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In this study, we have obtained some Hermite-Hadamard type integral inequal-
ities for s, —preinvex functions. These inequalities are a generalization of some
of the results in the literature.
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1. Introduction

Fractional calculus (see [IH3]) arise in the mathe-
matical modeling of various problems in sciences
and engineering such as mathematics, physics,
chemistry and biology.

Many authors have been working to fractional in-
tegral operators (see [4H7]) due to many appli-
cations in differents areas of Mathematics, Engi-
neering and Physics, etc (see [8,9]). Also, these
operators have allow to extended results about in-
tegral inequalities of many types (see [4,10,11]),
for instance, Hermite-Hadamard integral inequal-
ities (see [12HI4]), Ostrowski type inequalities (see
7).

In particular, in recent years, several extensions
and generalizations have been considered for clas-
sical convexity (see [I3}[I5L16]). A significant gen-
eralizations of convex functions is that of invex
functions introduced by Hanson (see [17]).

In this work we derive several new inequalities of
Hermite-Hadamard type for s, -preinvex function
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of first and second sense by using fractional inte-
grals.

In this article, we define and recall some basic con-
cepts and results. Let R™ be the finite dimensional
Euclidian space, also 0 < ¢ < § be a continuous
function.

Definition 1. ([7,8]). Let f € Li[a,b]. Then
Riemann-Liouville fractional integrals J&. f and
St f of order a > 0 with a > 0 are defined by

S f@) = g [ =0 @ ()
and
b
s f(x)zr(la) [ o i@an @

where T is the classical Gamma function.

Definition 2. If K, in R" set, is said to be
p—invexr at u according to g, if there exists a bi-
function 0 (.,.) : Koy X Koy — R™, so that,

u+ 7€ (u,v) € Koy, Yu,v € Ky, 7 € [0,1].
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The p—1invex set Ky, is also called pn—connected Integration by part respectively:

set. Note that .the convez set with ¢ = 0 and fo Fyotd (a+ 1276“"7) (b, a)) dr
n(u,v) = v—u is a p—invex set, but the converse L
is not true 20 T)““f’(aJr Srenba)) | 2(a1)
) - e'#n(b,a) e'¢n(ba)
' 0
X fol(l — 1) (a+ 57y (b,a)) dr
_ 2 / e*#n(b,a)
= e <“ + f)
Theorem 1. Let f : I C R — R is a convex B Z(al(l)a)[ 2 ¢ (a+ e”n(b,a)>
function defined on the interval I = [a,b] of real e'en(ba) | e“n(ba) 2
numbers where a < b. Then, the following double 201D (at1) ap f(a)
inequality etn(b,a) <a+ ewn(bm)_ “
2
b 1 0 b _ 2 “*n(b,a)
f(a+ )S ff(x)deM, _ei‘Pnba f,< : 772 a)
2 b_a’a 2 _ A(at1) f ( e‘%}(ba))
the above double inequality is known as Hermite- |62’;”Q§b‘(1 )
. . . . &3
Hadamard type of inequality in the literature. Wj(a+ ei(pﬁ(()’a))ff (a),
2
and7
fo — et (a+ L7 iy (b, a)) dr
l
Let R be the set of real numbers. During the arti- — Q(I_T)aﬂizia?blf ¢“n(ba))
cle I = [a,b] C R be the interval unless otherwise !

2(a+1) 1 T i
specified, also let 0 < ¢ < g be a continuous +ewn(b a) fo (1 =7)f (a+ H5ren (b, a)) dr
function. = 7W(b7a)f/ (a 6“’#(1“1»

52 [ (o 22422)

