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1. Introduction

For convex functions the following double in- v
equality has great significance in literature and < / T(W)r(v)dv
is known as Hermite-Hadamard’s inequality [11/2]: N

Let 7 : I — R, 0 # I C R, 3, € I with B 2
1 < 39, be a convex function, then
where 7 : I — R, ) # I C R, 51, € I with
21 < 29 is any convex function and 7 : [5¢, 0] —
R is non-negative integrable and symmetric about

2 _ it
T<%1+%2> < ! / 7(v)dv V=TT
2 o — 11 S,y
T(501) + () Thgse ilflequalities have many extensigns and gen-
< (1) eralizations, see [4]- [50]. Dragomir et al. [7],

obtained the refinement of the first inequality in
(1). Yang and Hong [42], obtained the following
The inequality holds in reversed direction if 7 Hermite-Hadamard-type inequality which is a re-

is concave. finement of the second inequality in (I). Tseng
Fejér 3], established the following double inequal- et al. [35], established the Fejér-type inequali-
ity as a weighted generalization of : ties that refined Yang and Tseng [42] and
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Tseng et al. [35] established the Fejér-type in-
equalities which are weighted generalizations of
results from [7] and [42]. Dragomir et al. [12] pro-
vided further Hermite-Hadamard-type inequality
related to that refine the second inequality in
(1). Tseng et al. [36,/37], obtained some very fas-
cinating results related to Fejér’s result which
are weighted generalizations of a result proven
in |12]. Tseng et al. [38] considered the follow-
ing mappings defined over an interval [0,1] and
discussed important results that characterize the
properties of the those mappings and also proved
Fejér-type inequalities that provide refinements of
the Hermite-Hadamard’s and Fejér’s inequal-

ity :

Gmw=;P<wq+u_ayﬂ;w>
o <a%2 +(1-a) %142”‘2” ,
Qa) :== % [7 (s + (1 — @) 5)

+7 (asee + (1 — @) 51)],

x| + o
d
2 ) v

72

mi)ﬂ/T((w—l—(l—a)

1

2

/T<au+(1—a) %1;%2>r(u)dy,

1

roy= 1 f [ (a2

o) }“;J‘?ﬂ r(v)dv,

+(1—a)%1+%2)

2

o3 (552) 0+ (52))
wr((550) e (557) )] o
Pra) = 50

L) (59 (25
(50 (5 (5]
%12+V>

72

RN
| —

T (a%l +(1-a)
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1

L(a) : om0 G —a)

2
J/
22
1 [
L, (o) = /
T 9 .

[T (a1 + (1 — @) v) + 7 (ase + (1 — ) v)] dy,

[T (s + (1 — a)v)

+7 (s + (1 — ) v)]r (v)dv

and
1 [
Sr (@) ::/ {T(Ox}q—i-(l—a)%leV)
2/, 2
+7 <a%1 +(1-a) V+2%2>
+7 <a%2 +(1—-a) %12_“/)
+7 <a%2 +(1—-«a) V—;%Q)] r(v)dv,
where 7 : [50, 5] — R is a convex function and

r @ [51,502] — R is non-negative integrable and
symmetric about v = %

Remark 1. It should be noted that H = H, =1,
P=P =NadL = L, = S, on [0,1] as

r(v) = %Qim, v €[5, 52].

Tseng et al. |38], proved new Fejér-type inequali-
ties related to the mappings G, Q, H,, P., I, N,
L, and S, defined above. These results general-
ize known results obtained in connection to the
Hermite-Hadamard inequality and therefore are
useful in obtaining various results for means for
a given convex function 7 and particular weight
function 7.

Here we point out few important findings from
Tseng et al. [35,39] that were used to prove re-
sults from [38].

Lemma 1. [35] Let 7 : [51, 32] = R be a convex
function and let 321 < k1 < vy < 1y < Ko < 31y
with 11 + v9 = K1 + Ko. Then

T (Vl) +7 (1/2) < T(/ﬁ?l) +7 (KVQ) .
The assumptions in Lemma [I] can be weakened as
in the following lemma:

Lemma 2. [39] Let 7 : [5, 32] = R be a convex
function and let 01 < K1 < 11 < Ko < 20 and
1 < k1 <o < ko < s with vy + v = K1 + K.
Then
T()+7(1a) <7(k1)+ 7 (K2).

Lemma 3. [39] Let 7, G, Q be defined as above.
Then @ is symmetric about %, Q is decreasing on
[0, %] and increasing on [%, 1],

G(20) < Q@) ac o).
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G(20)>Q(a), ac [i;]
ooz, e[

and
G2(l-a)<Qa), ac {11]

Here we cite two important results form Tseng et
al. |38].

