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1. Introduction where g, = V f(zy) is the gradient of f at xj and
Bk is a parameter.

Nonlinear conjugate gradient method is a very

powerful technique for solving large scale uncon- Conjugate gradient methods differ in their way of

strained optimization problems defining the parameter 8. Over the years, several

. choices of Sk, which give rise to different conju-
min{f(z) : x € R"}, (1) gate gradient methods, have been proposed. The
where f : R® — R is a continuously differen- most famous formulas for 3; are Fletcher-Reeves
tiable function. It has advantages over Newton (FR) method [20]
and quasi-Newton methods in that it only needs
the first order derivative and hence less storage
capacity is needed. It is also relatively simple to

program. ||gk'—1‘
Polak-Ribiére-Polyak (PRP) method [32,33]

R HngZ
Bt = EnIER

Given an initial guess xg € R"™, the nonlinear con-
jugate gradient method generates a sequence {xy}

for problem () as PrP ggyki .
k — 1. 19
Tyl = Tg + agdy, k=01,2,..., (2 l|lgr—1]|?
Dai-Y DY thod [12
where oy, is a step length which is determined by ai-Yuan (DY) method [12]

a line search and dj, is a descent direction of f at

x) generated as DY _ [lgk|I>
. kST ’
dn = ~9k if k=0, (3) Ay 1Yk—1
T =gk + Bedp—1, if k>1, and the Hestenes-Stiefel (HS) method [18]23]
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T
HS _ 9 Yk—1
kK — 5T )

dk_lykfl

where yx_1 = gr — gx—1 and || - || denotes the
Euclidean norm of vectors. These were the first
scalars (8 for nonlinear conjugate gradient meth-
ods to be proposed. Since then, other parameters
Br. have been proposed in the literature (see for
example [1L2,4H6,T4L1517,T9,221283539,/40] and
references therein).

From the literature, it is well known that FR
and DY methods have strong convergence prop-
erties. However, they may not perform well in
practice. On the other side, PRP and HS methods
are known to perform better numerically but may
not converge in general. Given this, researchers
try to devise some new methods, which have the
advantages of these two kinds of methods. This
has been done mostly by combining two or more
Bk parameters in the same conjugate gradient
method to come up with hybrid methods. Thus,
hybrids try to combine attractive features of dif-
ferent algorithms. For example, Touati-Ahmed
and Storey [36] proposed this hybrid method

ALY = max {0, min(BF %, BFEF)}

to take advantage of the attractive convergence

properties of ﬂ,f B and numerical performance of
5£RP-

Many other hybrids have been proposed by para-
metrically combining different parameters Sx. In
Dai and Yuan [I1], for instance, a one-parameter
family of conjugate gradient methods is proposed
as

B = Al
Millgr—1l1? + (1 = A)d]_ yp—1’

where the parameter \; is such that Az € [0,1].
Liu and Li [28] proposes a convex combination of
B,fs and B,?Y to get

Br = (1 —7)BE° + B,

T
where BFS = —ﬁ is the Liu-Storey (LS)

[26] parameter and 7, € [0,1].  Other hy-
brid conjugate gradient methods can be found
in [214-813,211,22,24] 25,2729, 35,38, 41].

The step length «y is often chosen to satisfy cer-
tain line search conditions. It is very important
in the convergence analysis and implementation
of conjugate gradient methods. The line search

in the conjugate gradient methods is often based
on the weak Wolfe conditions

flae + ondi) < f(xg) + poggf di (4)
and

9(vk + apdy) ' dy, > ogi dy, (5)

or the stronger version of the Wolfe line search
conditions

flan + ardy) < f(z) + pokgl di (6)
and

\g(zx + cxdy) " di| < —ogf di, (7)

where 0 < u < ¢ < 1. More information on these
line search methods and other line search meth-
ods can be found in the literature [9,14L25] 3T,
34,37,[39,[41]. In this paper, we suggest another
approach to get a new hybrid nonlinear conjugate
gradient method.

