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In this study, we obtain triplets from quaternions. First, we obtain triplets from real
quaternions. Then, as an application of this, we obtain dual triplets from the dual
quaternions. Quaternions, in many areas, it allows ease in calculations and
geometric representation. Quaternions are four dimensions. The triplets are in
three dimensions. When we express quaternions with triplets, our study is
conducted even easier. Quaternions are very important in the display of rotational
movements. Dual quaternions are important in the expression of screw

Triplet movements. Reducing movements from four dimensions to three dimensions
Rotation makes our study easier. This simplicity is achieved by obtaining triplets from
Screw operator quaternions.
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1. Introduction quaternion Q is
A real quaternion is defined that | 0 |2 -0 5

Q=w+xi+yj+zk =(0+e0")(Q+eQ")

=QQ0+¢@QQ + Q" Q)

=w2+ 2%+ 9%+ 2%

where w, x,y, z are real numbers and
i?=j2=k%*=ijk= -1
= kjk= iki=] _ o ~
Y J b= The dual quaternion set is indicated by H [3].

W= —kkj= —iik= —]. _ o _ _
Jt ] b J The triplets is in a three-dimensional space. They can

be obtained from arbitrary quaternions in four-
dimensional space. So, we can make our study easier.

The norm of a real quaternion Q is

Q1> = QQ = w? +x* +y* + 2.

The set of quaternions is indicated by H.
A dual quaternion @ is defined by
Q=W+2i+9j+2k

where W, %,9,2 € D (D is dual number set). If £ € D
then

X=x+ex*
where x,x* € R (R is real number set) and &2 = 0.
Thus, we can write

Q=0Q+eQ",
where Q is real quaternion component and Q* is pure
dual quaternion component. The norm of a dual
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2. Triplets and real quaternions

The polar form of a quaternion containing complex
module and complex argument was expressed by
Sangwine and Bihan (see [1] for detailed information)
Let’s take

Q=w+xi+yj+zk

real quaternion. Let

¢
A=10|—=
where { = w + xi. Q can be expressed as
Q = Ae®
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where B = ¢ + di is a complex number. Simply,
el =a+ Bj+vyk
triplet is obtain by multiplying on the left by A=* of Q.
It is known that
Bj = (c+di)j =cj+dk

and
|Bj| = |B|.
Then it can be written that
Bj Bj
Bj=|Bjlr—~==1B|—%7-
J= By 1B
Accordingly,
oBi = ol BITH]
1B 1+ sin| B|
= CO0S ——SIin
| B |
B I+ sinl B |j + ——sin| B |k
= CO0S sin sin
|B| ST B
=a+pj+vk
where a = cos| B |, ﬁ—msmlBl y—msmlBl

(for detailed information see [1, 3, 4]). We can write

i
_ Bl = o BB = )
q=¢eb =¢ 1Bl =¢sle

where | B | = ¢, l% = j,- Accordingly, we can express

Q quaternion with Q = Aq where A is a complex
number and q is a triplet. Reverse the process, let’s take

a + Bj+yk unit quaternion. Since cos|B| =«

equality, |B| = arccosa and sin|B| = V1 — a?. Then

B = ¢ + di can be writen where ¢ = 26 g = 1BV
sin|B]| sin|B]|

A leaf is determined with a unit vector j,,. This vector
makes a angle ¢ with the positive j direction in the
(j, k)-plane. This unit vector can be expressed as

Jjo = (cos@) j + (sing) k

and j5 = —1. This is a pure unit quaternion. In this leaf,
let triplet g be a non-zero. This leaf is spanned by 1 and
Jjo- We can write g in terms of its components along
these vectors. Namely, we can write that

el = q = (cosé)1 + (sing)j, = e¥le

where ¢ be the angle that g makes with the positive
vector 1 direction in the leaf.

Thus, with the help of equation Bj = ¢j,, B can be
calculated [2, 5]. According to Figure 1, qeSp{1, j, }.
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g=e’ .7
§ S
= J
1
Figure 1. Triplet q.
Example 1. Consider X = J_’ \/—_ j+= k Then
a5
~ BB\
= cos¢ + (siné)j,
= efj(P
where j, = J_] + = k cosé = —and siné = —3. Then

|B| =¢ = arccos(ﬁ). So,
fj(p = Bj

1.1
= arccos(—=)(—=j +—= k)

V3TV 2
= (% arccos (\/—1§> + % arccos (%) i)f

and

1 1 1 1.
B = —arccos(—) + —=arccos(—)i.

V2 V3T V2 V3

3. Dual triplets and dual quaternions

Similar to the polar form of real quaternions, we can
also express the polar form of dual quaternions.

Theorem 1. Let’s take

dual quaternion. Let

Y
A=10|=
1¢]
where { = W + %i. Q can be written in the form
0 = AeBi

where B = ¢ + di is a dual complex number.

Proof. Simply,
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eBi=a+Bj+7k
triplet is obtain by multiplying on the left by A=* of Q.
It is known that
Bj=(é+di)j=¢+dk
and |Bj| = |B|. Then it can be written that

Bj
Bl

Bj
IBI

Bj = |Bj| = = |B|

Accordingly

Bj

_ Bj R
=cos|B|+f]sin|B|
| B

o é ~ d .
= cos| B | + —=sin| B |j + 7= sin| B |k
|B| | B
=a+pj+7k
where @ = cos| B |, f = %sin| Bl y= %sin| B|
(see [1], [3] and [4]). We can write

siBl L
=o' BT = oiia

o

g=e
-~ IS A]' )
where |B| = ¢, 51 = Jor
Accordingly, we can express Q dual quaternion with
Q=A4q
where A and § are dual complex number and dual
triplet respectively.

Reverse the process, let’s take @&+ fj + 7k unit
quaternion. Since cos|B| = & equality, |B| = arccosa
and sin|B| = V1 — @2. Then B = ¢ + di can be writen
where

|B|p (arccos@)

sin|B| - sin(arccos@)

¢ =

and
By _
sin|§| " sin(arccos@®)’

A arccos®)y
g ( )Y

A leaf is determined by a unit dual vector j. This dual
vector make a dual angle ¢ with the positive j direction
in the (j, k)-plane making. This unit vector can be
expressed as

Jo = (cosP)j + (sin@)k

andjé = —1. Thisis a pure unit dual quaternion. In this

leaf, let triplet § be a non-zero. This leaf is spanned by
1 and j,. We can write g in terms of its components
along these vectors. Namely, we can write that

efl =g =(cos¥) 1+ (sin?)j, = ete,
where £ be the dual angle that § makes with the positive
vector 1 direction in the leaf.

Thus, with the help of equation B j = & j,, B can be
calculated [2, 5]. According to the Figure 2, G €
Sp{1,jp}and 4 € Sp{1, i}.

For every unit dual quaternion, we can write that
Q = cosf + fisinf
=cos(0 +0%) + fisin(6 +€6%)

where 6 is rotation angle and 6* is translation
component about the dual axis . Accordingly, Q is a
screw operator. Because Q makes dual angular
displacement about dual vector axis [3].

From [6], the dual angle & = 6 + £ 8" makes rotation
as 6 and translation as 8* about the dual axis ji where

cosf = cosh — € 6*sind

and

sind = sinf + & 8*coso.

Figure 2. Dual triplet § and dual complex number A.

Example 2. Let Q = (1 + &)i + (1 — €)j + k then
|@| = V3 = |A| where

1+ 9)i _

A=+3 V3i
1+¢
and
. —V3i —i
=3 =5
So,
Q=Aebo

A+e)i+(1—-e)j+k=+3ie"e,



112

Let multiply Q by the inverse of A on the left. Then

q = egh’[’

_—i[(1+e)i+ (1—-¢)j +k]

3
=1+s+jA 2-—2¢
3 Y V3
and
, 1+e
cosé—\/§
sinfzim
V3

where € is dual angle. So,

cosé = cos(& + € &*) = cosé — & £*siné
1 1

=ﬁ+€ﬁ

m =1 and

Wh(—:‘recosf=\/i5 , smf—T,f* _ﬁ

&= arccos(— +e—

V3 f
Furthermore, we can write that

, 1—¢
N

2 —2¢

V3

_J—A -9k
= —m

Jp =

Ti

J— (A -9k
RS L )
1-(1—-e¢)i
7 ).

1-(1- €)l

= arccos(

MR

[arccos(i +¢€ —)(

V3 3
Thus, B = arccos(\/_ \/_)(

) Checking the

j— (A -9k

\/_exp[arccos(\/_+sf)( NowTs )]
l+e 1 ; -1
= VaiC \/_ e \/_

=1+ei+(A—-¢e)j+k

Il
Oy
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4. Conclusion

Here, triplets are obtained from the real quaternions.
Then, dual triplets are obtained from the dual
quaternions. Thus, it is believed that the quaternions
which have an important place in motion geometry in
general are made more useful. This will contribute to
the understanding of some concepts such as rotation,
translation, displacement and screw movement.

We know that a @ unit real quaternion is rotation
operator. Thus, a unit quaternion can be expressed by
two rotation operators.

The displacement of a rigid body is screw
displacement. This displacement can be made with
screw operator. Every Q unit dual quaternion is screw
operator. A unit dual quaternion Q can be expressed as
Q = Ag, where A is a unit dual complex number and §
is a unit dual triplet. Thus, two screw operators can be
expressed with a unit dual quaternion.
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