Theorem 1. [38/ Let 7, r, H, P,, L, and S, be
defined as above. Then

(i) The inequality

/:T(u)r

(v)dv

1 1 o)
g/ P.(a)da < = [/ T(W)r(v)dv
0 2 pal
2
+Z ba) £ 7 () / r(v) dy] (3)
2 s
holds.
(ii) The inequalities
2
L, (a) <P ( (1-a)
1
2
+a- %2)
1
< TLa)tTia) [*
ny
and
0<N(«

< Tba)t ”2)/ r(v)dv—N(a) (5)
holdfor all a € [0,1].

(iii) If 7 is differentiable on [s1, s3], then we
have the inequalities

1=
0<a [ / 7 (v)dv
sy — 1,

-7 (%I i %2>] inf 7 (v)
2 VE[31,512]

0§PT(a)—T<%1—;%2>/%27“(1/)d1/

71

(2 = 2a) (7' (2) = 7' (541))

<

o= (- i%z) —7 ()
x/:r(u)du, (10)
0< N(a)-1I(a)
b= ( ’i@ ~7 (a))
/( Jdv (1)
and
0< 8 (a)—1I(a)
o= ( ’i}m —7 ()
/< yav (12)

hold for all o € [0, 1].

Theorem 2. [3§] Let 7, r, G, Q, Hy, P, and S,
be defined as above. Then

(i) The inequalities

<@ [ s

1

T (501) + 7 (5r2) [
< 2/ r(v)dv,

(v)dv

71
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and
2
T (%1 +%2> / r(v)dv
2 oy
P
<Q@ [ rwdr< P,
31
€ ! 1l (14)
(0% 3,
hold.

(ii) The inequality

0< 50 (a) - Gla) |

71

2

r(v)dv

< % |:T(%1)";T(%2) —{—Q(a)]
x/:zr(u)dy_sr(a) (15)

hold for all o € [0, 1].

Convex functions are a fundamental concept
in mathematics, and geometrically-arithmetically
convex functions, or GA-convex functions, rep-
resent an exciting generalization of this concept
that offers new insights and applications.

Definition 1. [7] Suppose I C (0,00) is an in-
terval of positive real numbers. A function T :
I — R is considered to be GA-convez, if

T (V67T <ar(v) + (1 — )7 (k) (16)
for all v,k € T and o € [0,1]. A function 7 :

I — R is GA-concave if the inequality in (@
reversed.

We have gathered crucial information regarding
GA-convex and convex functions, which we will
utilize to demonstrate our main findings.

Theorem 3. [7] If [»1,0] C (0,00) and the
function G : [In 3¢1,In 355] — R is convex (concave)
on [In s, 1n 3], then the function T : [301, 30] —
R,7(a) = G(lna) is GA-convex (concave) on
[521, 520].

Remark 2. It is obvious from Theorem [ that
if T i s, = R is GA-conver on [, 0] C
(0,00), then T o exp is conver on [ln s, In ). It
follows that Toexp has finite lateral derivatives on
(In 521,10 509) and by gradient inequality for convex
functions, we have

Toexp(v) — Toexp(k)(v — k) > @(exp k) exp(k),
where p(exp k) € [7'/_ (expk), T, (expr)| for any
v,k € (Inse,In o).

The following inequality of Hermite-Hadamard

type for GA-convex functions holds (see [31] for
an extension for GA h-convex functions):

/ IJOCTA, Vol.1/, No.3, pp.229-248 (2024)

Theorem 4. [31] Let 7 : I C (0,00) = R be a
GA-convex function and >y, 25 € I with 30 < 5.
If T € L([501,2]), then the following inequalities
hold:

1 11 (v)
T (r1502) < Mo — Inom /%2 ” dv
< T(%l)—FT(%Q). (17)

- 2
The notion of geometrically symmetric functions
was introduced in [25].

Definition 2. [25] A function r : [5,0] C
(0,00) — R is geometrically symmetric with re-
spect to (0,00), if

r(v)=r <%1%2>

1

holds for all v € [5, s].

Fejér type inequalities using GA-convex functions
using geometrically symmetric functions were pre-
sented in Latif et al. [25].