The rest of the paper is organised as follows. In
section 2] we present the proposed method. In
Section [B] we prove that the proposed algorithm
(method) globally converges. Section Ml presents
some numerical experiments and conclusion is
given in Section [l

2. A new hybrid conjugate gradient
method

We now present our proposed hybrid conjugate
gradient method. The hybrid method we propose
is motivated by the work of Babaie-Kafaki [4,5]
and Mo, Gu and Wei [29]. Babaie-Kafaki [4][5]
suggested a quadratic hybridization of B,f R and
B,f RP method of the form

ﬁ]:r(elzgt)a 9]? € [_L 1]7
PRP +
Y L 07 e C,
QF _
ko= (8)
—BFR, 6 < -1,
BER, Oy > 1,

where

BEOr) = 10185 10,85 R, 0, € [-1,1],
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and
N BFR i\/(ﬁ;fR)2 — 4BPRP(BHS _ PRP)
0, = 255313

is the solution of the quadratic equation
OrBe " — kB T+ B - B =0,

Thus, the author suggested two methods B,?QJF

and 55Q_. The parameter

B = max{0, B}

is a hybrid parameter that was suggested by
Gilbert and Nocedal [21I] to improve on the con-
vergence properties of 6,1; RP

In Mo, Gu and Wei [29], the authors suggest a /3
defined by

29;{9/&71
ﬁ* _ PRP + ’ 9
R PR )

which then modifies the Touati-Ahmed and

Storey method [36] to give

/Bk = max {0, mln( ]5R7 ERP762)} .

This method by Mo et al. [29] was shown to be
very competitive with the other hybrids in the lit-
erature and it was shown to perform much better
than the original B,f RP

Now, motivated by this suggestion (@) from [29]
and the work of Babaie-Kafaki [4,5], in this work
we modify Babaie-Kafaki’s method by introduc-

ing B,f as

( Bl;‘r(gk), Ok € [_17 1],
max{0, 5;}, 6 €C,
B = (10)
_B]fR> 91{? < _]-7
]va 9k > 17
where
BER —\J(BER)2 — apy(BHS — BY)
and

B (6k) = (1-07) (max{0, 85 })+0k Bt . 61 € [—1(, 1]),
11

where 3} is as defined in ([), and then define
—9k; k= 07
dy, = (12)

—gk + B85 di—1, k> 1.

This leads to our hybrid conjugate gradient
method presented below.

Algorithm 1. New Hybrid B,f Conjugate Gradi-
ent Method

Step 1 Give initial guess xg € R™, and the pa-
rameters 0 < p < o <1 and e > 0.

Step 2 Set dy = —go and k = 0. If ||go|] < e,

stop.

Compute oy, using the strong Wolfe con-

ditions (@) and (7).

Step 4 Set xp11 =z + apdg, k =k + 1.

Step 5 If ||gk|| < €, stop.

Step 6 Compute By using (I0HIT).

Step 7 Compute dy = —gi + Bydk—1, go to Step
3.

Step 3

3. Global convergence of the proposed
method

The global convergence analysis in this section
follows that of Babaie-Kafaki [4,[5]. To analyze
the global convergence property of our hybrid
method, the following assumptions are required.
These assumptions have been used extensively in
the literature for the global convergence analysis
of conjugate gradient methods.

Assumption 1. Let the level set
Q={zeR": f(z) < f(z0)},

where xq is the initial guess, be bounded. That is,
there exists a positive constant B such that

|lz|| < B, Vze. (13)

Assumption 2. In some neighbourhood N of €,
the function f is continuously differentiable and
its gradient, g(x) = V f(z), is Lipschitz continu-
ous, that is, there exists a constant L > 0 such
that

lg(z) =gl < Lllz —y]
for all x,y € N.

These assumptions imply that there exists a pos-
itive constant 4 such that

lg(@)]| < 4. (14)
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Also, under Assumptions [Iland 2 the following
lemma can be established.

Lemma 1 (Zoutendijk lemma). Consider any it-
eration of the form xpi1 = zp + axdy, where dy,
1s a descent direction and «y satisfies the weak
Wolfe conditions ({f)) and (3). Suppose Assump-
tions 1] and [2 hold, then

o0
Z cos® O ||gx || < oo.
k=0

It follows from Lemma [I] and the sufficient de-
scent condition with the Wolfe line search that

Z lgxll* _
Hdkll2

(15)

Lemma 2. Suppose that Assumptions [l and[2
hold. Consider any conjugate gradient method in
the form of

$k+1:$k+akdk, k:071727”'7

and (I2) in which, for all k > 0, the search direc-
tion dy, is a descent direction and the step length
ay, is determined to satisfy the Wolfe conditions.

If

(16)

E = ()()7

then the method converges in the sense that

liminf ||gx|| = 0. (17)
k—00

Lemma 3. Suppose that Assumptions [l and[2
hold. Consider any conjugate gradient method in
the form of

k=0,1,2,---,

and (12), with the conjugate gradient parameter
B (0x) defined by (I1), in which the step length
g s determined to satisfy the strong Wolfe con-
ditions (8) and (7).

Also assume that the descent condition

Tp+1 = T + ogdy,

dfgp <0, VE>0 (18)

holds and there exists a positive constant £ such
that

|0k| <&ap, VEk>DO. (19)

If, for a positive constant v, we have

lgrll >, Vk=>0, (20)
then dy, # 0 and
oo
> kg — ugl® < oo, (21)
k=0
where uy, ”Z:”

Proof. Firstly, note that the descent condition
([I8) guarantees that di # 0. So, wug is well-
defined. Moreover, from (20) and Lemma [2] we
have

(22)

3 71 < 00
2 )
kzo e

since otherwise (I7]) holds contradicting (20).
Now, we divide 3; (64) into two parts as

B =1 0,80, B =6uBL",
and, for all k£ > 0, we define

— 07) max(

Uk+1 (1) _lld|
Fht1 = 75 Okt1 =0 ;
resy| " ldia |
where )
Vk+1 = —gk+1 + ﬂl(g d.
Therefore, from (I2)) we obtain that
Ukl = Tke1 + Oka1Uk. (23)
Since ||ug|| = ||ug+1] = 1, from ([23]) we can write

k41l = lluks1 — Ok ruell = |Okrrursr — url|- (24)

Because 6, € [—1,1], we have d;+1 > 0. Using
the condition ;41 > 0, the triangle inequality

and (24)), we get

flurrr —uell < [[(14 Oks1)ursr — (1 + Okr1)ull

IA

lluk+1 — Oktrunll + |0k+1unkt1 — ukl]

2l
(25)

Also, from ([I3)), (I4)), (I9) and (20) we have
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2
el = | = grer + B di]

_ o _ ) ||9k+1”2d
| = gr+1 + Ok il

llgxl1?
2
< lgrgall + 10612 E
Nlgwll
< A+ gy | (26)
>~ 72 k
— 54 DMzl
Y
< A4 5‘72(|Imk+712||+||wk\\)
N 22
< 7+%-
Now, from (22]), ([25]), and (26]) we have
D ol — el < 4> el
k=0 k=0
o ||vrsall
— 4
kzzoﬂdkHHQ
2.\ 2 2 1
< 454 283
< afem) 2 P
~ | 2B3%¢ QL - ||gk||4
< a(y+225%) 74;:0”(1“1”2
< o0
(27)
[l

We now define the following property, called prop-
erty (*).

Definition 1. [10] Consider any conjugate gra-
dient method in the form of

$k+1:$k+akdka k:0a1727"'7

and (I3). Suppose that for a positive constant ~y
the inequality (20) holds. Under this assumption,
we say that the method has property (*) if and
only if there exist constants b > 1 and A > 0 such
that for all k > 0,

1Bkl <0, (28)

and

1
lokdyl| < A= [Bk <+

5 (29)

Theorem 1. Suppose that Assumptions (1l and
[@ hold. Consider any conjugate gradient method
in the form of

wk+1:wk+akdka k:071727"'7

and (13), with the conjugate gradient parameter
B (0k) defined by (1), in which the step length
ay is determined to satisfy the strong Wolfe con-
ditions (@8) and (7). If the search directions satisfy
the descent condition [I8) and there exists a pos-
itive constant n such that
|0k < nllardyll,

Vk >0, (30)

then the method converges in the sense that

liminf ||gg|| = 0.
k—ro0

Proof. Because of the descent condition and
strong Wolfe conditions, we have proven that the
sequence {xj}r>0 is a subset of the level set .
Also, since all the assumptions of Lemma [2/hold,
the inequality (2I]) holds. Now, to prove the con-
vergence, it is enough to show that the method
has property (*).

Since 0 € [—1,1], from (), (I4), and 20) we

have
1B (0x)] = (1= 6x)*(max{0, Bi}) + 0% 7|
21| aPRP | 298419k FR
< |(1_9k) | k + TokllZ +|0kHBk |
PRP| |, |20F 19k FR
S |ﬂk |+ ”gk“2 +/Bk
lgr+1llUlgrt1li+llgel) 2llge+1llllgwll llgptall®
< Tow 2 L 7 R i P 2
~2 ~2 ~2
< LG+

542
= 5 .

\
2

2

(31)

Moreover, from Assumption and equations

(1), (I4), @0), and B0) we get

1B (0)] = (1 —6k)*(max{0, Bi}) + OuBi |
21| aPRP | 298419k FR
< |(1_0k) | k + Torl2 +|0k|‘6k |
PRP 1297, 1 gk FR
< |ﬂk | + HgZIIQ + |91€‘6k
< lgk+1llllgk+1—9gkll + 2|lgk+1llllgxll + |9k‘ llgrtll®

llgrll? lgr I gl
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< Dlewgzed 2524 0?0
< L ondill + 2 arde|l + Dr flardsl|  (32)
= LI gy
So, from (BI)) and (B32), if we let
5A2 2
b= % and A\ = AV—AQ,
gl b(L7 + 317?)
then (28) and (29) hold and consequently, the
method has property (*). O

4. Numerical Experiments

We now present numerical experiments obtained
by our method on some test problems chosen from
More, et al. [30] and Andrei [3] to analyse its
efficiency and effectiveness. A number of these
test problems are widely used in the literature for
testing unconstrained optimization methods. We
present these test problems in Table [I where the
columns ‘Prob’ and ‘Dim’, respectively, represent
the name and dimension of the test problem, and
the dimensions of the problems range from 2 to
20000.

We compare our proposed new hybrid conjugate
gradient method (B7) with the quadratic hy-
bridization BfQ_ of Babaie-Kafaki [4,[5] and the
method f; by Mo, Gu and Wei [29]. In [, 59~
was shown to be the better hybridization as com-
pared to 65Q+, hence our comparison will only fo-

cus on ﬁfQ_. For all the methods, we considered
the stopping condition to be ¢ = 107°, that is,
the algorithms (methods) were stopped once the
condition ||gx|| < 107° was satisfied, or the max-
imum number of iterations of 5000 was reached.
For the line search, the strong Wolfe conditions
(©) and ([7l) were used to find the step length ay,
with ;4 = 0.0001 and ¢ = 0.16. All the methods
were coded in MATLAB R2015b and numerical
results are compared based on number of gradient
evaluations, function evaluations and CPU time.
In Table [[ we present the number of func-
tions evaluations (N F'E) and gradient evaluations
(NGE) obtained for the methods BfQ_, ﬁ,f and
B, where the best results for each problem are in-
dicated in bold. We observe from the table that,

overall, the incorporation of 3; in the quadratic

hybridization has a positive effect on ,Blfo, even
though for some problems it is worse off.

We also compare the methods using the perfor-
mance profiles tool suggested by Dolan and Moré
[16] which, over the years, has been used exten-
sively to judge the performance of different meth-
ods on a given set of test problems. The tool
evaluates and then compares the performance of
the set of methods S on a set P of test problems.
That is, using the ratio

Tps = fp.s
P2 min{t,s:s €S}

where t,, ¢ is (function, gradient, CPU time) evalu-
ations required to solve p by method s, the overall
performance profile function is

1 .
ps(T) = n—s1ze{p 11 <p<np,log(rps) <71},
p

where n,, is the total number of problems in P
and 7 > 0.

In case the method s fails to solve problem p, the
ratio r, s is set to some sufficiently large num-
ber. The function ps(7) is then plotted against 7
to give the performance profile. Notice that the
function ps(7) takes the values ps(7) € [0, 1] and
so the inequality ps(71) < p¢(71) shows that the
method ¢ outperforms the method s at 7.

We now present the plots of these performance
profiles on function evaluations, gradient evalua-
tions and CPU time as figures. The function eval-
uations performance profile is presented in Fig-
ure [Tl gradient evaluations in Figure Bl and CPU
time in Figure Bl It is clear from the figures that
replacing B,f RP 15y Bj, in the quadratic hybridiza-
tion ﬂ,? 9~ hasa positive effect. From the figures,
we observe that 3} is the best method overall. As
for ﬂ,f and Bf Q_, we see that in Figures [Il and
2l for 7 < 0.5, BfQ_ is slightly better than Sy .
However, in Figure[3] the plot shows that in terms
of CPU time, there is not much difference between
ﬂlf and ,6’,?@7 with the methods being much com-
petitive. Overall the figures show the influence of

B;. on the quadratic hybridization over the use of

PRP
Akl
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Table 1. Results of test problems.

ro "™ "NFE NGE NFE NGE NFE NGE
Rosenbrock 2 133 63 95 43 95 38
Freud and Roth 2 40 14 45 16 39 14
Beale 2 40 24 74 38 48 28
Helical valley 3 130 50 264 103 152 61
Bard 3 91 53 66 44 75 50
Gaussian 3 7 6 9 7 9 7
Box 3 41 30 44 32 47 37
Powell Singular 4 508 236 351 168 208 110
Wood 4 592 160 414 134 211 70
Biggs EXP6 6 201 139 502 374 338 284
Osborne 2 11 660 344 684 352 1557 762
Broyden tridiagonal 30 920 33 90 33 94 35
Ext. TET 100 17 10 28 15 20 11
Gen. White & Holst 100 11088 2614 9477 2329 14012 3451
Ext. Penalty 500 63 20 51 15 52 15
Ext. Maratos 500 234 109 630 259 257 105
Gen. Rosenbrock 1000 21985 4574 22010 4581 25069 6558
Fletcher 1000 15881 4664 15881 4664 27857 7616
Ext. Rosenbrock 5000 133 63 100 45 103 42
10000 133 63 100 45 103 42
Ext. Powell singular 10000 257 136 623 294 273 154
20000 475 236 1370 656 217 121
Raydan 2 5000 52 52 7 7 6 6
10000 101 101 8 8 6 6
Ext. Beale 10000 77 45 70 42 69 41
20000 77 45 70 42 69 41
Ext. Himmelblau 10000 32 13 38 15 35 14
20000 32 13 38 15 35 14
Ext. DENSCHNB 10000 15 9 19 13 17 10
Ext. DENSCHNF 10000 75 33 90 36 64 29
Ext. Freud & Roth 10000 40 14 45 16 39 14
Ext. White & Holst 10000 300 124 247 92 137 62
Ext. Wood 10000 757 200 450 145 224 74
NONSCOMP 10000 147 59 151 61 173 72
Quartic 10000 81 80 28 27 44 43

0 0.5 1

Figure 1. Function evaluations profile.

25

0.5

Figure 2. Gradient evaluations profile.
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pg(7)

0.2 [ L L L L
0 0.5 1 1.5 2 25

Figure 3. CPU time profile.

5. Conclusion

In this article, a modified quadratic hybridization
of Polak-Ribiere-Polyak and Fletcher—Reeves
conjugate gradient method (,6’;3) was presented.
Its global convergence under the strong Wolfe line
search conditions was also established. The 6;?
method presented was tested on a number of un-
constrained problems that have been extensively
used in the literature and compared to the original
quadratic hybridization of Polak—Ribiere-Polyak
and Fletcher—Reeves conjugate gradient method
6562_. The numerical results show that this pro-
posed modification has a positive effect on the
performance of ﬁ,?Qf. However, the numeri-
cal results from this study show that further re-
search to improve the efficiency and effectiveness
of Blf@_ and other conjugate gradient hybrids is
still needed. A number of hybrid conjugate gradi-
ent methods have been proposed in the literature
but there are many problems that are currently
not properly handled by these methods, hence the
need for more research in this field.
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