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1. Introduction
b
a+b 1 f(a)+ f(b)
< x)dr <
f(2>_b—a/f() - 2

The convexity property of a given function plays
an important role in obtaining integral inequali-
ties. Proving inequalities for convex functions has
a long and rich history in mathamatics. In [I],
Beckenbach, a leading expert on the theory of
convex functions, wrote that the inequality ()
was proved by Hadamard in 1893 [2]. In 1974,
Mitrinovi¢ found Hermite and Hadamard’s note
in Mathesis .

Let f : I C R — R be a convex function define on
an interval I of real numbers, and a,b € I with
a < b. Then, the following inequalities hold:

*Corresponding Author
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Inequality () is known in the literature as
Hermite-Hadamard inequality for convex map-
pings. Note that some of the classical inequalities
for means can be derived from () for appropri-
ate particular selections of the mapping f. Both
inequalities hold in the reversed direction if f is
concave.

Over the last decade, classical inequalities have
been improved and generalized in a number of
ways; there have been a large number of research
papers written on this subject, [3-8]
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Definition 1. The function f : [a,b] C R — R, is
said to be convex if the following inequality holds

fQr+ 1 =Ny <Af @)+ 1 -N)f(y) (2)

for all z,y € [a,b] and X\ € [0,1].

In [7], Dragomir and Agarwal proved the follow-
ing results connected with the right part of ().

Lemma 1. ([7]) Let f : I° CR — R be a differ-
entiable mapping on 1°, a,b € I° with a < b. If
I € Lla,b], then the following equality holds:

f

—

a b

b—a
2

(3)

fl 1—2t) f'( ta+(1—t)b)dt
0

Theorem 1. ( [7/) Let f:1° CR — R be a dif-
ferentiable mapping on I°, a,b € I° with a < b. If
|f'] is convex on [a,b], then the following inequal-
ity holds:

fla)+f(b) !
‘ y g de S @)

(b—a) (1f (a)] +[f (0)|
s ba (i ).

In [6], Kurmact gave the following results.

Lemma 2. ( [6/) Let f : I° C R — R be a dif-
ferentiable mapping on I°; a,b € I° (I° is the
interior of I) with a < b. If f' € L]a,b], then the
following equality holds:

ﬁf;f( s _f<a+b>

=(b—a) [fol/Qtf’(ta—i—(l—t)b)dt (5)

T Jly = 1) 1 (bt (1=t b) ]

Theorem 2. ( [6]) Let f : I° C R — R be a
differentiable mapping on I°, a,b € I° (I° is the
interior of I) with a < b. If |f'| is convex on |a, b],
then the following inequality holds:

ﬁf«ff( d—f<a+b>'
LU @]+ 17 ) -

(6)
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2. Definitions and Properties of
Conformable Fractional Derivative
and Integral

The following definitions and theorems with re-
spect to conformable fractional derivative and in-
tegral were referred in [9-14].

Definition 2. (Conformable fractional de-
rivative) Given a function f : [0,00) — R. Then
the “conformable fractional derivative” of f of or-
der « is defined by

D () 1) = tim UL IO

e—0 IS

(7)

forallt >0, a € (0,1]. If f is a—differentiable

in some (0,a), o > 0, lim £ () exist, then
t—0t+
define
(@) (o 1 ]
£ (0) = Tim 1) (1). 0

We can write f(%) (t) for Dg, (f) () to denote the
conformable fractional derivatives of f of order a.
In addition, if the conformable fractional deriva-
tive of f of order a exists, then we simply say f
is a—differentiable.

Theorem 3. Let o« € (0,1 and f,g be
a—differentiable at a point t > 0. Then

Dy (af +bg) =aDy (f)+bDy (g), for all a,b €
R,

ii. Do (\) = 0, for all constant functions f (t) = A,
iii. Do (fg) = fDa (9) + 9Da (f)

iv. D, (f> _ Da (f)gg—2Da 9)f

If f is differentiable, then

tl—oc df

Da (F) (1) =17 (1), ©)

3. D, (sin(az)) = ax'~*cos(az), a € R
4. Dq (cos(ax)) = —ax'~*sin(az), a € R
5. Do (2t*) =1

6. D, (sin(L)) = cos(£)
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7. Do (cos(L)) = —sin(L)

8. D, (e(%)) = e(%).

Theorem 4 (Mean value theorem for con-
formable fractional differentiable functions). Let
a € (0,1] and f : [a,b] — R be a continuous
on [a,b] and an a-fractional differentiable map-
ping on (a,b) with 0 < a < b. Then, there ezists
c € (a,b), such that

1) ~ f(a)

b a

Do (f) (¢) =

Definition 3 (Conformable fractional integral).
Let o« € (0,1 and 0 < a < b. A function
f i [a,b] = R is a-fractional integrable on |a, b
if the integral

b b
/ F (@) doz = / f@)2® e (10)
exists and is finite. All a-fractional integrable on
[a,b] is indicated by L} ([a,b])
Remark 1.