Theorem 5. [25/ Let 7 : I C (0,00) — R be a
G A-convex function and s, 20 € 1 with 3¢ < 5.
If 7 € L([501,22]) and 1 : [51, 0] C (0,00) = R
s nonnegative, integrable and geometrically sym-
metric with respect to \/»12, then

r (/7) /%1 r® g, < /%1 W@,

T ()7 () [T ()
< 5 /%2 > dv. (18)

Suppose that 7 : I C (0,00) — R is GA-convex
on [ and s, € I, let H, F 2,7, : [0,1] = R
be defined by

o 1 71 o 1—a
) T ln%2 — 1n%1 / T (l/ ( %1%2) )dl/,

s YV

H(«
b5 1

1 a, l-a
.F(CY) = lnm—lnm/}( TKT (l/ K )dl/d/{,
1

Pla) :=

~ 2(Inse — In )

»2 1 lta 11—« 1t+a l—a
X — 7| v2 +7( 22 v 2 dv
sl v

1 1

and
T(a) = / [ ((veaw) (V) ™)
v () () )| " as,
where 7 : [5, 2] C (0,00) — R is nonnegative,

integrable and geometrically symmetric with re-

spect to /31 12.
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Latif et al. [21] obtained the following refinements
for the inequalities (17)):

Theorem 6. [21] Let the function T : I C
(0,00) — R be as above. Then

(i) H is GA-convex on [0, 1].
(ii) We have

inf | () = H(0) = 7 (VZi72)
aec|0,
and
L[
sup H(a) =H(1) = / dv.
ael[lor,)l] (a) () In 2¢0 — In 219 s v v

(iii) ‘H increases monotonically on [0,1].
The following theorem holds:
Theorem 7. [21] Let 7 :
be as above. Then
1

(i) -7:(04+1) f( —a) for all o in [0, 5].
(ii) F is GA-convex on [0,1].
(iii) We have

[51,22] € (0,00) — R

sup F(a) = F(0) = F(1)
a€l0,1]
1 721
B (In 565 — In 501)? /%1 v () dv
and
inf Fla)=F <1)
a€l0,1] 2

In 9 — In 29 VK

1 S
/ / —7 (Vvk) dvdk.
1 P2l

(iv) The inequality
T (\/I/H) < F <;>

1s valid.

(v) F decreases monotonically on [0,3] and
increases monotonically on [%, 1].

(vi) The inequality H(a) < F(a) holds true
for all a € [0,1].

(21 Let P : [0,1] — R and
(0,00) — R be defined as above.

Theorem 8.
T 1 [, 0] C
Then
(i) P is GA-convez on (0,1].
(ii) The following hold:

1 %
inf P(a)=P(0 / ™) 4
a€l0,1] Ins —Insg J,, v
and
sup Pla) = P(1) = A TTE)
a€(0,1] 2

(iii) P increases monotonically on [0, 1].

Theorem 9. |27/ Let 7,7, I, be defined as above.
Then I, is GA-convez, increasing on [0, 1] and for

233

all a € [0,1], we have the following Fejér type in-
equalities:

r(vam) |

1

()

14

dv <7Z,(0) <Z, (@)

<=3 [ v < () L
1 (19)

Mathematical inequalities are very useful tools in
establishing a number of important results in var-
ious branches of mathematical and physical sci-
ences. Later on, mathematicians observed that
the convexity plays an important role to prove
novel results in theory of inequalities. Moreover,
over the past three decades researchers are trying
to generalize the classical convexity notion and
convex functions so that they can prove new gen-
eralized and novel results in the field of mathe-
matical inequalities that can also serve as refine-
ments of previously proven results.

Indeed there are several generalizations of the
classical convexity and convex functions in
classical sense but one of them is know as
the geometrically-arithmetically convexity (GA-
covexity) and geometrically-arithmetically convex
functions (GA-covex functions). Using the no-
tion of GA-covexity, Noor et al. |[31] and Latif et
al. [25] proved results of Hermite-Hadamard and
Féjer type.

The study explores a recent research study that
builds upon previous work and offers fresh in-
sights. Using their knowledge of studies con-
ducted in [10-15,/17}18},[34H39}|41H45], we define
new mappings pertaining to two specific inequal-
ities, namely and . We then utilize these
mappings to establish new Féjer type inequali-
ties for GA-convex functions, employing innova-
tive techniques and a variant of Lemma[d] for GA-
convex functions to achieve results that refine
and that are variants of inequalities given
in Theorems [Il and Theorem Pl The researchers
also highlight the implications of their findings
and suggest future research directions, underscor-
ing their commitment to advancing the field and
making meaningful contributions.

2. Main Results

Let 7 : [s,20] C (0,00) = R be a GA-convex
mapping and let G, Q, H, H,, I, P, Pr, N,
Sy :[0,1] — R be defined by

G(a) = 5 [r (o (V) ™) + 7 (o (V) ™)

Qa) == % [’7’ (%f‘%%_a) +7 (%2%%_0‘)] ,



234 Latif et al.
() S [ (v )
a) = ———— ~7 (v 2% v
Inse —Insg /,, v 172 ’

Hola) = [ (v (v )

1 v
1 [ o 1-a\ T (1/201V
Pre)= | %(%2”2)(1f)

1
ﬁ(a) = 2 (ln Moy — In %1)

X / ’ [7’ (%f‘ul_“) 47 (%gul—“)] —,

Lr(a) = 1/%2 ks (%?Vl_a) +7 (%S“yl_a)] Mdl/
and

se@) =3 [ [r (s (v ™)
+7 (%f‘ (M)l_a> +7 (%2”‘ (vv)
+7 (%5“ (\/%)170“)} r(v) dv.

