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Abstract. We study the exact controllability of finite dimensional Galerkin approximation of a Navier-
Stokes type system describing doubly diffusive convection with Soret effect in a bounded smooth domain
in R? (d = 2, 3) with controls on the boundary. The doubly diffusive convection system with Soret effect
involves a difficult coupling through second order terms. The Galerkin approximations are introduced
under certain assumptions on the Galerkin basis related to the linear independence of suitable traces
of its elements over the boundary. By Using Hilbert uniqueness method in combination with a fixed
point argument, we prove that the finite dimensional Galerkin approximations are exactly controllable.
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1. Introduction

Control of fluid flows modeled by Navier-Stokes
equations has received considerable attention due
to its importance in practice and to the theoreti-
cal and computational challenges it poses. There
is now an extensive body of literature devoted
to this subject, see [13, 27, 11] for surveys in
this area. In this paper, we consider controlla-
bility of a doubly diffusive convection with Soret
effect modeled by a coupled Navier-Stokes type
partial differential equations. The doubly diffu-
sive system with Soret effect involves a difficult
coupling through second order terms. Significant
work has been devoted to studying the stability
and physics of doubly diffusive convection with
and without Soret effect (thermal diffusion), see
for e.g. [3, 20, 26, 22, 24, 14]. These studies have
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reported convective flows lead to undesirable ef-
fects in certain applications. For example, ther-
mosolutal convection is responsible for macroseg-
ragation and can affect the uniformity and speed
of growth rate in crystal growth. It is also respon-
sible for erosion of gradient zone in solar ponds
and roll-over instability (sudden over pressure)
in storage and transport of gases. In spite of
this, work concerning control of doubly diffusive
flows is quite limited although there exists sub-
stantial work on control of thermal convection in
fluid flows [15, 2], for example. In [28], control of
temperature in doubly diffusive flows is studied
computationally using boundary heat flux ignor-
ing Soret effect. Optimal boundary control of
doubly diffusive flows with Soret effect is studied
in [21]. Mathematical aspects of doubly diffusive
convection system such as existence and unique-
ness can also be found in [21].
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The doubly diffusive system under study here
includes as a particular case the classical incom-
pressible Navier-Stokes equations. Therefore it
is clear that one can not expect exact controlla-
bility of this system with arbitrary target func-
tions due to its dissipative and non-reversibility
properties. The approximate controllability, de-
spite its questionable practical utility, has been
addressed in [4] for the two dimensional Navier-
Stokes equations in the iso-thermal and iso-
concentration cases. However, the boundary con-
ditions in that work are assumed to be non stan-
dard (slip boundary condition or the so called
Navier slip boundary condition) and the prob-
lem of approximate controllability with classical
Dirichlet boundary condition is still open. In
[8, 12, 7] local exact controllability to uncon-
trolled trajectories of Navier-Stokes equations is
proved. In [5], global exact controllability for
the two-dimensional Navier-Stokes equations in
a manifold without boundary is proved.

In [17, 18], exact controllability of finite dimen-
sional Galerkin approximations of Navier-Stokes
equations are proved. In the present work, we
investigate the exact controllability for the dou-
bly diffusive convection with Soret effect mod-
eled by the Navier-Stokes system approached by
Galerkin approximations.

The remainder of the paper is organized as fol-
lows. In Section 2, we present some preliminaries
and study the wellposedness of the Navier-Stokes
system for Soret Convection. In Section 3, we
introduce Galerkin approximation of the doubly
diffusive system and prove the exact boundary
controllability result for this system. The proof
uses the Hilbert uniqueness method to study the
exact boundary controllability of linear system
and a fixed point method.

2. Preliminaries
2.1. Notations

This section provides, for use in later sections, a
summary of notations and function spaces. Let
Q C RYd = 2,3) be a bounded domain with
Lipschitzian boundary I' = I'p U T'y. As usual,
LP(Q), or simply LP denotes the linear space
of all real Lebesgue measurable functions ¢ and
bounded in the usual norm denoted by [|4]|z»(q)-
The inner product and norm in L?(Q) are de-
noted by (-, ) and ||-||, respectively. Let H*(§2) be
the usual Hilbertian Sobolev space with s deriva-
tives in L?(Q2). We denote with || - ||s the norm
in H%(2). The closed subspace of functions in
H(Q) with zero trace on I'p will be denoted

by H},(Q). The closed subspace of functions in
L?(Q) with zero mean on  will be denoted by
L%(Q2). The trace space H"(T') consists of func-
tions that are the restriction to the boundary of
functions in H"T/2(Q), » > 0. We denote the
norm and inner product for functions in H"(I")
by || - |l»r and (-,-),r, respectively. In the se-
quel, we denote by boldface letters R%-valued
function spaces such as LP(Q) := [LP(Q)]¢ and
H"(Q) := [H"(Q)]¢. For details, see [1, 10]. We
introduce the solenoidal spaces