20+ (1) yaup
NELB S Y cionoia) . f (b)]
2

Lemma 1. Suppose a function K, C R" and e?n(b,a) (H
0 : Koy = R, the f:]a,b] = R be twice differen- _ 2 ( + ewn(b,a)
tiable function on (a,b) with a < b, n(.,.) : Kgpx — en(ba)
K,, — R", The p—invexr set K,y and 0 < ¢ < ;i(a:l 5 f < (b a)>
/2 be a continuous function. Let f” € Lla,b], le ”%?O)JH)
afterward, we get the following equality for frac- (eiéf’n(b,a))“+2 J<a+e“f’n(b a))*f( )
tional integrals:
Using I; and I5 in ([B]), and afterwards multiplying
20~ 17 (a1 « ip 2
Wé,;{)a) [J(ai ewg(b,a))* (a) both sides by (68(2(_?_7611;) the proof is done. [J

f
en(b,a
e cin(ba) +F )] -/ <a+ 3 )>
( T ) If we take @ = 1 in Lemma [Il we obtain to fol-

_ |e§zif| fo _p)etl (" (a + L5Zei#n (b, a)) lowing result.

X 4 // + 1+7’ up b dr.
/ (a 77( a))) Lemma 2. Let K,, € R" and ¢ : K, —

R, the f : [a,b] — R be twice differentiable func-
tion on (a,b) with a < b. Let f” € LJa,b,
afterward, 0 (.,.) : Kop X Koy — R™, the p—invex
set Koy and 0 < ¢ < 5 be a continuous func-

tion. We get the following equality for fractional

integrals:
(b a)
Proof. Let, ew;(b - faa+ “n f@)ds — f (a—i— eson(b a))
Jo @ =) [ (a+ 1576 (b a)) _ e na)?

"(a 1+T6i p a r 16 fol(l - T)2 )
fq El jT)a+1§7 ((l;’ _F))l}—il ¢y (b,a)) dr  (3) [f" (a+ 5Ze*n (b,a)) + " (a+ HETen (b,a))] dr.

+ A= 7) L (a4 1+7' ¢i#n (b,a)) dr If we take 17((), a)=b—a, ¢ =0, then we have,
—I1+Iz [a,a+¢e%n(b,a)] = [a,a+n(b,a)] = [a,0].
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2. Inequalities for S, -preinvex of
second sense

In order to obtain main results introduced by [18]
the s,—preinvex function of second sense.

Definition 3. [18] A function f on the set K,
is said to be s,—preinver function of second sense
according to ¢ and n, we get

futren(v,u)) < (1=7)° f(u)+7°f(v), (4)
where Yu,v € Ko, 7 € [0,1].

Theorem 2. Suppose a function K, , C R" be
a open invex set according to bifunction n(.,.) :
Ky, x Koy — R™, The p—invex set K, where
n(b,a) > 0. Also ¢ : K, — R. Let " €
L1 [a,a+ €¥n(b,a)] and |f"] is sp-preinvex func-
tion of second sense, afterward, we get the follow-
ing inequality for fractional integrals:

f(a)

2071 (a+1) a,p
e?n(b,a))” eiPn(b,a)\ "
(e*en(b,a)) (a +eon(b.a) )

+J< P ewn(b a)) ] f <a + 46“9772(67(1)) |
*$n(b,a 2 s
= 2:2 a+)1) {(# 2 - > + ﬁ}
<[ f" (@) + [ f" @)

(®)

Proof. Via Lemma [ and the fact that |f”| is
sp-preinvex function of second sense, we get

f(a)

29717 (a+1) | 7a,¢
[z} [} i a —
(e*#n(b,a)) <a+e (o, >>

)+f(b)] —f (a—l—ei%g(b’a))‘

a+1

Jo?
+ ((H_e“"n(ba)

e ‘F’n (b,a)
T 8(atl) fO

[ " (a —I-llTT.wn (b, a))
f” (a+ LT ey (b, a) )] dT‘

e ‘Pn ba 1
" 8(at1) fO a+
x f" (a+ o7 et (b, a)) dT‘
e*?n( ba
+’ © 8(atl) fO

—7)
f” (a+ 1t WT] (b, a)) ClT‘

IN _|_><

o+

S T8latD) a+1 — )t
‘f”(a—i— 1T “pn (b,a))| dr
|een(ba)|® 7)ot

" 8(atl) fO

‘f”(a—i—HT e ( b a) )‘dv‘

where

1 1
— )t 7)%dr 7)*dr
| a=mttaenrar< [

the above selection will be accepted, namely,

< Il Tty e
< ((57)° [ @l + (157)° 11 @)1) dr]
S [ -

+ (575) 1" (0)]) dr]