1%
Remark 3. It should be noted that H = H, = L,
P=P.-=Nand L =L, =S8, on [0,1] when we

take r (v) = m, v € [, 7).

2
1

—
|
Q
~—

In order to obtain the results of this section the
author proved the following important lemma:

Lemma 4. [27] Let 7 : [5,50] C (0,00) - R
be a GA-convex function and let 3 < k1 <11 <
vy < Ko < 209 with vivg = K1ko. Then

T(11) +7(v2) <7 (k1) + 7 (K2) .

The assumptions in Lemma [4] can be weakened as
in the following lemma:;:

Lemma 5. Let 7 : [5,0] C (0,00) — R be
a GA-convex function and let ey < k1 < 11 <
Ko < 29 and 31 < K1 < vy < Ko < 39 with
Mry = R1kg. Then

T(11) +7(v2) <7 (K1) + 7 (K2) .

We also need the following new lemma to prove
our main results.

Lemma 6. Let 7, G, Q be defined as above. Then
Q is symmetric about %, Q is decreasing on [0, %}
and increasing on [%, 1}. Moreover the following
inequalities hold:

g@@gg@,ae@jy (20)
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G(2a)>Q(a), ac€ [i,;] , (21)
G2(1-a)>Q9(a), ac B,ﬂ (22)

and

G(2(1—a)) < Q(a), aeBJ] (23)

Proof. The GA-convexity of Q(«) on (0,1] fol-
lows from the GA-convexity of 7 on [, s5]. It
is clear that Q(a) is symmetric about 3. Let
O<a <ag < % < a3z < ag <1, then according
to Lemma [4] the following inequalities hold:

The inequality

a2 l—a2 a2 1—ag
T <%2 %1 ) —+ 7 (%1 ¥y )

<rT (%5‘1%%_0‘1) + 7 <%f‘1%%_0‘1)

holds for v; = %32%%_0‘2, vy = %f”%%_‘”, Kl =
a1 1—aq _ a1 l-aq
%2 %1 3 Ko = %1 %2 .

The inequality
T (%5‘3%%7%) 47 (%?3%570‘3)

<rT <%§‘4%%_a4) +T <%f‘4%%_°‘4)

holds for 17 = %5‘3%%_0‘3, vy = x]? s,

g, 1—ay _ o oq l—ay
Thus, Q is decreasing on [0, 5] and increasing on
1

[3:1]- _ '
Now, we consider the following two cases:

1
Case 1. a € [0, Z]

2a0—1

By choosing v, = %%0‘ (\/%1%2) , Vo =
%%oz (m)2a*1 o, l—a 11—«

, K1 o= 5 Y, Ko = ',
in Lemma [4 we get

r (o4 (V) !) 47 (87 (vemm) ™)

<rT (%5‘%%_0‘) + T (%f‘%%_o‘)

1—as _
, R1 =

for all « € [0, ﬂ

Case 2. a € [i, %]

By choosing vy = 55 % vy = 0
20-1 2a-1

K1 = %%a (\/%1%2) « , Rg = %%a (‘/%1%2) @

in Lemma [4] we get

T (%S%%fa) +7 (%f‘%%*a)

<7 (A (vrm) ) (87 (V)™ )

for all a € [§, 3]

Thus and are established. Using the

symmetricity of Q, and follow from (20))
and , respectively. O

The author skillfully utilized Lemma [ to obtain
refined versions of Fejér type inequalities .
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These refined inequalities not only extend the
mappings related to , but also provide valu-
able insights into their properties. Overall, the
author’s work represents an important contribu-
tion to the field of inequalities.

Theorem 10. /28] Let 7, H,, Pr and r be de-
fined as above. Then

T (V31502) /%2 7ﬂ,(/l/)all/ = Hr (0) < Hr (@)

71

<H- [ W) g, _p (0) < P, ()

1 v

2
<P (1) = T(%1)+T(”2)/ ") gy (2a)
2 oV
Theorem 11. [27] Let 7, Z,, N and r be defined

as above. Then

rvam) [ < 1.0 <7, 0

<=3 [ )+ v "L
=N(0) <N (a) <N(1)
rGa) +70a) [ ()

12 2/%1 dv. (25)

Corollary 1.
Then, we have

127] Let T, r be defined as above.

< % [T (\/ %1%2)‘*‘#

7 (5e1) + 7 () [
< trie) |

1

1

i) ria)] [,

). (26)

14

Theorem 12. 29/ Let T, r, G, Sy, L, be defined
as above. Then, we have the following results:

(i) Ly is GA-convez on (0,1].

235

(ii) The following inequalities hold for all o €
[0,1]:

H, (0) < G (a) /: T(V”)dy
<L <o) 7T,
o Erte) 10,
cTbaltrn) (210,
S (1—a) < L (a) (28)
and
S@HS0-0) L)

(iii) The following bound holds true:

2
up £, (o) = TEALETER) [P0,
a€l0,1] 2 oV
(30)
Theorem 13. [29] Let 7, r, G, I, S, be defined

as above. Then, we have the following results:

(i) S, is convex on [0,1].
(ii) The following inequalities hold for all o €

0, 1]:
7, (a) < G (o) /%2 r (V”) dv < S, (o)
<t-a)3 [ )

rGa) tre) [l >du

+a
Z (1 - a) <S5 (a) (32)

and
L@W+LA=0) o6 0. (33)

2
(iii) The following identity holds true:

7 (5a) + 7 (322) /”2 r),,

sup S, (@) =

a€(0,1] 2 v

kAl

(34)

Now, we can prove a new variant of Theorem
for GA-convex functions.

Theorem 14. Let 7, r, G, H, P,, L, and S, be
defined as above. Then
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(i) The inequalities

/%ZT(V
P2l

: 4 2
! G A

Y Y
! 2 rw)r(v
g/o Pr(a)dagi[/m ( )V ¥) 4,
RISy SO
hold.
(ii) The inequalities
L@ <P < (1-a) [T,

1

+o. T0a) 7 () /”2 r®),,
2 oV
T(a) +7(0e) ()
< 5 T dv  (36)
and
0<N(a /”2 T(V
1 4

2
< Taltrle) [P0, @) en
1
holdfor all a € [0,1].
(iii) If 7 is differentiable on [s1, ], then we

have the following inequalities:

! /:T(”)dv—r(mﬂ

In 59 — In 219 v

x inf r(v) <P, (a)— - Mdu,

VE [51,502] 1 v

) ,r
NEZEZ)
X1

(In 209 — In 517) (%27‘/ (s02) — 217 (%1))

Oga[

(38)

0< P ()

<
« /% ” rE/V)du, (39)
0< Ly () = Hr(a)
) (Inse2 — ) (507 (322) = 507 (341))

1
x / %QTE/”)du, (40)
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0 S Pr (Oé) - ‘CT (Oé)
- (In s — In 37) <%27', (502) — ar (%1)>
- 4
x / T I(j”)dy, (41)
0 <P, () —H, ()

(In »e9 — In 1) (%27/ (522) — ar (%1)>
4
y / - T(y”)dy, (42)

(In 30 — In 37) (%27', (502) — ar (%1))

1
X / %QT(V”)dV (43)

<

0<N(a)—Z (o)

and

0<S (o) -7, (o)

’

()

1
X / %QT(V”dV (44)

hold for all o € [0, 1].

(In s — In 37) (%27'/ (500) — 517

Proof. (i) By using integration techniques and
the assumptions on r, we get the following iden-
tities:

/”2 T(V)'I“(V)dy

v

ez
[ o (22)
P2l 0 v
Mdowll/, (45)
v
}41%72% r (%) 72 r (%)
2 7 (V) dv+ [, 57(v) dv
paal %14 %21 v
i1 2
172
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LT () e
:/m/;[ (s w%) 7 (0t O‘)]L:)dadu

AARCICON

o o (2] "
(47)

=2 r(w)r(v) v 7(50) + 7 () (V)
/ ” + 1 2 /},1 v ]
:/ﬁ/[ () +7 ()]

1
Ve 3 1309\ 7 (V)
+/%1 /0 [T (b)) + 7 (7y )] - dodv.
(48)
According to Lemma[d] the following inequalities
hold for all o € [0, 5] and v € [301, \/315%):

The inequality

(V dady

2
T<u>+f(m%2)§7<\/m>+7( ke
v v
(49)
holds with the choices 11 = v, vy = Z22 g =

v

2
1 .
/v and kg = \/%.

The inequality

1 —a
7 (y/mv) < 5 [T (%% al/a) + 7 (%f‘vl )] (50)
holds with the choices 11 = 1» = /v, K1 =

1oza — yopl-a
P and ko = #{'v

The inequality
2
v

holds with the choices 11 = vy =

sy (222) 7 and ky = ey (222)°)

The inequality

L (o) ()]
_7(a)+T()

holds with the choices v1 = s “v°,

(%?1/1*0‘), K1 = 1 and Ko = V.
The inequality

(e (52) 7)o (e (5]

. . l—«a
holds with the choices v| = 2§ (Z122 vy =
2 v ’
«
%% @ (”1;‘2) , K1 = and Ko = 0.

Multiplying the inequalities - by @ and

integrating them over o on [0, % and over v on
[%1, \/%] and using 1dent1t1es 1 , we de-
rive .

(i) Using substitution rules for integration and
the assumptions on r, we have the following iden-

tities:

VS
P (o) = / T (301 7%) Mcl1/

1

v
+/ ’ T(%S‘Vl_o‘) ) (V)dy

1722

N v
m yiaWZ% -«
_ o l-a o [ F1%
_/%1 [7‘(%11/ )+T<%2< » ) )]
« "My (sa)
v
and
JE
L, (o) = % [ . T (551 79) 4 (VV) dv
2
—i—/ T (%‘zxul_o‘) r(v) dv
Neovs v?
T
—i—% / T %S‘Vl_a) ngy) dv
1

for all a € [0, 1].

. -«
By choosing v1 = »{" (%) , vy = HSviTY
l-a .
K1 = V1T Ky = & (%) in Lemma
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we observe that the inequality:
-«
7_<%1 (%1%2) >_|_7_( ay1-)
v
-«
<71 (AT + ( (%1:42) ) (56)

holds for all & € [0,1] and v € [%1, ,/%1%2}.
Multiplying the inequality by T(;), integrat-
ing both sides over v on [%1, ,/%1%2] and using

identities (H4]) and , we derive the first in-
(36)

equality of . The second and third inequali-
ties of (36 can be obtained by the GA-convexity

of 7 and (|18]).
Using substitution rules for integration and the
hypothesis of r, we have the following identity:

for all « € [0, 1].
By Lemma [ the following inequalities hold for
1

31
all a € [0,1] and v € [%1,%14%24}:

The inequality

holds for vy = »{'v

K1 = 719 and R = %? (‘/%1%2)1—04.

The inequality
) %1 9 ) a)

T (%2
\/%1%2) —a) (59)

-«
a,,l—a o <V %?”2>
)

<7’ %2

/ IJOCTA, Vol.1/, No.3, pp.229-248 (2024)

l —a
holds for v, = (
, k1 = o and ko = %2 ,/%1%2

V

Multiplying the inequalities (| 1 9) by :
3 1

1 1
and integrating them over v on %1, ;! %2

using , we have

%a (7/11/%2 ) 1-

{T (>r1) + 7 (32)

1
N(O‘)§§

;T o)

2
X / Mdy
1 4
for all a € [0,1]. The second inequality in is

a consequence of .
Applying Lemma [4] we observe that the inequal-

ity:

(60)

\]
~
X
Q
%
=
Y
—
|
Q
~—
+
\]
~

2 (Vo))
<71 (VT 47 <%§ (%1%2)1—(1) (61)

when v; = (,/%11/), vy = x§ (./%1%2) ,
o

K1 = %f‘yl @ and kg =

2
Multiplying the inequalities (61]) by ( ) and in-
tegrating them over v on [%1 ,/%1%2] and using
the first part of the identity , we get .

(iii) Integrating by parts, we have
1 /W 1

In My — In sl

X [1/7', (v) — . <%1%2)}

1 /’{27' v)
dv
lnzg—lnzl v

—r (rma).

Using substitution rules for integration, we have
the following identity:

1 /%2 rw) 1

In 29 — In21g v In sz — In 2

(Ins —Inv)

(62)

VA |
X / - [T(V) +7 (%1%2)} dv. (63)
o v v
Since T : [s1,2] — R is harmonic convex on

[51, 222], hence ¢ : [In 5¢1, In s5] defined by g (v) :=
T oexp (v) is convex on [ln s, In ).

Using the convexity of g and the fact that r () >
0 on [In s, In sr9], the inequality
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g (alns + (1 —a)v)—g )] r(lnv) g(nsn)—g (W) In 52
+[g(alnsn + (1 —a) (Insg + Insm —v)) 5 /ln;q r(Inv) dv
—g(lnzl—l—ln%g—y)]r(lnl/) 1 In s + 1n 29
, <= (lnsey - —————=
>a(lnsx —v)g (v)r(lnv) 2 2
, , In 22
+a(v—Ins)g (Ins +1nsx —v)r(lnv) X g (lnxg)/ r(Inv)dv
=a(v—1Ins) In 201
, , Insep —Inseg\ In 722
X [g (Inse +1Insn —v) —yg (l/)} r(lnv) (64) =\— 1 )9 (In »2) 1 r(lnv)dv.
n
(67)
holds for all o € [0,1] and v € [ln% ,M}.
0,1 ! 2 Adding and , we get
The inequality can be re-written as
1 1 In 55
st o) ™,
[ (=) — 7 ()] T b
v <1n%1—|—1n%2>/n”2 (Inv)d
l—a —g| —= r(Inv)dv
[l ) ()] L
v v v , ,
/ r(v) (In 0 — In 317) <g (Insn) —g (In %1)>
>va(lnv —Ins) 7 (v) < 1
, In 5
—a(lnv —1Ins) e, <%1%2> riv) ></ r(lnv)dv. (68)
v v v In 5
=a(lnv —1Ins)
) sz 1 (N T (V) The inequality is equivalent to
X [1/7' (v) — T ( ﬂ
v v v
> _
ze(ny ) ) tre) )
i VAP 2B AV —_— —=dv
X [1/7' (v) — T ( )} 2 oV
v v (1)
1 r
x — inf r(v) (65) — 7 (V1) / dv
V vE[s1,502)] P v
(Inseo — Inszq) (%27/ (522) — ot (%1))
for all & € [0,1] and v € [%1, ,/%1%2]. <
Integrating the above inequality over v on 4 o
[%1, ,/%1%2], multiplying both sides by m > / Mdy' (69)
and using , , and , we derive . VY

We also observe that
Finally, inequalities — follow from inequal-

ities (24), @5), 7). (31). and (69). O

g(lnsg)—g (W) /'hl%g
1

5 - r(lnv)dv Corollary 2. Ifr(v) = m, v € [, m),
1 | | then Hermite-Hadamard-type inequalities, that
< = <ln  — W) are obvious consequences of Theorem are
2 2 given as follows:
, In sc0
X g (ln}q)/ r(lnv)dv
In 51

(i) The inequalities
In rn — In 9 / In s
= <4>g (lnzl)/ r (Inv)dv 1 /”2 T(z/)d
n s« v
In 21 (66) In 2e9 — In 3¢ v
2

S -
and In s — Insn

71
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S [ty
/M

=
N e
I—I

1 T (V)
<2[ln%2—ln%1/ v dv
[ Tla) £ 7 () - (%2)] (70)
hold.
(ii) The inequalities
L(a) <P ()
11—« 1 (v)
_11’1%2—11’1%1/ v dv
e T (521) —;T(%g)
< T(J{l) ;—T(}Q) (71)
and
0<P)-G(a) < TPNETER) ) (7

2
hold for all « € [0, 1].
(iii) If 7 is differentiable on [s1, s3], then we
have the inequalities:

0<

1 1
111%2 —111%1 111%2 —111%1

x/mTl(/”)dy_T(m)] < P(a)

71

1 2 1 (v)
Insm — Insg /%1 v dv, (73)
0<P(a) =7 (y/21%)
. (In 29 — In 317) (%27'/ (520) — ar (%1)> ()
4
0<L(a)—H()
(Inse0 — In57) (%27'/ (522) — ar (%1))
< , (75)
4
0<P(a)—L(x)
. (In 30 — In 517) <%27/ (500) — %17', (%1)) (76)

4
and
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0<P(a)—H(x)

(In 320 — In 517) <%ng (522) — st (%1)>
4 )
hold for all « € [0,1].

<

(77)

Remark 4. The inequality gives a new Te-
finement of the Fejér’s inequality @

Remark 5. The inequality @ refines the Fejér-
type inequality .

In the next theorem, we point out some inequali-

ties for the functions G, Q, H,., P., S, considered
above.

Theorem 15. Let 7, v, G, Q, H,, Pr, S, be de-
fined as above. Then the following Fejér type in-
equalities hold true:

(i) The inequalities

H, (a) < Q(a) /”2 r(v)

T(%;—FT(%) 2 (v)
< 1 : 2/ : dv,

71

dv

(78)

hold for o € [O, %} and

)

14

rvam) [

1

< Q(oz)/m TEjy)dVSPr(a),

kAl

(79)

hold for a € [%, 1].

(ii) The inequalities

“r ()

dv

og&(a)sg(a)/

1

) g

x/%zr(yy)dl/—l—&n(a),

kAl

(80)
hold for all o € [0, 1].

Proof. (i) Here we consider the following two
cases:

Case 1. a € [O, %] .
Using substitution rules for integration and the
hypothesis of r, we have the following identity:

ooy = [ (v () )

1

iy ((%1%2>°‘ (m)l—a)} T(V)dy.

v

(81)
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We observe that the following inequality is a re-
sult of application of Lemma [4}

The inequality

oY

<7 (57 58) + 7 () (82)

holds for 11 =
1- _
(%)a (1/%1%2) Y Kk = %% Dx§, Ky =

%f‘%%_o‘ in Lemma where a € [ ,%]

S [%1, \/%1%2].

Multiplying the inequality (82) by T(y), integrat-
ing both sides over v on [%1, \/M] and using
identity , we derive the first inequality of .
From Lemma [6] we get that

T(se1)+ T
2

(>2)

sup Q(a) =

oze[(),%]
Thus the second inequality in is established.
Case 2. a € [%,1] .
By choosing v; = 3§, vy = 2] ©
VT Ky = a8 (%)1 “ in Lemma

a € [g, 1] and v € [%1, ,/%1%2], we get

%204’ R1 =

where

T () + 7 ()

<o) e (o (22) 7). @

Multiplying the inequality by @, integrat-
ing both sides over v on [%1, \/M] and using
identity , we derive the second inequality of
. From Lemma |§|, we get that

inf Q(«a)
ol
Thus the first inequality in is also achieved.
(ii) Using substitution rules for integration and
the hypothesis of r, we have the following iden-
tity:

)

241

I
[T vy 7 g

+T< <”1:‘2>1 °‘>

kAl

14

(s <%;%2>1-Q>V<ﬁ>dv-

By using Lemma [4, we observe that the follow-
ing inequality holds for all & € [0,1] and v €

3 1
4 4 .
2y, 2y |

The inequality

holds for vy = s»{v'~

k1 = s and Ky = (1/%1%2)1_06.

The inequality

The inequality
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<7 (g7 47 (o (V) ™)

3 11—«

holds for 11 = %204”1—04’ vo = g <@> )
and Ky = %5 (\/3150)

The inequality

[ (y2) ) el () )
<7 (4 (mf*a) +7 (o) (88)

1—04

_ 11—«
K1 = %5“%11 @

holds for v; =

o (#1222 l1-a
D) (7[} ) , K1 = %2 \/%1%2
Multiplying the inequalities 1 ) by ”1

and Ko = %2

and integrating them over v on %1, %1%2 and
using identity (| ., we get
o
28, (a) < G (a) / GO
sl v
S 1 |:T (%1) + T (%2) _|_ Q (OZ):|
2 2
P2
x / "™ g, (89)
sl v

for all a € [0,
(80)-
Corollary 3. Let r (v) =

1]. Using and (89)), we derive
U

In s0—In 2¢1 ’ Ve [%17%2]

in Theorem[15. Then I, (o) = H (), a € [0,1]
and therefore we observe that:
(i) The inequalities
H(o) < Qo) < TETTERL )
hold for a € [0, %] and
7 (1) < Q(a) < P(a), (91)
hold for o € [%, 1].
(ii) The inequalities
0<L()<Go >/”d
< %1 +T(%2) n Q(a)
+L(a), (92)

/ IJOCTA, Vol.1/, No.3, pp.229-248 (2024)

hold for all o € [0, 1].

The following Fejér-type inequalities can be de-

duced from Theorems Corol-

lary [I] and Lemma [6] and we omit their proofs.

Theorem 16. Let 7, r, H,, Pr, G, Z;, L, S, be
defined as above. Then, the following inequalities

hold for all o € [0, 1]:

r (v7a) /%2 Wy,
<H@<6@ [

<Sp(a)<(1—a)

< [ vmn (v

+a T(%l)‘gT(J@) /””ijdy
< T(%l);T(%Q) }:2 T( )dl/ (93)
and
r(vam) [ g,
<z (@<d [ W
<L, (Ot) <P (04

sl v
ta T (501) + 7 (302) [77 r(u)dy
2 oV
2
< T (521) —;T(%g) r I/)dy (94)
v

Theorem 17. Let 7, r, H,, G, Z,, O be defined
as above. Then, the following inequalities hold for
all a € [0, ﬂ :

2

—V)dy <H,(a)

<M, (20) < G (20) / ),

< Q(w) /%2 T,(/V)dv
< T (501) + 7 (522)
- 2

=
T

() [

Eal

o (V”) dv  (95)

1

and



Further refinements and inequalities of Fejér’s type via G A-convexity 243

2 r(v)

14

7'(\/%1%2)/ dv <7, («)

71

dv

<Z (2a) < I, (2a) /%2 r(v)

Eal

< Q(a)/%2 Tsjy)dy

T(%)-FTE%) 2 r(v)
< ! 2 2/ ” dv.

1

(96)

Theorem 18. Let v, r, H,, P, G, Q, L., S, be
defined as above. