probability P.

2. Model description and essential
preliminaries

m of the random variable ;8 m=1;2 . We

will assumex( m) = tlIim 0x(t).

Moreover, the set of all solutions of systemm4),
is known as a sample path solution of systen[](l).
Thus, the sample path solution produces a stochas-
tic process. We can assure that it is a solution of

Let f al., be the non-decreasing sequence of the system 7).

random variables and f ;grlnzl IS a sequence
of an independent exponentially distributed ran-
dom variable with parameter de ned on sample
0 .
space . Note that , = to, wheretg 0O is a
xed point and ?n: ?n 1t %form=1;2; ,
where ,31 de ne the delay (waiting) time between

. . 0 .
two consecutive impulses where m = 1 with

m=1
probability 1.
Consider, the random impulsive non-linear SDSs:

8
2 Ex(t) = AX(D)+ f(X(1);1); m<t<  pus
XCm)= Co( m)X( m)im2 Zs
’ Xto = Xo;

1)
where t to, X(t) 2 <" A 2 <" " is system

matrix, Cp ( rc;) is the jump altitude and the ma-
trix E 2 <" " is singular with rank E= k n.
f(x(t);t): <" < * 1< " N are piecewise contin-
ual vector-valued functions assuring the existence
and uniqueness of solutions for systemg [1) with
f(0;t) 0 and satis es the Lipschitz condition
for all (x;t);(x ;t)2<" < *

kf(x(1);t)  f(x (1);Dk k F(x(t) x (D))k; (2)

where F is a constant matrix with an appropriate
dimension. Consequently, from [(2), we have

kf (x(t):)k Kk Fx(t)k: ©)

Remark 1. Letf mgi_, be non-decreasing se-
quence of points, where , are values of the cor-
related random variables fn;8 m=1;2;, ,and
f m0L-; be asequence of points, wherg, are ar-
bitrary values of the random variable ,31;8 m =
1;2; . For satisfaction, we dene ¢ = tg and

m= m 1t m;8m=1;2;, ,where  repre-
sents the value of the delay (waiting) time. Then
gystem (1) becomes

2 Ex(t) = Ax(t) + f(x(t);1);t 6

>X( m) = Con(m)X( m)im2Zy
" Xt, = Xo:

m T 1o

(4)

The solutions of the systerr@ are controlled not
only by the initial condition but also by the mo-
ments of impulses ,; m =1;2; . Thatis,

Lemma 1. [41,42], When there will be exactly
m impulses until the timet;t tg, and the wait-
ing time between two consecutive impulses follow
an exponential distribution with parameter , then
the probability

m(t to)m e (t to).

Plpe: 0. H)= o
where the events
0 0
I[%;%ﬂ)(t):f! 2 m() <t< ()
m=1;2
Remark 2. [41]|42], Let x(t) be the solution of

the random impulsive di erential equations then
the expected value ok(t) satis es

R

E[x(OK] = ER(OKPI 0. o

Tom+l

(0]

m=0
EUSENSION
where fn is the impulse moments.

De nition 1. [6], The pair (E;A) is called reg-
ular if det(sg A) is not identical zero. The pair
(E; A) is called impulse free ifdeg(det(sE A)) =

rank (E).

De nition 2. [6],12], System is said to have
a Lyapunov-like property if there exists a matrix
P such that E'TP = PTE 0 and [Ax(t) +
f(x(1);D)]TPx + xTP[Ax(t) + f (x(t);t)] < O.

Remark 3. [6,/12] For a nonlinear system, it is
su cient that the solution exists and is unique on
[0;1 ), if there exists a matrix P satisfying de -
nition

From [6,/36], we have that the pair (E;A) is reg-
ular and impulse free, then we have that there
exists matricesG, 2 <" ;G 2 < ) Q2
<" Qy,2 <" (M) sych that G = col(G; &)
and Q = row(Q1;Q2) 2 <" " are two non-
singular matrices and the following standard de-
composition holds

GEQ= diagfl;;0g; GAQ = diagfA1; 1y rg
wherer = Rank(E); A1 2 <" ". Non-singularity

of G implies that G is full-row and then G(G)T
is positive de nite. Without loss of generality, we

the result depends on the selected arbitrary values always assume thatkGk 1.
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Lemma 2. [6], Let V 2 <" " be a positive-
de nite matrix, then

min (VX" xTVXx  max(V)x'x; 8x2<™
Lemma 3. [49] For any constant > 0, and

vectors x;y 2 <", then we have
xTx + yTy;holds:

De nition 3. System is said to bep™ mo-
ment E-ES, if there exist two positive numbers

> 0;M > 0 such that, the solutionx of sys-
tem ([I) satis es

E KEx(t)k® ME [KExgkPle @ t); t tq
De nition 4. System is said to bep™ mo-
ment ES, if there exist two positive numbers >

0;M > 0 such that, the solutionx of the system
(1), satis es

E kx(t)kP

xTy+ yTx

ME [KExokPle ( t): t tq

If p=2, then itis mean square exponential stable.