< ((457)" 1" (a)
@)l fy (1 —7 V+W1+T)d

N ‘e‘Pnba|
_W[W

PO =) =)
Lol i@l i - >"‘+1<1 ) dr
POy =)™ (14 7) dr |

< B0 [ @) (s (21 - )
-%\f”()|5+a+2-+|f”(aﬂ
+ 17 o) (s @ - 1))

s+a+2

én(ba)|” 1 1
= ‘25+3(a+1’) s+1 [28+ 1]) + s+a+2}
<[ f" (@) + 1f" ®)I] -
which completes the proof of Theorem. (I

Theorem 3. Suppose a function K., C R" and
o Koy = R, f:[a,b] = R be twice differ-
entiable function on (a,b) with a < b, n(.,.) :
K,y x Koy — R". Also R™ be the finite dimen-
sional Euclidian space. The p—invex set K,. Let
" € Lla,b] and |f"|? is s,-preinvex function of
second sense, afterward, we get the following in-
equality for fractional integrals:

~f(a)

29717 (a+1) a,p
10 « 1
(e*#n(b,a)) (H anQ(b,a)>

e ] f(

( “F’n(b a))*

1
1 \«¢
= 3q+5 pa+1 )+1 s+1

x [{|f” 1) o)1")7]

_'_|€i"°n(byfl)|2 1 v 1 ¢
M(oﬂrl) pla+1)+1 s+1

< {7 @17+ 157 @) (24 = 1)}

e'¢n2(b,a) )

‘e“”n ba

(6)
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Proof. From Lemma [II Holder’s inequality and  second sense, afterward, we get the following in-
the fact that |f”|? is s,-preinvex function of sec-  equality for fractional integrals:

ond sense, we get a1
@t |71 ey () 2
‘ +J0¥ +J ()
g _ ¢en(ba) art Lyl
N o IR v W)
- 2
= (”Lbffo (1— 1)t [eenea)® (3 Ve
8(a+1) S mEs <T+2>
ek et [ S
+ S (a+ ST (b,a))] dr| 8 [{W( W ([ - 1)
<[l o O 5t}
a+s+2
« f” (a+ =Tt (b,a)) dr| ientb)? +s+ 1,
e n(ba a+1 L (L !
s Jo (L=t T ) (a+2
x f" (a+ LTeten (b, a)) dr X {‘f” (a)l* a+i+2}

1

1o (e 0 -10) )]

S =

S a a+1 {(fo aH)pdT)

1
Ly en 1-7 iy q )5
% (fo [f" (ot S57ePn (b,0) [Mdr Proof. From Lemma [I power-mean inequalit
f y
|eien(b,a)|? (f (a+1)p dr ) and the fact that | f”|? is s, —preinvex function of
8(a+1) 0 second sense, we get

N (fol |f7 (a+ LTen (b, a))|da>E

2071 (a+1) a,p
(et*n(b,a))”® [J(a+ei¢n2(b,a)>_f(a)

a,p
+J(a+eivn(b,a) +f(b)
2

|e*en(b.a)|* Y
= 8(a+1) pla+1)+1

(@ ey -

d
) ) 1 _f ( W)‘
IO () ar) )
e (ba) a —r
eenal’ (1 \# = | Jo (= [ (0t 5o (b))
8(a+1) ( (a+1)+1) . +f" (a+ L7 eien (b, a ]dT}
{(f// K fo (55)°d < es(l(if) fo —r)ett f" (a+ 5Ten (b,a)) dr
1
Oy (57) )“} (on®a)’ (1 = )41 pr (o Lo (b)) dr
_ |ewn(ba)| 1 7 1 i cen(ba 1_1
23qq (at1) <p(oz+1)+1> (s—i—l) 1 < MTI) (fO +1d ) q
< {1 (@) (27 = 1) + |7 (0)] "} a i ‘
S YA | e et
3gEs tD+1) \s+1 eion(b,a)|’ N -3
2 ,Eaﬂ)q ’ ” q (ost1 1 | 8(:;+1)‘ {(fol(l_T) o dT) '
% [{‘f ‘ N ’f ( )‘ (2 _1)}(1}7 1 1 a+1 | en 147 Jip b qd %
which completes the proof of Theorem. o ° (fo (=) " (a+ 5en (b,a))] T)
leena)® (1 \1"3
< gfiq;-S (a+1) <a+2>