V::{VGH})(Q) : Veov=0in Q},

and

H:={vel%Q) : V-v=0in Q, (u-n)|r, =0} .

We denote the dual of V by V*. If we identify H
with its dual H*, then we get the following continuous
and dense embedding;:

VCH=H"CV*.

For a Banach space X, we denote by LP(0,T; X)
the time-space function space endowed with the norm

T p
lwl|Leo,7;x) = (fo l|lwl/% dt) if1 <p<oo and
esssupepo,rl|wlx if p = co. We will often use the
abbreviated notation LP(X) := L?(0,7T; X) for con-
venience. We also introduce the space W(0,T) :=
Wl X WQ X WQ, where

W, = L>(0,T;H) N L*(0,T;V)
and
Wy 1= L0, T3 L*(Q)) N L*(0, T; HE(R)) -

We end this section by recalling some inequalities
that we will use in later sections.
Poincaré-Friedrichs’ inequality: For u € HL(Q),

Alul* < [[Vu]?,

where A > 0 is a constant.
Young’s inequality: For any a,b > 0 and € > 0, and
q,r>1

r

5 1
ab< Sat 4+ &y,
q T

1
with —+—-=1.
q

2.2. Governing equations and weak
formulation

In this section, we present the governing equations
and study their well-posedness. The equations for the
doubly diffusive convection with Soret effect in a bi-
nary mixture may be written, employing a Boussinesq
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approximation in the body force term in the momen-
tum equation, as

oou — PrAu+u-Vu+Vp
= Pr®Gry(6 + N,.S)iz,
V-u = 0, (1)
a0 + u-V-—A0=0,
S + u-VS—LEAS=2Ag.

with the boundary conditions

u‘FDZO’ 9|FD:07 S|FD:O7 (2)
[ + e(—pn+Prds—J(a-nju]lr, =g,

[0+ e(Fp— 5 n)d)|ry =h,
[S+e(zz5n — 5(u-m)I)][ry = f,

and initial conditions

u(x,0) = ug(x),0(x,0) = 0y(x),5(x,0) = So(x)

(4)
in 0 where u is the velocity, # the temperature,
S the concentration and p the pressure. The non-
dimensional parameters Pr, Le, Grg and Grg denote
the Prandtl number, the Lewis number, the thermal
Grashof number and the species Grashof number, re-
spectively. The ratio of species buoyancy to thermal
buoyancy N,. is defined by N, = gfi . In (1)4 the first
term on the right side corresponds to Soret effect.
The cases a, > 0 and o, < 0 corresponds to posi-
tive and negative Soret effect, respectively. The Soret
effects can have significant implications on convec-
tion in liquid mixtures, for example semi-conductor
crystal growth [14]. Therefore the Dufour effect has
been neglected here in comparison to Soret effect as
is common for flows in liquid mixture. In addition,
the constant € in the boundary condition on I'y is
non-negative. Note that by setting ¢ = 0 the Robin
boundary conditions become the Dirichlet boundary
conditions. In fact, in actual computational imple-
mentation one can develop approximations of Dirich-
let control problem by allowing € — 07, see [21] for
studies related to this in the context of optimal con-
trol.

Before proceeding, we present a little motivating
discussion regarding the nonlinear Robin type bound-
ary conditions. We observe that by integration by
parts and HY/?(T'y) — L3(Ty) [1], the following
identity holds for u,v,w € H}(Q) with V- u = 0:

(u-V)yv,w)=—(u-Vw,v)+ (v,w(u-n))r, .
Similarly, we can show that
((u ' v)ea (b) = 7(u ' v¢7 0) + (67 (rb(u ! n))FN )

for 0,¢ € HH(Q),u € HL(Q2) with V- u = 0. If we
define a tri-linear form c(,-,-) as

3 (0 V)W v) = ((u- Vv, w)]

= (u : VW, V) - %(Vv W(ll : n))FN

clu,w,v) =

for all u,v,w € H,(Q), it is clear that c(u,v,v) = 0.
Similarly, if we define tri-linear forms ¢;(u, x, ¢), ¢ =
1,2 as

Ci<u7X? (b) = % [((u . V>X, ¢) - ((u ' V)¢a X)]
= (U'VX,¢)— %((u'n)X7¢)FN7

for x,¢ € H5H(Q),u € HL(Q), we can easily show
that ¢;(u, x,¢) = —ci(u,0,%x), i =1,2.