3. Main results

n (0]
0 0

0
= max
m2z, "
Assume that system(l) satis es a Lyapunov-like
property and there exists an invertible matrix P,

and positive constants > 0, ! ,, > 0, such that

Theorem 1. Let <1.

m 1

E[' m] , < 0 be a negative real number,
> 0, exponential distribution parameter and
the following conditions hold,
(ATP + PTA)+ nmax((FTF + PTP)I
< E'P;
=( Cm( m)TETPCm( m) !mETP) )
0
+ 1)< 0:

Then, the trivial solution of system is p™" mo-
ment E-ES.

Proof. Let x be the sample path solution of sys-
tems (4). For convenience we takeV (x(t)) =
V (t; x(t)), and consider the Lyapunov function

V(x(1)) = x (t)E"Px(t): (6)

Taking the derivative of V(x(t)) along the so-
lution of system (4) at the continuous interval
[ m 15 m);m2Z,, then we have

V(x(t))
= xT(ETPx(t) + xT ()P TEX(1); (7)
= XT()(ATP + PTA)X(t) +2f T (x(t);t)Px(t):

From condition (), we have

/ 1IJOCTA, Vol.13, No.2, pp.259-268 (2023)

\L(x(t))
= xT()(ATP + PTAX() +2f T(x(t); t)Px(t);
= xT()(ATP + PTA)X(t) +2f T(x(t); t)Px(t);
xT()(ATP + PTA)x(t)
+xT(t)(}FTF + PTP)IX (1)
xT(t) ETPx(t)

V (x(1)):
Hence we have,
V(x(t)  V(x(t) O (8)
or
V(X)) V) t2[ m 15 m)im2Zs: (9)

Note that forany m 2 Z,, at instant t =
have
Vim™) '"mV(m)
= X" mHEPX( m")
= [Cm( m)X( m )]TETP[Cm( m)X( m )l

m, We

Pm[X( m )ITETPIX( m )] (10)
= [X"( m)Cm( m) IETP[Cm( m)X( m)]

P X7 m)IETP[X( m)]
= XT( m)(Cm( m)TETPCm( m) !mETP)X( m)

XT( m) X( m)
0:

Therefore, from @) and by using simple induc-
tion, from (P) and ([LO), we have

y
V(X(t) V(xo(t) !ie® ©:8m2z,: (11)
i=1
By the Lyapunov-like property, there exists a
positive de nite symmetric matrix L such that
ETP = ETLE. Then, we have

min (L) KEX(t)kP
V(x(1))

Y
V(xo(t) !ie ')
i=1

(12)

Hence, we obtain

max (L)
min (L)

_max (L) kExok"’Yn et W),
min (L) =1

wheret 2 [ n 1; m);m 2 Z,. This equation
generates a stochastic process and it is de ned by

N
KEx (t)kP KEx(to)kP  1;e (t to):

i=1

1<t< ms

v
KEX(t)kP  MKExokP 1je( to); °
i=1

!mXT( m )ETPX( m )
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whereM = TR Taking expectation, by us-
ing Lemma[l, and remark[2, we get

E [KEX(t)kP]

EREXOK g ()

m=0

P(I[ & ¥ %)(t));

X oy

ME [KExokP] Eile® t)
m=0 i=1

Plpe . o)®)

X
= ME [KExok"] E[lile®

m=0 i=1
" G,
m! '
= ME [kExgkPle (t 1) % M
m!

m=0
e (t to).

Hence,
E [KEx(t)kP] ME [kExokPlel * ¢ DIt 1) (13)

where + ( 1) is the convergent rate. This
implies that the trivial solution of (1)) is E-
exponentially stable.

Corollary 1. For system , its p™ moment
E-exponentially stability is equivalent to its pt"
moment exponential stability and its satis es
1 2P EKFQukP> 0.