I () =17 (t*71f) =

a

" f(z)

ml—a

dzx,

where the integral is the usual Riemann improper
integral, and o € (0,1].

Theorem 5. Let f : (a,b) — R be differentiable
and 0 < o < 1. Then, for all t > a we have

IGDLf () = f(t) = f(a). (11)

Theorem 6. (Integration by parts) Let f,g :
[a,b] — R be two functions such that fg is differ-
entiable. Then

2 f (@) Da (9) (x) daw
(12)

= fglb — [P g (2) D2 (f) (z) doa.

Theorem 7. Assume that f : [a,00) — R such
that f0)(t) is continuous and a € (n, n+1]. Then,
for allt > a we have

Daf) I =f().

Theorem 8. Let o € (0,1] and f : [a,b] — R be
a continuous on [a,b] with 0 < a < b. Then,

11a (f) (@) < IZ1f] ().

For more details and properties concerning the
conformable integral operators, we refer, for ex-
ample, to the works [I5HIS].

In this paper, we establish the Hermite-Hadamard
type inequalities for conformable fractional inte-
gral and we will investigate some integral inequal-
ities connected with the left and right hand side
of the Hermite-Hadamard type inequalities for
conformable fractional integral. The results pre-
sented here would provide generalizations of those
given in earlier works.

3. Hermite-Hadamard’s Inequalities for
Conformable Fractional Integral

We will start the following important result for
a-fractional differentiable mapping;

Theorem 9. Let o € (0,1] and f : [a,b] — R
be an a-fractional differentiable mapping on (a,b)
with 0 < a < b. Then, the following conditions
are equivalent:

i) [ is a convex functions on |a,b]
ii) Do f (t) is an increasing function on |a, b]
iii) for any x1,x2 € [a,b]

Flea) > )+ B p () @) ()

Proof. i) — ii) Let x1,22 € [a,b] with x; < x9
and we take A > 0 which is small enough such
that 1 — h,xo + h € [a,b]. Since 1 — h < 21 <
T9 < x2 + h, then we know that

f(x1) — f(z1—h)
Fe2) " f(an)

<= (14)
_ ezt h;il flws)

Multipling the inequality (I4) with z1~% < 2379,
for 1 < w9, a € (0,1], we get

m1—af($1) — f(x1 —h)

! h
1—af(@2+h) — f(z2)
2 h :
Let us put h = ex{ ! (and h = ex§ 1) such that
h — 0, ¢ — 0, then the inequality (I4]) can be
converted to

(15)
<z

flz1) — f(zy —exf™) < frg +exy™h) — f(x2)
€ - € ’

Since f is a-fractional differentiable mapping on
(a,b), then let e — 0%, we obtain
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Do f(x1) < Do f(x2) (16)

this show that D, f is increasing in [a, b].

i1) — 4ii) Take x1, 29 € [a,b] with x1 < x9. Since
D, f is increasing in [a,b], then by mean value
theorem for conformable fractional differentiable
we get

where ¢ € (x1,22) . It is follow that

fa) > )+ B D () ().

o

iti) — 1) For any x1,z9 € [a,b], we take x3 =
Arp + (1 =Nz and 2§ = Azf + (1 —A)z§
for A € (0,1). It is easy to show that z{ — 2§ =
(1—=X) (2 —2%) and 2§ — 2§ = =X (af —z5).
Thus, by using ([I3]), we obtain that

fa) = S+ B () g
= S+ (0= T D () ()
and
f2) = s+ I D () ag)

= fles) - AT b () ().

(67

Both sides of the above two expressions, multi-
ply by A and (1 — \), repectively, and add side to
side, then we have

M(xy) +
f(x3)
= f(Az1+ (1 —A) xz9)

(1 =) f(z2)

v

which is show that f is a convex function. The
proof is completed. O

Theorem 10. Let o € (0,1], a > 0, and f :
[a,b] — R is a continuous function and ¢ :

[0,00) — R be continuous and convex function.
Then,

/ IJOCTA, Vol.9, No.1, pp.49-59 (2019)

o

«

—baiaa

2)dot)

J2o (f (2)) da.