We now define the weak solution to the initial
boundary value problem (1)—(4) as follows:

Definition 1. Given g € L*(0,T;L*(T'y)), h, f €
L?(0,T; L*(TN)), a triple (u,0,8) € W(0,T) is said
to be a weak solution of (1)-(4) if

(O, v) + Pr(Vu,Vv)+c(u,u,v)+ %(u,v)pN
= (Pr*Gro(0 + N,.S)iz,v) + (g, v)ry ,
(0:0,¢) + (VO,V9)+ci1(u,0,0)+ 1(0,9)ry
= %(ha(b)FN )
(@Sﬂ/)) + ﬁ(vsavw)+62(u7S7w)+%(va)FN
= %(VG, Vﬁ’) + %(fa w)FN )
(5)
and

u(x,0) = ug(x),0(x,0) = Og(x),5(x,0) = Sp(x),
for all (v,¢,1) € V x (H(2))2.

Proposition 1. Assume g € L?(0,T;L?(T'n)),h €
L2(0,T; L*(Tn)), f € L*(0,T;L*(T'y)). Then, there
exists a solution (u,0,S) € W(0,T) satisfying (5) and

Sup ||0||2 + ||ve||%2(O,T;L2(Q))
t€[0,T]
+ 2020152 n)) < M,

sup |[S[I* +

2:1VSIIZ2 0,12 )
t€[0,T]

+  LISl20,mp2(rn)) < Mo,

and
sup [lull* + PTHVU”QLz(o,T;H)
te[0,T]
+ %HUH%Q(O,T;LQ(FN)) < Mj
1
+ E”gH%2(O,T;L2(I‘N))
where My = |00l + ¢llhllF2 0. 1.p20yyy» M2 =

o2
”SOH2 + %”fH%z(O,T;LQ(FN) + szl G/ﬂd M3 =
3.2
PrCr My + N2Mo) + [Juo 2.

Proof. We employ Galerkin approximation, a pri-
ori estimates and compactness methods to prove
the existence of solutions. Let {(ex(x),ar(x))}2,
be an orthogonal basis of V x HL(Q) such
that {(er(x),ar(x))}72, is linearly independent in
L?(I'y) x L3(Ty), see [19] for a proof of exis-
tence of such a basis. For each m = 1,2,..., we
set V™ := span{e;}"; x (span{a;}™,)? and let
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w, = 300, C](cm)eka O, = >y d;cm)ak and S,, =

ZZL:I T,(Cm)ak be a solution of
(atuma ek) +
+ %(uma ek)FN

(Pr2Gro(0,, + Ny-Sp)is, er)

P’I"(Vllm, vek) + C(uma U, ek)

+ (g, er)ry,
(00m,ar) + (VOm,Var) + c1(Wm, O, ar)
+ 2(0m,an)ry = (b ar)ry
(0:Smoar) + £ (VSm, Vag) + c2(Wp, S, ar)
+

L(Spms ak)ry

%z (Vema Vak) + %(f7 ak)FN )

(6)
un(0) = uom, Om(0) = bop and S, (0) = Som ,
k= 1,...,m, where (Ugm,00m,Som) is the L?— or-
thogonal projection of (ug, 0o, So) onto the space V™.
Since (6) is an initial value problem for nonlinear
ODEs, existence of unique local solutions in some
neighborhood [0,¢,,), for some t¢,, > 0, follows by
Picard-Lindel6f theorem. The a-priori estimates we
will prove later in L°°(0,T; L?(Q2))-norm show that
continuation of solutions beyond t,, follows. We will
employ energy methods to derive those a-priori es-
First we multiply (6); by c,(cm), (6)2 by
d,(cm) and (6)3 by r,(cm)7 and add these equations for
k=1,...,m. Using the skew-symmetry of the trilin-
ear forms, we get

baelunl? 4 PrlVunl? + w3,

= (Pr®Gry(0m + Ny.Sp)iz, up,)

timates.