Proof. The pair (E;A) is regular and impulse
free, we introduce the coordinate transformation
x(t) = Q col(x;x2): (14)
It follows that system ([L) is equivalent to
X1 = Awxg+ Gf (x(1);1); (15)
m<t< it to
0 = Xxo+ Gf (x(1);1); (16)
m<t< mait to
X( 1) = CuxX( pm)im2Zs (17)
Xto = Xo;
wherex; 2<";x22<" " and
G=col(G;3);G 2<" G2<M N
Q=row(Qy;Q2) 2<™ MQ12<" T
Q,2<" (" I Hence,
GEK(t) = GEQcol(x1;X2)
= diag(l;0)col(x1;X2)
= col(x1;0) (18)

From (fL3) and (L8), we have

Ekx.kP = EKGExkP
kGk PEKExkP
kGk PME [KExokP]el * ¢ DIt to).
(19)
Here we understood that the solution of the sys-
tem (L) is p" moment globally exponentially sta-
ble.

Now, It is necessary to prove that that x, is also
exponentially stable. It follows from equation (3)

and (17) that
kxok  KG okkf (x(t);t)k K f (x(t);t)k
k Fx(t)k = KFQq x1 + FQy xok
k FQ1 x1k+ kF Q2 x2k
k FQqkkxik + kF Qokkxok:

Thus, taking expectation and the p" moment on
both sides, we get

(1 2P IEKFQuK)EkxokP 2P EKF Q1KE kx1kP;

where Q is non singular matrix can be suitably
taken to satisfy 1 2° 1EkF Q.kP > 0. Therefore

from (L9),

2P 1EKF Q kP

p

Ekxak 1 20 IEKF QukP
2P 1EKFQqkP

1 2° IEKF QukP

o+ (DIt to).

From (L9) and the above equation, we conclude

that the trivial solution of ( is p" moment ex-
ponentially stable. The proof is completed.

Elekp

KGKME [KExokP]

When f (x(t);t) = 0, then the system ({1) becomes
a linear SDSs with random impulses. In this case,
the following corollary can be easily obtained.

n

0 0

0
let = max |, <1.
m2Z.

Assume that system(l) with f (x(t);t) = 0 satis-
es a Lyapunov-like property and there exists an
invertible matrix P, and there exists positive con-

Corollary 2.

m 1

stant > 0,!n > 0, such thatE[! 1] , <0,
exponential distribution parameter and the fol-
lowing conditions hold,
(ATP+ PTA) < ETP; (20)
=( Cm(m)"E"PCn(m) 'mE"P) O

+ 1)< 0

Then, the trivial solution of system is p"" mo-
ment E-ES.

The proof is similar to the proof of Theorem|[]
and hence it is omitted.

When E = I, then the system @) becomes a non-
linear state-space system with random impulses.
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In this case, the following corollary can be easily Example 12. Consiéjer sysztem where

obtained. 100 03 01 01

. n , 0 E=40 1 b;A=4 1 3 153;
Corollary 3. Let "= max m1 <1. 00O 0:26 15 25
Assume that system(@) with E = I, satises a 2 0;13 P tanh xa(t)
Lyapunov-like property and there exists a positive Xo= 4 0:15:f(x(t);t) = ﬁ B% tanh xz(t) E :
de nite matrix P, and there exists positive con- 0:2 —b_tanh x3(t) ;
stant > 0, !y > 0, such thatE[! 1] , <0, 2 3 10°3

> 0, exponential distribution parameter and 05 0 0

the following conditions hold, C(m)=4 g 0(:)5 0055:

1
T T T T :
(ATP+P A)+ max(-F'F+ P P)I< P |t is easy to verify that ETP = PTE 0 with

=(C Tpc ) 0 21y P = I3 and f (x(t);t) satis es the Lipschitz con-
( Em{m) PCm{m) tmP) ( )ditionwitthﬁﬁ—gl.

+ ( <O
Then, the trivial solution of system is pth mo- Here, = 3, = O:OE; with |mpHIsOe arrloval &t
ment ES. =25 =0s5and = max mo omoa T

0:026, then the conditions (5) in Theorem [1 are
satis ed. Hence system(l) is E-ES. Figure (1] il-
lustrates the graphical behaviour of the solution.
When there are no impulses, then the above sys-
tem is unstable.

The proof is similar to the proof of Theorem|[]
and hence it is omitted.

Remark 4. From the condition (B) and ETP =
PTE 0, dierent matrices P can be chosen
based on the matricesE, A and F.