(18)

Proof. Let ¢ : [0,00) — R be a convex function
and z( € [0,00). From the definition of convexity,
there exists m € R such that,

o(y) — p(z0) = m (y — x0) - (19)

Since f is a continuous function

(20)

is well defined. The function ¢ o f is also contin-
uous , thus we may apply (I9) with y = f(¢) and
[0) to obtain

p(f () = w(wo) = m (f(t) - 20) -

Integrating above inequality from a to b, we get

/bso(f())dt— oo >/abdat
([ s o
_ (/f t—wg“/dat>:0.

It is obvious that the inequality (I8) holds. O

v

Hermite-Hadamard’s inequalities can be repre-
sented in conformable fractional integral forms as
follows:

Theorem 11. Leta € (0,1] and f: I CRT - R
be a convex function and f € L ([a®,b%]) with
0 < a < b Then, the following inequality for
conformable fractional integral holds:

a® + b
(=)

(21)

_ @)+ 7 0)

— 2 .

Proof. Since f is a convex function on I C
R*, for %,y € [a®,b*] with A = %, we have
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4y _ fE)+ )
f< 5 ) < 5 (22)
ie, with z¢ = t%* + (1—t*)b*, y* =
(1 —1t%)a*+t*b®, for t € [0,1], o € (0,1]
a® + b°
7 (757
(23)

< f(t%a™ + (1 —t%) b%)

FF((1—t) a® + %) .

By integrating the resulting inequality with re-
spect to t over [0, 1], we obtain

2 o f (52) dat

< fo f{t%a® + (1 —t*)b%) dat
(= 1%) a® + 190 dyt .
= Ju S (@

and the first inequality is proved. For the proof
of the second inequality in (22]) we first note that
if f is a convex function, then, for A € [0,1], it
yields

f@%a® 4+ (1 =t%)b%) <t f (a®) + (1 —1%) f (b%)

and

F1=t%)a® +t**) < (1 —t*) f (a®)

By adding these inequalities we have

f (%> + (1
< f(

— 1)) + £ ((1— 1)
a®) + f ().

aOé + tOébOé)
(25)

Integrating inequality with respect to t over
[0,1], we obtain

S f (t%a® 4 (1 — 1) b%) dyt

(L= t) a® 19D dyt

< [f (@) + £ (b)) f, dat
@i

_W/f -

+t*f (b%).

The proof is completed. O

Remark 2. If we choose a = 1 in (21l), then
inequality (21) become inequality ().

Theorem 12. Leta € (0,1] and f: I CRT = R
be a convex function and f € L} ([a®,b%]) with
0 <a<b. Then, fort € [0,1], the following in-
equality for conformable fractional integral holds:

f@;ba) <he

- ba f f (26)
H (t%) f(a®) ‘2|‘f (b)
where
h(t*) = (1—t*f ((1+ta)aa—2|—(1 —to‘)ba>

iy <ao‘t°‘+ (z—ta)ba>

2

and
H(t*) =3 [(1—1t*) f(a®)
+ f(tYa® 4+ (1 —t*) b)) + t*f (b%)] .

Proof. Since f is a convex function on

I, by applying (@2I) on the subinterval
[a®, ta® + (1 — t%) b*], with ¢ # 1, we have
(I+tY)a*+ (1 —t*)b™
/ 2
- a
= A=) (e — )
(27)
(t%a® +(1—t2)b*) &
x/ f(z%)dopx
oS e (L))

2

Now, by applying (2I) on the subinterval
[ta® + (1 —t*) b*,b°], with t # 0, we have
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a®t® + (2 — %) b*
)

b
(e
< = f(z®) d(28
to (ba_aa) /(taaa+(1—ta)ba)<1y ( ) éf )

fE%a® + (L=t b%) + f (b%)
< 5 :

Multiplying 27) by (1 — t%), and 7)) by t%, and
adding the resulting inequalities, we obtain the
following inequalities

(0%
h(t%) <
() <

b
/ f(2%) dax < H (t7) (29)

where h (t%) and H (t“) are defined as in Thereom
Using the fact that f is a convex function, we

get
a® + b°

(=)
PR ST,

e @ (;— t“)ba>

(30)
< (-t f <a0‘+ [to‘aa;(l —to‘)bo‘]>
oo [[a%t* + (1 — 1Y) b%] + b

y ( ' )
< Sl F @)

+ f (%™ 4+ (1 —t%) b)) + t*f (b%)]
< f)+ %)
= 2

Therefore, by (29) and (30) we have (26]). O

4. Trapezoid Type Inequalities for
Conformable Fractional Integral

We need the following lemma. With the help of
this, we give some integral inequalities connected
with the right-side of Hermite-Hadamard-type in-
equalities for conformable fractional integral.

Lemma 3. Let a € (0,1] and f : I C RT - R
be an a-fractional differentiable function on (a,b)
with 0 < a < b. If Dy (f) be an a-fractional
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integrable function on [a®,b%] then the following
identity for conformable fractional integral holds:

(6]
ba_aa

fa®) + [ (%)
2

J2f (@) dax —

Iy @1

XDy (f) (t%a® + (1 — t*) %) dut.
Proof. Integrating by parts

Jo (1=2t%) D (f) (t%a® + (1 — %) b%) dyt
= (1=2t%) f (1% + (1 = 1) b)]

20 [ f (t%a® + (1 — 1) b*) dyt

=—[f(a®)+ f(b )]+mfaf($ ) dov.

1
Thus, by multiplying both sides by 3 we have
conclusion (BI). O

Remark 3. If we choose a = 1 in (31), then
equality (311) become equality (3).

Theorem 13. Leta € (0,1] and f: I CRT - R
be an a-fractional differentiable function on I°
and Do, (f) be an a-fractional integrable function
on I with 0 <a<b. If |f'| be a convex function
on I,then the following inequality for conformable
fractional integral holds:

‘f(a");f(b“) S /abf(xa)dax

o (ba _ aa) 23a2 =+ <6 X 2062) -8
< 3
2 3o x 23

(32)

[aam—n Da (f) (a®)] + 5@~V | D, (f) <ba>r]
. .

Proof. Using Lemma [3] it follows that

U f (@) da

f(a®) + [ (%) o
‘ 2 b — a® f

1
< 5 Jy 11 =26 Do () (170 + (1 = 12) b)) dat.

Since |f’| is a convex function, by using the

properties D, (fog)(t) = f'(g(t)) Dag(t) and
Dy, (f) (t) = t'=2f'(t), it follows that
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[Da (f) (t%a® + (1 — %) b%)|
< a (™ —a®) [tV Dy (f) (a®)] (33)

(1= )b Dy () (07)]

Using (B3), we have

T IO o [ ) das
< a(bO‘Q—ao‘) fol 11— 2t

x [t%a®@=V |Dq (f) (a®)]
+ (1=t b=V D, (f) (b%)]] dat

a (b —a%)
2

x @@ Dy () (@) fy 11— 267 tdat

+ 0@ Dy (F) (6] fy 11— 26| (1= 1) dat }

where

1
/ 11— 267 (1 — %) dot
0

9307 4 (6 X 2a2) —8

3a x 237

1
= / 11— 2% t%dt =
0

Thus, the proof is completed.

Remark 4. If we choose o = 1 in (33), then
inequality (33) become inequality ().

Theorem 14. Let o € (0,1] and f : I C RT - R
be an a-fractional differentiable function on I°
and D, (f) be an a-fractional integrable function
on I with 0 <a<b. If|f'|", ¢ > 1, be a con-
vex function on I, then the following inequality
for conformable fractional integral holds:

P+ 100 o .
‘ 9 _boz_aafaf(x )dax
< 2 (o

55

<aqa<a—l> |Da () (@)|” + 07~V | D, (f) W) !
2

where % + % =1, A(a) is given by

Proof. Using Lemma [3] and Holder’s integral in-

equality, we find

2 ba — q“

bf (%) dox

a

‘f(ao‘)Jrf(ba) *

IN

1

1 =
5 (o =262 dat)”

IN

1

(o 1Da () (ta® + (1= £2)b)["dat) "

E I 200 1D (1) (707 (1 12) ) dt

Since |f’|? is a convex function, by using the

properties Do (f o g) (t) = [f'(g(t)) Dag(t)
Dy, (f) (t) = t'=f'(t), it follows that

[Da () (t%a® + (1 = %) b)|*
< a?(b* —a™)?
[t7a™ @D D, () (@)

(10 |, () ()]

By using (35]), we have

and

(35)
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fa®) + f ([~ «Q b o
LRSI R

Oé(ba _ aa) 1

< (Qu—2wﬁ%0p

2

[ (am e D, () @)

1
q

+ (1= 1) 1O Dy (£) (65°)|%) dat]

a(ba _ CLO‘) 1

(ﬁu—Qwﬁ%Qp

(

It follows that

/u 2407 dt

1
/ (1— 2tV d, t+/ (2t — 1)P dot
1

0 o

a#=1 D, (£) (a)|" + b7V D, (f) (b)]°
2c

1 1 p+1
= — {2 (1- —5—
2a0(p+1) 2071
p+1
() }
90 —1
which is completed the proof. O
Remark 5. If we choose o = 1 in (54), then

inequality (34]) become Theorem 2.3. in [7].

