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In this manuscript, by using a general identity for differentiable functions we
can obtain new estimates on a generalization of Hadamard, Ostrowski and
Simpson type inequalities for functions whose derivatives in absolute value at
certain power are multiplicatively geometrically P-functions. Some applica-
tions to special means of real numbers are also given.
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1. Preliminaries

Let function ¢ : I C R — R be a convex defined
on an interval I of real numbers and (,n € I with
¢ < n. The following

()

holds. This double inequality is known in the lit-
erature as Hermite-Hadamard integral inequality
for convex functions [I]. Both inequalities hold in
the reversed direction if the function v is concave.
Let ¢ : I C R — R be a mapping differentiable in
1°, the interior of I, and let {,n € I° with { <n.
If |¢/(x)] < M for all x € [(,n], then we hold the
following inequality
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for all x € [(,n]. This inequality is known as the
Ostrowski inequality [2].

The following inequality is well known as Simp-
son’s inequality .

Let ¥ : [(,n] = R be a four-times continuously
differentiable mapping on ((,n) and H@b(‘l)Hoo =

sup ‘w(‘l) ()| < co. Then the following inequal-
ze(¢,m)

ity
n

L [¥(¢) +(n) ¢+ 1

3[ 2 +J¢< 2)]—n_g/¢wmu
¢

S—LﬂWmH(n*Og
2880 00
holds.

Definition 1. A nonnegative function ¢ : I C
R — R is called P-function if

P+ A —1)n) <P Q)+ (n)

holds for all {,m €I and t € (0,1).
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We will denote by P(I) the set of P-function on
the interval I. Note that P(I) contains all non-
negative convex and quasi-convex functions.

In [3], Dragomir et al. proved the following
inequality of Hadamard type for class of P-
functions.

Theorem 1. Let ¢ € P(I), (,n € I with { <n
and ¥ € L[(,n]. Then

w(ﬁ”) <2 [vwdi 20+ v ).
¢

Definition 2 ( []). Let I # (. The func-
tion v : I — [0,00) is called multiplicatively P-
function (or log-P-function), if the inequality

Y (tC+ (1 =1)n) <P(Q)v(n)

holds for all {,n € I andt € [0,1].

We will denote by M P (I) the class of all mul-
tiplicatively P-convex functions on interval I.
Clearly, ¢ : I — [0,00) is multiplicatively P-
function if and only if log is P-function. We
state that the range of the multiplicatively P-
functions is greater than or equal to 1. In re-
cent years many authors have studied P-functions
and multiplicatively P-function, see [3,[5H8] and
therein.

In [4], Kadakal proved the following inequalities of
Hermite-Hadamard type integral inequalities for
class of multiplicatively P-functions.

Theorem 2. Let the function v : I — [1,00) be a
multiplicatively P-function. If 1 € L[(,n], then
the following inequalities hold:

. ¢+
Z) ¢<2>
< ni C/ () (C+ 1 — u) du < (O ()]
.. +n
W Y <2>
1 n
< WO [ U< GO
¢

In [9], Kadakal et al. gave the following definition
in the literature.

Definition 3. Let I # 0 be an interval in
(0,00) € R. The function tp : I C (0,00) —

[0,00) is said to be multiplicatively geometrically
P-function, if the following inequality

b (¢t ) < Q)

holds for all (,n € I and t € [0,1].

We will denote by MGP (I) the class of all mul-
tiplicatively geometrically P-convex functions on
interval I. Clearly, ¢ : I C (0,00) — [0,00) is
multiplicatively geometrically P-function if and
only if logy is P-GA-function. The range of
the multiplicatively geometrically P-functions is
greater than or equal to 1.