Remark 5. We carried out the following four
conditions from the convergent rate + ( 1),
in Theorem 1,

M If < 0 in the inequality \.(x(t))
V (x(t)), then the singular system is
stable. In this case, the impulsive strength
2 (0;1) and the arrival rate of impulses
do not necessarily satisfy any condition.
@i) f < 0 in the inequality \(x(t))
V (x(t)), then the singular system(f) is
stable. In this case, the system does not
have an arrival rate of impulses when the
impulsive strength =1 .
@ii) If < 0 in the inequality \V(x(t))
V (x(t)), then the singular system(ll) is _
stable. In this case, the arrival rate of im- Example 2. Consider system(T) where

Figure 1. E- Exponential stability.

pulses must be satis ed with this condition 4 0 2 1
< —— , where the impulsi E = A= ;
1 pulsive strength 2 0 1 2
> L cn(my = 07T 0 o1
mmeT 0 05 "% 01
Sinilﬁt)#
F; = gty
43

4. Applications _ _ T T )
It is easy to verify that EEP = P'E 0 with

In this section, numerical examples are discussed p = 1 05
to support the proposed results. We illustrate the _ 0 _ .1 _
results by graphs to support the results. chitz conditions with F = -1 .

and f (x(t);t) satis es the Lips-
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_ 02 01 .
Choosep=2, G= 04 08
_ 1 0 _ 10
Q= 08 05’ such that GEQ= 00" and

_ 03 0
GAQ = 0o 1°
Hence, it is easy to verify that kGk 1 and
1 EKFQ.k?> 0.

Figure 2. Exponential stability.
Then the singular system becomes
xi(t) = O:3x1(t)+0:04045|—n)|(91(—t)
0:00725 (0 .
4 3
0 0
m <t< m+1 ;t t0;
and
sinxs(t) sinxa( 1)
0 = xz(t)+0:0346—p— 00577—493—;
0 0
m <t< m+1 it tO;

X(m) = Cm(m)X( m);m2Zs:
Choose = 2, =4, and = 0:05 such
that (ATP + PTA) + nax((FTF + PTP)
ETPn< 0. Furfper, take = 1:5and ° =

0
m 1

max = 0:026, then conditions

m2Z.
in Theorem [1] are satis ed. Hence system(l) is

Example 32. Consider syséem v2vhere

1+i 0 O 0:5 + 0:1i
E=4 0 1+i 09;xg=4%4 04+0:2i5;
0 0 0 02+ i
05+ 02 03 0:1+0:3i
A = 40:2+0:5i 1 05 01 i 5;
1.2+ 04 O3 0:2 05

2 3

2(xa()+ 1 j xa(t) 1)
FOx(t);t) = 45 (x2() + 1] j xot)  1))°;

2(xs(+1) ] xs(t) 1)

0:25 + 0:1i 0 0
Cn(m)=4 0 0:25 + 0:1i 0 S:
0 0 025+ 0:1i
It is easy to verify that ETP = PTE 0 with

P = I3 and f (x(t);t) satis es the Lipschitz con-
diton with F = 3.

Here, = 5, =0:01with |mpHIse arrlval 6ate
0
=10; =0:7 and = max ;o=

0:005, then the conditions (5) in Theorem [1 are
satis ed. Hence system(d) is E-ES.

Remark 6. In the above example, we have proved
that the results hold true even when the matrices
involved have complex entries. However, the func-
tion f involved is still a real valued function.

5. Conclusion

In this paper, we consider the exponential stabil-
ity of random impulsive nonlinear singular di er-
ential system. It is worth mentioning that the
system under consideration involves random im-
pulses which may cause some technical di cul-
ties comparing with systems with xed impulses.
Less restrictive conditions are established for the
E-ES and ES of the system. To support the the-
oretical ndings, we give two numerical examples
along with their graphical representations. We il-
lustrate that the obtained results are consistent
with the main theorem. We have additionally
proved the truth of the results in case of matri-
ces involving complex entries as well, while the
function involved still remains real-valued. Prov-
ing the results true for complex valued functions
could be considered to be a future problem. More-
over, as done in|[11], we can consider analyzing a
system with delay by reformulating it into a sin-
gular linear system of di erential equations, as a
future work. We believe that the results of this

mean square ES. Figur¢ P demonstrates the graph- paper are of great signi cant for relevant commu-
ical behaviour of the solution. When there are no nity and can be used for instance to investigate

impulses, then the above system is unstable.

switched singular time delay systems.
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In this paper, we analyze the solvability of the optimal control problem for
a nonlinear Schmedinger equation. A Lions-type functional is considered as
the objective functional. First, it is shown that the optimal control problem
has at least one solution. Later, the Frechet di erentiability of the objective
functional is proved and a formula is obtained for its gradient.
necessary optimality condition is derived.

Finally, a

1. Introduction

The nonlinear Schredinger equation (NLSE) de-
scribes the behavior of wave packets in weakly
nonlinear media. It is an adaptable model
to many disciplines in applied sciences such as
dynamical systems, materials science, nonlin-
ear optics, uid dynamics, astrophysics, parti-
cle physics, and nonlinear transmission networks.
NLSE represents the evolution of optical waves in
a nonlinear ber, various biological systems, and
the price of options in economics|[1].

In the present paper, we consider a speci c case
of the following Schmedinger equation

R1(&; ;U)gl;j Ro(&; ;uju=0; (1)

where " const;, u(&;) is the wave's com-
plex amplitute. The coe cients R;(&; ;u) for
j =0;1;2 describe the variation of the medium.

*Corresponding Author

If the functions R; depend onu(&; ); it shows
that the medium has the nonlinear properties [2].
Linear and nonlinear Schredinger equations are
obtained from equation (I) with respect to the
characteristics of the coe cients R;(&; ;u) for
j=0;1,2and" = 1i.

Optimal control problems (OCPs) arise in many
branches of science. They have numerous applica-
tions in optics, medical imaging, geophysics, sys-
tem identi cation, communication theory, astron-
omy, medicine [3{11].

As it is known, in the OCPs, there is an objec-
tive functional, a controlled system, and a set
of admissible controls. The objective function-
als can be diversely chosen with regard to our
purpose such as nal, boundary or Lions-type
functional [12]. In the studies [13{2Z], the objec-
tive functional is considered as a nal functional
and the controlled system is generally stated by
the Schredinger equation. In [23{27], the OCPs
with Lions functional has been studied and the
controlled system is stated by linear or nonlin-
ear Schredinger equations. Also, in|[28{30], the
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OCPs for systems whose state is expressed by
the Schredinger equation with the boundary func-
tional has been studied.

In this paper, we consider an OCP with Lions
functional for NLSE derived from (@. Itis proved

that the OCP has a unique solution and the ob-
jective functional is Frechet di erentiable. Also,

by proving the continuity of the gradient of the

objective functional, a necessary optimality con-
dition is obtained.

Di erently from the previous studies, in this pa-
per, we analyze the solution of the OCP for NLSE
derived from @) for R, = R2(&; ); R1 = R1(&; );
Ro(&; ;uU) = Ro(&; ;u) with di erent coe cients
which are in the larger space than previous works.

2. The statement of optimal control
problem

The OCP is the problem of nding the minimum
of the objective functional

J()=diun uwdiz,, + Qip wiZ,,, @
subject to
@ %g + ia (&
a(&ui + p(&ug + |a31u11 2up = fo; 3)
uy(&0) = #1(8); &2 1I; @
ur(0; )= us(l; )=0; 2(0;T)
and
@ 2 . @u
|@+ -5z |a1(&6&
a(Quy + p(&Uuz + iazjuj®uy = f2; (5)
uz2(&0) = #2(8); &2 I, ©)

@e0; )= €L )=0; 2(0;T)

on admissible controls set

P f p2Lx(l): jp(& Iy foralmostall & 21g;

p

where&2 | = (0;1); 2 Q=1[0;T], i 1L
Let ©;T);, =1 (0; )€ =1 (;T)
and ag; az; lp > 0 are given real numbers,a;1(&;
ax(8&); #1; #2; f1; f2 are functions which satisfy

the conditions, respectively

IJOCTA, Vol.13, No.2, pp.269-276 (2023)

jau(& 1 daéé&) , for almost all & 2 1,
a1(0) = ay(1)=0; 1; 2= const: > 0;
(7)
0< 3 a(® 4 for almost all & 2 I; 8
3; 4= const:> 0; ( ))
#12 WR(1); #,2 W2(1); @40 = @40 - o;
fr 2 W) for r—1 2;
9)
whereW™(1); Wg"™" () ; WI"(I)form 0;s 1

are Sobolev spaces. These Sobolev spaces are in
detail explained in [31]. Also, 0 is a Tikhonov
regularization parameter [32] andw 2 Lx(1) is a
given element.

Since the solutions of [3)(4) and [$)-[6) evidently
depend onp, we denoteu; = U (&; ) U (&; ;p)
for r = 1;2:We are interested in solutions of prob-
lems (3)-(4) and (5)-(6) in the following sense:

De nition 1. A function u; 2 U;
CO(Q; W2(1)) \ CHQ;L2(l1)) is said to be a solu-
tion of problem (3)-(f), if it holds (3) for almost
all &2 1 andany 2 Q; (@) for almostall & 2 |
and for almost all 2 (0; T), respectively.

De nition 2. A function u, 2 U,
COQ;W2(1)) \ CHQ;Lo(l)) is said to be a solu-
tion of problem (5)-(B), if it holds (§) for almost
all &2 1 andany 2 Q; (6) for almostall & 2 |
and for almost all 2 (0;T), respectively.

In the de nitions above, for any nonnegative in-
teger k; CX(Q;B) is the Banach space of all
B valued, k times continuously dierentiable

functions on Q with the norm

e e X(
NUlckep) =

d™u(t) .
dtm

ax Jj

ax iis

0

for u2 CK(Q;B):

By the methodology in [33], we can readily prove
the theorem below:

Theorem 1. Assume that a;; ap, #,, f, for
r = 1;2 satisfy the conditions (7), (8) and (9),

respectively. Then, problems [(B){(4) and [$)-(6)
for each p 2 P have unique solutionsu; 2 Ug;

uz 2 Uy, respectively, and the functionsus; u, sat-
isfy the estimates

@y’

@ La(l)

1 jj#ljj\z,vzz(|)+jjfljj\2,\,20;l() +J'J'#1J'J'\6N21(|) ;
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@y °

fuzs NGzt (11) z
F(1) @ L Kur(:; )k,_z(,) @@&al(&j u,j’> d&dt
C2 iittaifyz + T2l ong, * G, .
for any 2 Q; where the constantsc;; ¢, > 0 are 2az  jurj? jur j2+ jurj?® d&dt
independent from#q;f1; #,; fo and
Z
For simplicity, let's rewrite problems @-(ﬂ and 2a3 Re u; ur( U,)2 d&dt= (18)
B)-(B) in the form
Z
@ 2 Im (pu, U)d&dt+
= Ial(&
@ @&
a2(&Quy + p(Quy + 'aSJUrJ u = fr (12 @a(&] u,j%d&dt:
forr =1;2; @&
u(&0) = #(8;&2 1 forr =1;2 (13)
ur(0: )= uy(l; )=0: 2 (0:T): (1) Using conditions (7), (17) and Young's inequality
@uO; ) - @u( ) _ Q- ST - in ({L8),we obtain
90 ) = @u) —0; 2 (0;T): (18)
Thus, the OCP is to minimize the objective func- ku,(: )kL |
tional (B) on P under conditions (12)-(14). )"
as jur® jur j2+jurj? dadt (19)
3. The solvability of optimal control 7 7

problem (1+ ) jurd&dt jpj?jurj?d&dt:

In this section, we show that the OCP has a

unique solution on a dense subset ot »(I') and

R
it has at least one solution onL (1 ): Since a3 > 0 and jpj%juj®d&dt
|
Lemma 1. The functional Jo(p) = jjus uzjif,(, R , '
is continuous on P: kpke, () ) kur ()KL, ) dt 5 from ([19) by

virtue of estimates (10) and (1) we get

Proof. Supposeu; = u/(&;;p) and u, =

Ur(&; ;p+ p) for r = 1,2 are solutions of prob-

lem )-) corresponding top 2 P, p+ p 2 P; ku,(; )kfz(l) +

respectively, where p 2 Ly (I) is an increment Z

of any p 2 P: Then, for r = 1;2; the functions az  jur® jur j®+juj® d&dt  (20)

Ur U (&; ;p+ p) ur(&; ;p) hold the bound-

ary value problem
y P cak pkf, )i r=1;2

@y @u
I @ + Qo @&r + Ial(&@ forany 2 Q; where the positive constantcz does
(& ur +(p&+ p(&) uy + not depend on p and :

ias jur 2+ juj? u, + (15) Using formula (2) for = 0; we obtain

iazur ur (Ur)=  p(&ur;

u(&0)=0; &2 I; r =1;2; (16) JZJ(IO)= Jo(p+ p) Jo(p) =
@u 1((0:) ) =@u 1(|(I:) )=0; 2(0;T) 17) 2 Ref[(uy up)( U; Ty)]dxdt+
0;) — V) — Q- . .
ME T —get=0; 2(0;T):
2 2
Now we multiply both sides of equation (15) by kg kL, * kuzki, (21)

U, for r =1,2; and integrate over : If we sub- 2 Re(uj Uy)dxdt
tract their complex conjugates from equalities ob-

tained with the help of integration by parts and

use condition ), we get which implies that
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+
+
+

If we use estimates|(1D), [(1[L),[(2D) in the inequal-

ity above, we get the inequality

iJo(p+ p)  Jo(p)]
o kpki, o)+ kpkD, )

forany p 2 P; wherec, is a positive constant inde-
pendent from p: Thus, we obtain that j J o(p)j !

0 askpk, m! O for any p 2 P; which con-
cludes the proof.

Theorem 2. Let Theorem[]] be satis ed andw 2
Lo(1). Then, there exists a dense subseV¥
L2(l') such that OCP has a unique solution for
anyw2V and > 0.

Proof. From Lemmal(l, Jo(p) is a lower semicon-
tinuous functional. Also, it is clear that Jo(p)
is lower bounded. As known, L»(l) is a uni-
formly convex Banach space. FurthermoreP is a
closed, bounded subset of »(1 ): Therefore, based
on Theorem 4 in [34] we can say that the OCP has
a unigue solution on a dense subseV  Ly(l):
This completes the proof.

Theorem 3. Let w 2 Ly(l) be a given function
and 0: Also, assume that Theoreni [L is satis-
ed. Then, the OCP has at least one solution.

Proof.
in [22].

The proof of Theorem[3 is carried out as

4. The gradient of functional and a
necessary optimality condition

In this section, we introduce the adjoint problem
to investigate the dierentiability of the objec-

tive functional and get a formula for its gradient.
Finally, a necessary optimality condition for the
OCP is derived.

By using Lagrange multiplier functions, we obtain
the adjoint problem as follows:

. @ @, @

I@+ ao @&+ |@éal(& r)

(& r+ p(& r ZiaSjUrj2 rt (22)
iasu? ; =2( 1)"(up up) forr =1;2
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(& T=0 forr =1;2; &2 I, (23)
1(0; )= a(l; )=0; 2(0;T);
90 )= 9 )=0; 2@T): Y

where the functions u, = u;(&; ) are solutions
of problem (12)-(14) for any p 2 P. It can be
seen that the adjoint problem (22)-(24) includes
the two boundary value problems. One of them
is a Dirichlet problem with respect to 1 and the
other is a Neumann problem with respect to »:
If we use transformt = T to the adjoint prob-
lem, we come to the conclusion that the adjoint
problem is in the form of problem (13)-(14). As
a solution of (22)-(24), we consider two functions
1(&;) 2 U1, 2(&;) 2 U, satisfying equation
for aimost all & 2 | and any 2 Q, the
condition (23) for almost all & 2 | and the condi-
tions @) for almostall 2 (0;T); respectively.
Hence, we can state the validity of the following
theorem for the solution of the adjoint problem
@2-@d:
Theorem 4. Let the assumptions of Theoreni [L
be ful lled. Then adjoint problem (22)-(R4]) has
a unique solution 12 Uy; 22 Uy forany p2 P
and the following estimates hold

2
- .-u ..2 @l
B aGE Migzqy @ L,
cskui  Uok,,, 01 ; (25)
W, ()
.. e @ 2
i 20 )JJ\Z/\/ZZ(I)+ @2 La(l)
2
cs kuy uzszo;l() (26)

for any 2 Q; where the positive constant<s; cg
do not depend on:

This theorem can be easily proved by the
Galerkin's method similarly to the proof of The-
orem[].

Now, let's get the enhancementJ (p)=J (p+
p) J (p)ofJ (p) forany p 2 P; where p 2
L, (1) is an increment given to anyp 2 P such
that p+ p 2 P. If we use formula @), we achieve

Z

J (P = p(&Re(u; ;)d&d +

Z
p(&Re(uzp)d&d + (27)
d|

2 (p w) pd&+ R;
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where

p(&Re( u171)d&d +

pP(QRe( U2 »(&; ))d&d +

2 2

g (jurj? j uij’)Im(us 1)d&d

z

az  (juz j? j uz®)Iim(u, »)d&d

Z
az juj’lm (u; 1) d&d

Z

as ju’lm (uy »)d&d + kpkLz(l)

and uy U (& ;p+ p) Uur(&; ;p)forr=1;2
hold problem ) for any p 2 P: By Young's in-
equality for the term R, we get

5
2

. S 2

kpkL NOR

max k 1(; K, 1y KpKE )+

N = N

max k »(:;
o T 2(
Z
as

2 2
KL, 1y KPkL,oy+

jup j2+ jugj? juqj®d&d +

Z

az  jUp j2+ jugj? juzj?d&d +

as k(i )k, oykua(i )k ,qyd +

az k2,
0
1 Zr
§a3 kuy(:;
0
zZr
kua(:;

KC, oy kuaCs Dk,yd +

2 .. 2
KL, oy kua(s )k, d +

1
—a3

5 MK, 1y kua(;

2 .
)KL,y d:
0
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In the inequallity above, if we use estimates [(1D),

(1), 29). 9. @6) and the well known inequal-

ity in [31]

ku(:; kg, )