+ %(gﬂlm)rw
sal0nl® + VO] + £ll0mllf
= %(h’am)r,\,,
sallSmll® +  lIVSall® + tlISml

= (Vb,,, V.Sim)

Le

+ %(fasm)FN'

(7)
From the equation (7)q, by integration we obtain the
a priori estimate

subieiorr 102+ 10122 0 1,0 e
+ 020702 y))
< [l6ol? (8)
+ %Hh”%/Q(O,T;LQ(FN))

ZMl.

By applying Cauchy-Schwarz inequality and Young’s
inequality in (7)s, we obtain

2
LUSml? + ENVSml?+ 2SmllEr, <

+ el -

Integrating this with respect time and using the
fact that 6, remains bounded in a bounded set of

Vo..|1?

L2(0,T; H5(Q)), we obtain
supyepo, 7y ISm(0)1? +
< Sol?

2V SmllZ2(z2(0y)

+  fllere@ay)

2
+ (z;M1 =: M.

Let us now turn to the a-priori estimate for u,,. First
we note that the right hand side of (7); can be ma-
jorized using Young’s inequality as follows

(Pr?Gry(0,, + NTSm)i3,um)+%(g,um)pN
7‘3 ’I"’2

< 2O (110,12 + N2|Sm?)

+ A§T||um||2

+ lgllfry + llunlfr, -

Applying the Poincare-Friedrichs inequality and em-
ploying the result in (7); we obtain

dlluml® -+

3 2
< B (10m1? + N2IISWI%) + g

Pr(|Vup[* + ¢um -,

|3,FN :
Integrating this with respect to time and using (8)-
(9), we obtain

2 2 1 2
sup ||um, + Pr||Vu, + <llum
e [, | 172 + cllamllzz oy
< M+ llgllZz o) -
(10)

In order to obtain bounds for d;u,,, we first no-
tice that by Holder’s inequality and the embedding
HL(Q) — LP(Q),p < 6, we have

le(wu, V)| < FllullzsolVall[vlzs @)
%HUHLS(Q)HVV”HUHLG(Q)

Cllulz[vils -

IN +

From (6)1, we obtain as usual

(@)

lIvll

Pr(|Vup|l + Cllu, |}
+  Pr2Gro([|fm]| + No[|Sml)
+ Llgllrz@a

SUPyev

+ %HUMHL?(FN)

and thus ||0su,, || 1 (v+) is bounded due to the bounds
n (8)—(10). Similarly, we can show (|00, L1z (0)+)
and [|0¢Sm || L1 (#1, ()+) are bounded as well.

The a-priori estimates we obtained so far al-

low us to extract subsequences again denoted by
{(Wm, O, Sim) 152 such that
weakly in L2(0,T;V)
u,;, — u weak star in L>°(0,7; H)
strongly in L2(0,7T; H)
and
weakly in L?(0,T; Hi,(9))
(O, Sim) — (0,S) weak star in L°°(0,T; L?(Q2))
strongly in L2(0,T; L*(Q)).

Here the strong convergence follows by the Aubin-
Simon compactness lemma [25, Corollary 4, p.85] as
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we have the embeddings V —— H — V* and
HL(Q) —— L2(Q2) — HL(Q)*.

Moreover, we have the following convergence re-
sults: up|ry — ulr, weakly in L?(0,T;L?(T'y)),
Omlry — Olry weakly in L%*(0,T;L?*(Ty)) and
Smlry — S|ry weakly in L?(0,7;L*(Tn)). When
taking limit in (6), it is convenient for us to use the
trilinear forms c(+,-,-) and ¢;(+,-,) involving bound-
ary terms, i.e.,

c(u,u,v) =—(u-Vv,u) + %(v,u(u ‘n))ry
1

Cl(uvev (ZS) = —(11 : ng,@) + 5(9’ ¢(u : n))FN >

2(0,5,6) = ~(u- VS,6) + 5 (S, 6(u-m)r,

However, the presence of nonlinear boundary terms
require that we prove u,, -n — u-nin L?(0,7T; L*(T))
strongly. In order to prove such a convergence, we first
recall the integration by parts formula [10, Equation
(I1.2.17), p. 28]

<Up-n—u-nv>r, = [VvV-(u,—u)d?