Lemma 1 ( [I0]). Let ¢ : I CR — R be a differ-
entiable mapping on I° and (,n € I with { < 7.
If 4 € LI, n], then

n
v <\/§> B lnnilnc / wiU)du
¢

I ORAGERE
_n /01 t (g)é ! (UH (77)%> dt]

and

2
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77/0 t(ﬁ fr(n ¢ dt

Inn—1 1 b
= 1 [ (1) 7@

n
Y(C) +9(n) 1 P(u)
B lnn—lnCC/ U du

The aim of this paper is to obtain the general in-
tegral inequalities giving the Hermite-Hadamard,
Ostrowsky and Simpson type inequalities for the
multiplicatively geometrically P-function in the
special case using the above lemma.

2. Main results for the Lemma

Theorem 3. Let the function ¢ : I C [1,00)— R
be a differentiable mapping on I° such that ¢’ €
L[¢,n], where (,n € I° with { < n and O,\ €
[0,1]. If [¢'|* is multiplicatively P-function on
[C,n], ¢ > 1, then following holds:
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(1= 6) (AD(Q) + (1 = A) v (n))

n
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¢
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where

A1(0) = 6% —
and Ay = (1—=X)(+ An.

Proof. Let ¢ > 1 and Ay = (1 — \) (+ An. Using
the Lemma [Iland power-mean integral inequality,

1
0+ =
+2
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n
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/
1 7
(/tH }¢’(tn+(1t)AA)th) }(3)
0
is obtain.  Since [¢|? is multiplicatively P-

function on [(, 7], we know that for ¢ € [0, 1]

[ (tC+ AN (1 =) < ¥ (¢

and
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By simple computation

1
/|t—o\ 7 (1C + (1— 1) Ay)|“dt
0

1

/|t—6| ! ()17 |7 (Ax)|?dt

0
1
A,\)]q/\t — 0| dt
0

1
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and similarly
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and

1
1
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0
Thus, using (G6H8) in (@), we get the inequality
@ O
Corollary 1. Using the conditions of Theorem[3

for 8 = 1, then the following generalized midpoint
type inequality is obtained:

(8)

W=V ¢+ - 2 v
¢
< 125 | () (Vw O]+ =2 ¢/ )])

Corollary 2. Using the conditions of Theorem[3
for 6 =1, if |1[)/(IL‘)| <M, x € Kan]a then the
following Ostrowski type inequality is obtained

"
iC /w(u)du
¢

2 | (@=0°+ (-’
=M [ 2(n—¢) ]

(9)

for each x € [(,n].
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Proof. For each x 6 [C,n], there exist A, € [0,1]
such that x = (1 — \,) ¢ + )\3777 Hence, we have

Ay = f]:g and 1 — A\, = =%, Therefore for each
z € [(,n], from the mequahty @), @) is ob-
tained. O

Corollary 3. Using the conditions of Theorem [3
for 8 =0, then the following generalized trapezoid
type inequality is obtained:

n
(O + (1= ) () — nic / (u)du
¢

< TSy ] (R ©

Corollary 4. Using the conditions of Theorem[3
for A= % and 6 = %, then the following Simpson
type inequality is obtained

5 [p0+ 10 (51) + v
ic/nw(u)du
¢
(S ]atw ol

where A is arithmetic mean.

5
< %(W—C)

Corollary 5. Using the conditions of Theorem[3
for A = % and 6 = 1, then the following midpoint
type inequality is obtained

“(557)- nic/nd’(“)d“
¢
(55| a0v©

where A is arithmetic mean.

P (n)

)
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Corollary 6. Using the conditions of Theorem[3
for A= 5, and 0 = 0, then the following trapezoid
type mequalzty 1s obtained

¥ () +

2w(n)_n1</"¢(u)du
¢
(S| av @

where A is arithmetic mean.
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)
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We will give another result for the considered mul-
tiplicatively P-functions as follows using Lemma

il

Theorem 4. Lett): I C [1,00)— R be a differen-
tiable mapping on I° such that " € L[, n], where
¢,m € I° with ¢ < n and O,\ € [0,1]. If |[¢'|? is
multiplicatively P-function on [(,n], ¢ > 1, then

[(1=0) (Ap(¢) + (1 = A)¢b(n))
FOp((1 = A) ¢+ An) — /’7
C
< (=0 (Wl e pH) "(A))]
D2 [ Q]+ (1= 2 [ ()] (10)

holds, where Ay = (1 —X){+ An and % + % =1.

Proof. Let Ay = (1 —X)(+ A\n. From Lemma [I]
and by Holder’s inequality, we obtain

[(1=0) (Ap() + (1 —

n
FOp(Ay) — /
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A) ()
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0
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1
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0

1
/yt—aypdt
0

1
/ [ (tn + (1 — ) Ay)|* dt
0

Q=

Because [¢|? is multiplicatively P-function on
[C,7n], the inequalities (@) and (&) holds.
by simple computation

Hence,

(11)
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1

/W¢'ac+<1—tyAnPdt§\w%cﬂqw/uhnq
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and
1
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_ g)p-i-l

(14)

thus, using (I2))-(I4) in ([II]), (I0) is obtained. O

Corollary 7. Using the conditions of Theorem ]
with @ = 1, then the following generalized mid-
point type inequality is obtained

x [AW (O + (=22 ()|

where Ay = (1—=X)(+ M\ and%—i—%:l,

Corollary 8. Using the conditions of Theorem ]
for 8 =0, then the following generalized trapezoid
type inequality is obtained

n—q
< 1179 1y ay)]
(p+1)»
x X (O + (=N )]

where Ay = (1 —=X)(+ An and%—i—%:l.

Corollary 9. Using the conditions of Theorem )
for 6 = 1, if |¢/(z)] < M, = € [(,n], then the
following Ostrowski type inequality is obtained
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n
1
_Cwa> (15)
_ M <x—oz+m—xf]
ICEE n=¢

for each x € [(,n].

Proof. For each z € [C ,m], there exist A\, € [0, 1]
such that z = (1 — A;)¢ —|— Azn. Hence we have

Ay = f]—:g and 1 — )\, = =%, Therefore, for each
€ [¢,n], from the inequahty (0N, the inequality
([I3)) is obtained. O

Corollary 10. Using the conditions of Theorem
for A = % and 0 = %, then the following Simp-
son type inequality

§[po w0 (S5) 1)
<j < ()

S0 © ).

1s obtained, where A is the arithmetic mean.

Y’ (n)

)

Corollary 11. Using the conditions of Theorem
[4] for A = % and 0 = 1, then the following midpoint
type inequality

is obtained, where A is the arithmetic mean.

Corollary 12. Using the conditions of Theorem
for A = % and 0 = 0, then the following trape-
zoid type inequality
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1s obtained, where A is the arithmetic mean.

3. Some applications for special means

(1) The weighted arithmetic mean

Aa (C;m)
o €

=aC+ (1 —a)n,
0,1], ¢,neR.
(2) The weighted geometric mean

Ga (¢m) == ('™, (> 0.
(3) The Logarithmic mean

C#m,

Considering the results in Section 2, some inequal-
ities can be obtained for the means given above.

Proposition 1. Let (,n € R with 0 < { <n and
A, 0 € [0,1] we have the following inequality:

L) =15

= 0.
Inn—1In¢’ G >

‘(1 —0) A, (eg,en) + 060G (eg,e”) —L (ec,e")’
< (7= QA(B)eM D (W2 + (1= AP er)

where A1(0) is defined as in Theorem[3.

Proof. Using the Theorem [ for the function
P(t) = et, t € [0,00), the assertion is easily
seen. O
Proposition 2. Let {(,n € R with 0 < ( <
n, p,q>1, %Jr% =1 and X\, 0 € [0,1], following
nequality

’(1 —0) A, (ec,e"> +0G) (ec,e”> —L (ec,e”)‘

1

9p+1 179174*15
S(b_a)< +(1-0)
p+1

x e () (Azec +(1-N)? e")

is obtained, where % + % =1.

Proof. Using the Theorem M for the function
P(t) = e, t € [0,00), the assertion is easily
seen. Il
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