, @q; )
@& |,
= const: > 0

ku(:; )kLz(l), (28)

forany 2 Q; we achive

jRj crkpki,q, cskpkf, ()

which shows that R

0 jj PiiLy (1) ; that is,

im —R = 0: where the constants
i plicy (! 0 PILL )
c7;cg > 0 are independent from p and : So,
from (R7), we can write
Z! 0 yd) 1
J (p) = @ Re(uiy + uz5)d A p(&d&+
0 0
7
2 (p w) p(&d&+ o jj piiL, o)
0

which implies that

7r
I%p) =
0

Re(ui 1+ uzxp)d +2 (p w): (29)

Consequently, the di erentiability of J (p) in the
meaning of Frechet is shown and the next theorem
is proved:

Theorem 5. Let w2 Ly(l) be a given function.
Assume that the conditions of Theorenj 4 are sat-
ised. Then, J (p) is a dierentiable functional

on P and moreover, its gradient is given by for-

mula [29).

Lemma 2. The functional J°(p) is continuous
on P:

J%(p)j !
0 on the setP: Using formula

Proof. Let's prove that jJ%(p+ p)
0 askpk., (y!

®9), we get
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P+ p) I%p)=
yd)
Re(up 7+ uz )d + (30)
0
yd)
Re(uiq1+ uzxp)d +2 p (&;
0
where the functions = ((&;) r(&; i p+

p) (&; ;p) for r =1;2 satisfy the problem

@ @ ro,@a(& r)
@ "*er "' e
(8 r+(p&+ p(& r= Ppr
iag 2ur 2, uZT, +
ias 2u i’ u, +2( 1) (ui uy);
((&TN=0; &2 1;r =1;2
10; ) = 1l )=0; 2(0;T)
@ 2, _ @2, | _.. TN -
T ) = @(I, )=0; 2(0;T):

For this problem, as similar to obtain of inequality
([20), we get the estimate

k4G KL,y +

as  jur jj (j°d&d cokpkf, () (31)

e

forany 2 Qandr =1;2. From (B0), we get

%p+ p) I%p)
ydl yd)

jurjj 4jd +  juzjj ojd +
0 0
yd) ydl

juajj 1jd +  jugjj 2jd +
0 0
2 jp(8j

which is equivalent to

2
%+ p) I%M |,

Al

2 2
0
zr

2 2
0

zZ
2 2
0
z
2
0
2 2 .
20 “kpki,iy:

In inequality above, using estimates [10), (11),
20), @5), ©6), (1) and inequality (28) we get

2
5Tk 2ki,

2
Pp+ p) I°M L,
ciok pkf1 0 forany p2 P

which implies that

Jo(p-l- p) Jo(p) ! OaSkpkLl (|)I 0,

where the constantscg; cip > 0 are independent
from p and : Thus, the proof is completed.

Theorem 6. Presume that the Theorem[b and
Lemma/[Z hold and letp = p (& be a solution of
the OCP. Then, the inequality

Z! 0 yd) 1

@ Re(u; 1+ Uy p)dA(p p)dé+
0 o0
b

2 (P w)(p p)d& O

0

is valid for any p 2 P; where the functionsu, and

i I = 1;2 are solutions of (12)-(14) and the
adjoint problem corresponding top 2 P; respec-
tively.

Proof. It is clear that the functional J (p) is the
sum of the functionals Jo(p) and  kp  wk{

Since kp kaz(,) is a continuous functional on

P; from Lemma[]], we deduce that the functional
J (p) is continuous on the setP: Also if we take
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into account Lemma@, we say thatd (p) is a con-
tinuous di erentiable functional on the convex set
P: Thus, by virtue of known theorem in [35], if the
functional J (p) has a minimum value atp 2 P;
then

%P )ip p L,q) Oforanyp2p

which concludes the proof.

5. Conclusions

In this study, we examined an optimal control

problem for a system whose state is expressed by

the nonlinear Schmdinger equation. We regard
Lions functional as the objective functional. As
it is seen from the de nition of P, the admissi-

ble controls set contains the measurable bounded

functions from Lo(1). We have shown the ex-
istence and uniqueness of the solution to the
optimal control problem. By means of an ad-
joint problem, we demonstrated that the objective

functional is di erentiable in the sense of Frechet.

Finally, by proving that the objective functional

is a continuously di erentiable functional on the

set of admissible controls, we derived a necessary

optimality condition for the optimal control prob-
lem.

As a future direction, we will consider the opti-
mal control problem, in which the set of admissi-
ble controls will be chosen from the wider class of
functions.
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