+ [(uy —u)-VvdQ

(11)

for all v.€ H(Q) . By solving the variational problem
(Owv,d) +(Vv, Vo) = 0 Vo€ Hj(2)

= u-n—u,-n (12)

in Q

D, Dy

V|FD =0, V|FN
v(z,0) = 0

we obtain a unique solution v € L?(0,T; H(Q2)) such
that

||VV||L2(L2(Q)) < CHU N — Uy - n||L2(H1/2(FN)) .

Therefore by taking v in (11) to be the unique so-
lution of this variational problem (12) and using the
fact that V- u,, = V- u = 0 yields

Hum ‘n — u- n||L2(L2(FN)) S ||um — u||L2(L2(Q))

||um ‘n—u- n||L2(H1/2(FN) .
(13)
The weak convergence u, — u in L2*(0,7;V)
and trace theorem imply that w,, -n — u-n
weakly in L2(0,7;H2(I'y)) and thus [|u, -n —u -
|12 rm1/2(ry)) is bounded. Therefore the required
strong convergence follows from (11).

Let #;(t), i = 1,2,3, be a continuously differen-
tiable function on [0, T] with ¢;(T) = 0. We multiply
(6); by vy, i = 1,2,3 and integrate with respect to
time. Further, we integrate by parts in the time de-
rivative term to move the derivative onto ;. Now
we can take limit in (6) by using standard techniques
and show (u,6,S) is indeed a solution of (5). The
a-priori estimates in the lemma follow by taking the
limit on the a-priori estimates (8)-(10) and using the
weak lower semi-continuity of the norms. O

The uniqueness of the weak solutions discussed
in Proposition 1 is an open problem. We denote

by (u(x,t; (g, h, f)), 0(x,t; (g, h, f)), S(x, t; (g, h, [)))
the set of all possible solutions.

3. Exact controllability of Galerkin
approximations

In this section, we introduce a Galerkin approxi-
mation of (1) and, for this finite dimensional system,
we establish the exact controllability.

We consider finite dimensional spaces E; :=
span{ei,...,en}, Fa:=span{ai,...,an} and E5:=
span{ai,...,amn} so that E; C V and E; C Hh(),
1 = 2,3. Recall the Galerkin approximation of the
weak formulation (5) is

(Oru,er) + Pr(Vu,Veg) + c(u,u,ey)
+ %(u’ ek)FN
= (Pr?Grg(6 + N,.S)i3, ex)

+ %(g, L)y
(00,a) + (VO,Vay)+ci(u,8,a) + (0, ar)ry
= L(h,ap)ry,
(0:S,ar) + E(VS,Vag) + c2(u, S, ar) + (S, ar)ry

— % (V6,Vay)

+ %(f7 ak)FN
(14)
and u(x,0) = uy € E; , 6(x,0) = 6y € E» and
S(x,0) = Sp € E3, for k = 1,2,...,m. The system
(14) has a unique solution (u,6,S) € C(0,T;E;) x
C(0,T; E2) x C(0,T; E3) for any T > 0.

Definition 2. The Galerkin approximation (14) is
said to be exactly controllable at time T > 0 if, for any
given (g, 69, S0), (ur,0r,St) € E; X E5 X E3, there
exists controls (g, h, f) € L2((0,T)xTx)x L*((0,T) x
Ln) x L2((0,T) x T n) such that the solution (u,0,S)
of (14) satisfies

(u("T§§)7H('a T g)’ S(’T7§)) = (UT, Or, ST) >

(15)
where g := (g, h, f).
Let
1
Teh )=y [ lgP+ b 1P dedr

T'n x(0,T)

be the cost to achieve (15). The main result of this
section is as follows.

Theorem 1. The Galerkin approzimation (14) is ex-
actly controllable in the sense of (15). Moreover, the
cost of control J (g, h, f) is bounded independently of
the nonlinearity.