-
Theorem 4. Suppose a functionK,, C R™ and {f” a q( 95+l _ >+ F ()] —L }E
¢ Ky = R, fi]a,b] = R be twice differ- L () s+l [ . ] 77 ) atst2
entiable function on (a,b) with a < b, n(.,.) : + |e¥#n(b,a)| (L)PE
Koy X Ky — R™. Also R™ be the finite dimen- 27 (1) \OT2
stonal Buclidian space . The p—invex set K. Let { 1 ¢ 1 PPN ( si1 > }
f" € Lia,b] and |f"|? is s,—preinvezx function of % | 7 (@) Grez + 17 ()] r[2 -1

Qe
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which completes the proof of Theorem. ]
Remark 1. If we take ¢ = 0 in Theorem 4, we
obtain the results in [7].

3. Inequalities for S -convex funstions
of first sense

In order to obtain main results introduced by [18]
the s,—preinvex function of first sense.

Definition 4. [18] Suppose a function f on the
set Ky is said to be s,—preinvex function of first
sense according to ¢ and n, let

Lﬂu+wwﬂ%W)§@—T%ﬂw+TV@k&
Vu,v € Kop, 7 € [0,1].

Theorem 5. Suppose a function K, C R" and
¢ Koy — R, the f : [a,b] = R be twice dif-
ferentiable function on (a,b) with a < b, n(.,.) :
K,y x Ky — R". Also R"™ be the finite dimen-
stonal Buclidian space. The p—invexr set Ky, .
Let f" € La,b] and |f"| is s,-preinvex function
of second sense, afterward, we get the following
mequality for fractional integrals:

20~17(a4-1)
(e?#n(b,a))”

P

(0%
[J<a+ eison2(b,a)>

P ¥ n(b,a) +f(b)
2

(a+

~f(a)

+J

—f ( ei“’n(baa)> ‘
|eien(b, fl)| 1 "
< JEDl 157 (a)) 1177 ().

Proof. From Lemma [I and the fact that |f”] is
s,-preinvex function of first sense, we get

[Ja,cp

<a+ ew,,Q(b,a))

24~ 17 (a41)
(e*on(b,a))™

—f(a)
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< e?if)' Jo (1= T)aH |f" (a+ 5Zen (b,a))| dr
Il =) | (0 e (0, ar
< 0l [ (1= (501 @] dr
+ (157 )If”()H
'%&ﬁf o 0= (4521 (@)

+(1-(57)° )U”()H

= Lol 1 @)+ 17 )]

which completes the proof of Theorem.. O

Theorem 6. Suppose a function K., € R" and
o Koy = R, the f: [a,b] — R be twice dif-
ferentiable function on (a,b) with a < b, n(.,.) :
Kop x Koy — R, Also R™ be the finite dimen-
stonal Buclidian space. The p—invexr set K. If
" € Lia,b] and |f"|? is s,-preinvex function of
second sense, afterward, we get the following in-
equality for fractional integrals:

[Ja,go

(ar=2gt)

+J2j&%§w»+f(w

—f (a+ )}

< ol ()" (k)
<[ @17 20 s+ 1) = )+ 177 0)[)7 }
Sl (i) ()

AU @I+ 177 O 2 (s +1) 1)}

20~ 1T (a+1)
(e'#n(b,a))™

f(a)

e'?n(b,a)
2

Q=

2 49

Proof. From Lemma [, Holder inequality and
the fact that |f”|? is s,-preinvex function of sec-
ond sense, we get

[ (a)

2071 (a+1) [Joz,go
e?n(b,a))” eiPn(b,a)\ "
(e*en(b,a)) (at it

a,p
ceaary ] O

{or 2

_f(

+J

+J< 7?_6“977(17 oyt () - eé?ﬁf) Jo @=n [ (a+ 157en (b,a))
_f< M ‘ —I—f” (a+ e (b,a))] dr|
e”n(b a) a+1 7 1 T i
[l g1y et [ a4 gz ) < T o (T (o Ben ) dr
e ba a T
+f” (a + 1+7— upn (b )] dT‘ 8(7;(4-1)) fo 1 _ +1 f// (a + 1%6 “n (b’ a)) dr
< G 17 ba fo )t (a+ 5Ten (b, a)) dT‘ |61;(77(b11)\ (fo (a+1)pd )1
- a+1)
e“” ba a i 1
’;H Q=) (a4 e (b.0) dr < (177 (a+ S5mebon (b.a)) [ dr )
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|e“f’77 ba o¢+1)p %
T ST (fo dT)

1
(17 (0 Bzeon .| dr)

‘ewn (b,a ’2

< ol (V@
Sy (L= ()Y ar 17 O i (157)a )
e n(ba)? (p(a+1+1) (177 @17 fy (157)

8(a+1)

PO - (59)° ) dr)

1

) 1
< |eien(b,a)|? ( 1 )E( 1 )E
= 3q+s

) qq (a+1) pla+1)+1 s+1

{7 @I @2 (s 4+ 1) = 1) + 177 (0)|)7 }

‘eiwﬂ(bva)f 1 v 1 7
+ : (p(a—l—l)—i—l) <m)

=

3q+s

2 4 (a+1) .
{1 @17+ 17" B (22 (s + 1) = 1)1},
which completes the proof of Theorem. O

Theorem 7. Suppose a function K., € R" and
0 Koy = R, the f: [a,b] — R be twice dif-
ferentiable function on (a,b) with a < b, n(.,.) :
Koy x Koy — R™. Also R™ be the finite dimen-
stonal Buclidian space. The p—invex set Ky,. Let
f" € Lia,b] and |f"|? is s,-preinvex function of
second sense, afterward, we get the following in-
equality for fractional integrals:

2017 (a41) a,p
(eten(b,a))” [J<a+ewn2<b,a>)f(a)

+JOF P lbra) +f(b)
on(b.a)

<a+
_f (a _|_ 6“’01’]2(1)70,)
|cen(b.a)|* (L -3
= 8(a+l) a+2
I'(s+a
(7@ (a2 -~ rirars)
1

+W%W%%%%y
2

a+1 <o¢+2>

Uﬂ(W%MﬁQ

17O (s — Farm) |

] e

=

Proof. From Lemma [II power-mean inequality
and the fact that |f”|? is s,-preinvex function of

second sense, we get

f(a)

2071 (a+1) a,p
(et*n(b,a))” (a+ ei¢n2(b,a))_
a,p
+J( | cenoa) w”(ba) +f ()
e ‘*’n(b a)) ‘

4(

- e:(ﬁf)) fo (1- a+1 [f” (a + I_TTewn (b, a))

+f// (a—i— 147 Z(pn (b )] dT‘

< es(z(if) fo aH 1" (a + =T 5" e (b, a)) dr
e ‘f’?;(j_f)) fo a+1 f/l (a+ 147 zgpn (b a)) dr

1
!e“f’n(b a et 1=q
< " 8(atl) (fO dT)

1
x(fo 1—7'a+1]f”(a—|— 57e"n (b, a)) ’qd7'>

e'?n(b,a) oz -

+| 8(Zz+1 i (fo o dT) !
o a—l—l

(g = l
X ‘f” (a + HTTG“PU (b, a)) ‘da)q

een(ba)|’ = o
< | 8(Z+1)| (gi?) {fol(l_T) o
- (5 1

< |f" (@) + (555) [f7 (b)) dr}e

1

+l ()
ik

1
+(557) 11" (@) dr}s
_ [’
= T8latD)

< (If" @I (35 - $a5m)
U O i

. 2 _l
le¥nb.a)|” (1 1 a
8a+l) \a+2

< (17 (@) v 1
1O (s~ Far)”

w |-
\_/+

\_/

Q|

which completes the proof of Theorem. O
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