5. Midpoint Type Inequalities for
Conformable Fractional Integral

We need the following lemma. With the help of
this, we give some integral inequalities connected
with the left-side of Hermite-Hadamard-type in-
equalities for conformable fractional integral.

Lemma 4. Let o € (0,1] and f: I CRT — R be
an a-fractional differentiable function on I° with
0<a<b. If Dy(f) be an a-fractional integrable
function on I, then the following identity for con-
formable fractional integral holds:

f( )—

where

a® + b*
2

(%

ba_aa

J2f (@) dax
(36)

£) (%% + (1 — %) 5®) dat

1

)q.
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1
e 0<t< 5z
P(t) =
1
-1, o <t<l

Proof. Integrating by parts
1
/ P(t)Dy, (f) (t%a™ + (1 — %) b%) dut
0

/0 4D (F) (£ + (1= £9) ) dot

1
[ = 0Da () (a + (1 )5 dat
2l/a
= tOf (t%% + (1 — Mﬂﬂ“
a/Q”“ F % + (1 — %) b*) dot
0
+ (@ =1 f (% + (1 - )WNWQ
—a/ f (%™ 4+ (1 —t%)b%) dat
« b b
-5 ) e e
Thus, we have conclusion (30]). O

Remark 6. If we choose a = 1 in (38), then
equality (368) become equality (3).

Theorem 15. Leta € (0,1] and f: I CRT - R
be an a-fractional differentiable function on I°
and Dy, (f) be an a-fractional integrable function
on I. If |f'| be a convex function on I, then the
following inequality for conformable fractional in-
tegrals holds:

'bafaa/abﬂm“)daz—f(
o (b

8

a® + b
2

|+ 6%V D (f) (0%)]

(37)

(aaw—” |Da (f) (a)

«

Proof. Using Lemma [3] it follows that

) |
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1

. )da;v—f<a +b >‘
2
ol/a

< bf t* Do (f) (t%a® + (1 =

1) bY) | dut

+ fl 1 —t*) Do (f) (t%a® + (1 — %) b*)| dat

ol/a

By using ([B3), we have

et (757

<a (b - a®) {foflf“ 2 [t%a°@ ) [ Dy (f) (a®)

o b
'ba_aafaf(iv

+ (1 =) 0D [Dq (f) (6%)]] dat

+[h o

vl t*) [taaa(a_l) [Da (f) (a)]|
+ (1= )@=V Dy () (6%)] dat}

a (b —a®%)

(8—1)
y ( [Da (1) (

(07

Thus, the proof is completed. O

Remark 7. If we choose a = 1 in (37), then
inequality (37) become the inequality (06).

Theorem 16. Leta € (0,1 and f : I CRT = R
be an a-fractional differentiable function on I°
and Dy, (f) be an a-fractional integrable function
on I. If |f'|*, ¢ > 1,be a convex function on I,
then the following inequality for conformable frac-

tional integrals holds:
[ remd (T Wy
b —a® J, ¢ 2

1

< o= () PO

1, B(«) is defined by

1,1
where = + = =
p+q

a®)| + 5D | Da (f) <ba>|> |

B(a)
_ (aqa(a‘” Do () (a®)]

8«

N qua(afl) ’Da
8o

qdc(a—1) a®
+<3q [Da (£) (@®)]"

) <ba>r>” ’

8«

bqa(afl) ’Da
* Ba

() <ba>|) "

Proof. Using Lemma [3] and from Holder’s in-
equality, it follows that

et (557

< { 21fa 191Dy () (£%0° + (1 — 1) b)| dut

a b
‘ba_aafaf(x

0

1
+ [ (1 =t*)|Dq (f) (t%a™ + (1 — %) bY)| dat
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By using (35), it follows that
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o ] e Dy () @)

ol/a

(1= 1) 0D D () (6)[7] dat) 7}

—a (¥ —a?) (W)Up

» { (aqa““” 1Da () (@)

8«

1

3pee1) | D, (f) <ba>r> f
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Thus, the proof of completed. O

Remark 8. If we choose o =1 in (38), then in-
equality (38) become the inequality (2.1) in The-
orem 2.3. in [6].

6. Conclusion

In this work, we have obtained some new Hermite-
Hadamard type integral inequalities for con-
formable integrals and we will investigate some
integral inequalities connected with the left and
right hand side of the Hermite-Hadamard type in-
equalities for conformable fractional integral. The
results presented here would provide generaliza-
tions of those given in earlier works and we show
that some our results are better than the other
results with respect to midpoint inequalities.
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