Proof. The proof of this theorem uses a fixed point
argument. In order to show and make explicit that
the cost of control can be bounded independent of
nonlinearity, we introduce a family of state equations

Ou—PrAu + o(u-V)u+Vp
= Pr2Gry(6 + N,.S)iz,
V-u = 0, (16)
00 — A0 + [u-V)§=0,
S —EAS + A(u-V)S=$A9.
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with the boundary conditions

ulr, =0, O|r, =0, S|, =0,
e+ Prot — % mpu) ]|, = g,
0+ (00— Dm0 e, = h,
S+ 2 NS, =
and initial conditions u(x,0) = up(x), 0(x,0) =

0o(x), and S(x,0) = So(x) in Q, where o, 5,7 € R.
A Galerkin approximation of (16) is

(Oru,er) +
+ L(uer)ry
(Pr2Grg(6 + N,.S)is, ex,)
(g, er)ry
(V8,Vag) + Bei(u, 0, az)
L(6,ar)ry = T(h,ax)ry
(VS,Vay) + vea(u, S, ax,)
S, ap)ry
=(V0,Va) +

Pr(Vu,Vey) + ac(u, u, ey)

(8t97 ak)

(8tS7 ak)

+ o+ o+ +

(

h‘g = h‘,_.

%(f7 ak)FN )

(17)
and u(x,0) = up € E;, 0(x,0) = 6y € E; and
S(x,0) = Sy € E3, for k = 1,2,...,m. Given
U € L?(0,T;E;), we analyze the exact controllability
of the linearized system

(Oru,e;) + Pr(Vu,Veg) + ac(U,u, ey)
+ c(uwep)ry
= (Pr®Gry(6 + N,.S)iz, ex)
+ %(g, er)ry
(Of,ar) + (VO,Vay)+ Bei1(U, 0, ax)
+ 1(0,ar)ry = L(h,ap)ry ,
(0:S,ar) + E(VS,Vag) +ve2(U, S, ay)
+ %(S, aK)ry
= 22(V0,Var) + (f,ar)ry
(18)
and
u(x,0) =0, 6(x,0)=0, and S(x,0)=0,
for k =1,2,...,m. We prove the exact controllability

of system (18) using the Hilbert Uniqueness Method
[16]. Notice that we have set the initial conditions
to zero. However, due to the linearity, all results are
valid as well if the initial data is not zero, i.e., u(0) =
u € Eq, 9(0):90€E2 and S(O):SQEE3.
We will show that the system (18) is exactly control-
lable in time T' > 0. For this, it is enough to show
that if (g1, g2,93) € E1 X Ey X E3 satisfies

((g1792793)7(u( ’ ) ( TA)vS( A)) =0
V(g, h, f) € L*((0,T) x I'y)3
then g =0,
(19)

where g := (g, h, f).
the adjoint system

Let (p,(, &) be the solution to

—(Op,er) + Pr(Vu,Ver) — ac(U, u,ex)
+ L(p,er)ry =0
—(0¢¢yar) + (V¢ Vag) — Ber (U, ¢ ag)
+ 1(¢an)ry
= (Pr2®Gropis,ax) + 2=(VE, Vay),
— (& ar) + ﬁ(Vf,Vak) —ve2(U, €, ay)
+ L& an)ry
= (Pr®GryN,uis,ay),
(20)
and
wT)=g1, ((T)=g2, and &(T)=gys,
for k¥ = 1,2,...,m. This system clearly has a

unique solution (u, ¢, &) € C(0,T;E,) xC(0,T; E) x
C(0,T; E3) . It follows from (20) by integration with
respect to time and integration by parts that

—(u(T),w(T)) + [, (Bpu,p)dt

I Pr(Vp, Vu) dt
o fy o(U,u, p)dt
%fo p,u)r, dt =0
Jo (@40, dt

Jo (v¢, Vo) dt

T Ber(U,0,¢) dt
LT ap)ry di

o (Pr2Gropis, 0) dt
%(VE,VQ) dt
Jo(@.5,€) at

= [ (Ve VS) dt
vy ea(U,8.€) dt

L (e, S)ry dt

= foT (Pr?GroN,pis, S) dt .

|
~
=3
=
=
+ + + + + + +

+ o+ o+ o+ o+

(21)
Adding (21); — (21)3 and using (18) yields

((T),g1) + (6(T),2) + (S(T),g5)
= Ll gy dt+ L [ (hOry dt

+ Ly (g dt.
(22)
If (19) holds, then by (22) we have that
%fOT(uvg) %foT(h»C)FN dt
+ L) (F )y dt
=0

for all (g,h,f) € L2((0,T) x T'n)?. This yields
(1:¢,€) = 0 on I'y x (0,T). But (p,(€) =

redt +
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S (pi(t)es, Gi(t)ai, &i(t)a;) and by the assump-
tion on the basis {(e;a;)},, it follows that
(p;(t), ¢i(t),&(t)) = (0,0,0) fori =1,2,...,n. Hence
(1, ¢, &) = (0,0,0) and, thus (g1,92,93) = 0. There-
fore the linear system (18) is exactly controllable.

The result we just obtained allows us to define a
functional G : L?(0,T; E) — R by

1
GU = mf — 2+ h2—|— dedt7
U= B2 / g[” + A"+ |f]
I'nx(0,T)
where
U = {(g:hf) € LT x (0.1))° : (u.6.5)

is the solution to (18) that satisfies

(15)}

is the set of admissible controls. We will use a du-
ality argument to prove that G(U) is bounded by a
constant independent of U, «, 5 and . That is,

GU) = C,
where C is a constant independent

of U,a 8 and 7.
(23)

Let £ : L2(Ty x (0,7))* — E; x By x B3 be a

linear continuous operator defined by
L(g) = (u(-,T758),0(-,T;8),5(,T;8)),

where g := (g, h, f).

Let us also define two functionals Fy(g, h, f) and
FQ(g17927g3) by

1
Fi(g.h.f) =5 lgl* + [hf* + [ dx dt
FNX(O,T)

and

F>(g1,92,93) :{

Then the functional G(U) can be written as

= inf F; h F: h
G(U) (g,h,f)EL%?FNX(O,T)):—“[ 1(ga 7f)+ Q(E(gv 7f))]

Oa if (g17927g3) = (uT79T7ST)
oo, otherwise.

and by the duality theorem of Fenchel and Rockafel-
lar, see for example [23], we have that

—G(U) = [FT(£7(8)) + Fa(—8)],

(24)
where g := (g1,92,93) and L* : E; X By X E3 —
L*(Tn x (0,7))3 is the adjoint of £, and F; and Fy
are the Fenchel conjugate of F} and Fy, respectively.
Tt follows easily from (22) that the adjoint £* is given
by

inf
geL2(Tnx(0,7))3

E*(g1792ag3) = (N,C,f) in FN X (OvT) .

Moreover, the Fenchel conjugate F}" and Fy can be
shown to be given by

" 1
Fruc =3 [ luPloP e dods
FNX(O,T)

and

Fy(—(g1,92,93)) = —((81,92, 93), (ur, 07, ST)) .

Therefore (24) becomes

—GU) = infgems_ m[ [ F(wf+I[CP+[¢*)dwdt

FNX(O,T)
- (g7 (uTvoTaST))] ’

(25)
where g := (g1, 92, 93) . But, in view of the assump-
tions on the bases for E1, 5 and E3, [ |e1]*+|ea|?+

I'n
les|? ds is a norm on E; x Ey x E3 so that

ailller,ez,es)* < [ ler|* +lea® + |es|* ds
I'n
< cll(er, ez, e3)|?
V. (e1,e2,e3) € By x By x E3

for some constants ¢; and co depending only on Eq,
E5 and E3. Therefore (25) can be written as

-GU) = infgen;?f:lEi 5 S/ w2+ [¢)?

Qx(0,T)

+ ¢ dadt — (g, (ur, 07, 57))]
(26)
where g := (g1, ¢92,93). From (20), we obtain by the
skew symmetry properties of the trilinear forms that

1d 2 2 1 2
_5%””\\ + Pr||Vu|* + EHH‘HO,FN =0,

—34c2 + IVCIP+ I3,
= (Pr?Gropis, ()
+  7=(VE, V()

3P+ eIV + el
= (PT’2NTG7"0Hi37£)7

w(T) =g, ¢(T)=g2, &T)=gs3.

Integrating the preceding differential equations
with respect to time from ¢ to T yields

T T
Pr [ IVul?dt+ ¢ [ pld . dt
[

slel® +
= 3lle

i) TIvedt+ L T C3r, dt

s+ f7 IVCIPde+ L [0 1SR ry

[ (Pr2Gropis, ¢) dt

a. [1(ve,v¢)dt

3llg211?

+ o+

and

T T
Hewr + & f[FIvelrde+ L [T ey, dt
—  [T(Pr2N,Gropis, €) ds + | gs||?.
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Adding the last three equations and integrating with
respect to ¢ from 0 to T yields

LIl + NSl + lIl? de + [y ¢ [Pr] V]
IVCI? + 2 IIVel®] ds
Ll ey + 12 r

||f||g7rN] ds

(gl + llgell® + llgsll?)

+ STt [(Pr2Gropis, ¢) + 2= (V€, V()
+  (Pr?’GroN,pis, €)] ds.

+ o+ o+ o+

(27)
Notice by the finite dimensionality of the spaces
E1, Es and E3, we have

A

Pr(Vull? + [VCIP + £ IVEI? < Cll( ¢, O
[VE-Vede < C|I(& 0P,
Q
(28)
for some constant C' > 0 that depends only on Eq,

FE5 and FEj3 are finite dimensional. Also by the finite
dimensionality of Ey, E5 and Fs3, we have

leell3 r +ICIE oy + €IS pyy < Cllal® +1ISH + 1€ -

(29)
for some constant C' > 0 depending only on E;, F,
and E3. Using (28) and (29) in (27) yields

g2l + llgall*) < (5 +CT(1+ 1))
T
Jo el +1ICI> + [I€l1* ds,

% (lel* +

(30)
for some constant depending only on E;, E5 and Es,
Pr,Le, ., Grg and Nr. Employing (30) in (26), we
have

. ClT
-GU) > f
O = e sarecras 1)
(g1l + llg2l1* + llgsll*)
- (gla (uTaeTysT))] )

where g := (g1, g2, 93) . Therefore, we have

o) < (1+2C0T(1+ 1))

2 2 2
(7 +
< T (lhar|l* + |07 + [[S7[])

from which it follows that G(U) < C, where C is a
constant independent of U, a and 8. Let us finally
consider the nonlinear system (16). For a given U in
L?(0,T;Ey), let (g, h, f) be the unique element such
that

% / lg|® + |h]* + |f)?dedt = G(U). (31)

FN X (O,T)

This defines a continuous mapping U +— (g, h, f) from
L?(0,T;Eq) into L?>(T'x x (0,T))2. Let us denote by
(u(U),0(U),S(U)) the solution of (18) with control
(g, h, f) = (g(U),h(U), f(U)). It follows from (18)
by the skew symmetry properties of the trilinear forms

that

Bl + Prival® + i,
= (Pr®Gre(6 + N,.S)iz, u)
+ (g, u)ry,

%%ng + IVO|]? + %H@ |3,FN
= L(h0)r,,

4812+ ENVSIZ+ LUISI2r,
= 9(V0,,,VS)+ L(f,9)ry -

(32)
Estimating the terms on the right hand side of the
equations in (32) and arguing as in the proof of Propo-
sition 1 we obtain

+

sup;eo,r) ([[ul|? 1617 + 11511*)

IN

%(”gH%?(O,T;Lz(FN)) (33)

+ Az rizewny

+ 2 0miz2ray)
for some constant C. In view of the uniform esti-
mate (23), we have from (33) that, when U varies
in L2(0,T;E1), (u,0,S) remains in a bounded sub-
set Sl X SQ X S3 - L2(07T;E1) X L2(0,T;E2) X
L?(0,T; E3). Let us next prove that d;u remains
bounded in a bounded set of L'(0,7;E;) when U

varies in S7. To this end, notice that from (18);, we
have

[(Oru, e)] Pr{|Vaf|[ve]

allU| 3ol Vulllle|l Lo )

clhalloryllellory + Pr2Grofdllfel|
Pr2GroNy|/S]|le]

+ Zlelorxlellory -

<
+
+  a||UllLs@lIVelllul s o)
+
+

Since E; is finite dimensional and all norms are equiv-
alent on finite dimensional spaces, we obtain

((Gru,e)] < CPr||Val + [[Vull[|U]]

+ 2(luflory + llgllo.ry)
+  Pr2Gro(||0]] + N:|IS])] llel

and thus
[Opul|

IN

C ([[all + [[all[T]
+ L(lullory + llgllo.ry)
+ (1ol + N-|IST])) -

This proves that d;u remains bounded in a bounded
set of L'(0,T;E;) when U varies in S;. Let us now
define a mapping @ from S; to S1 by U — u(U).
Then the range of @ is relatively compact in S; by
Aubin-Simon’s lemma. Schauder fixed point theorem
now implies that @) has a fixed point in S;. Therefore
since (18) is exactly controllable in T > 0, we have
that (17) is exactly controllable. O
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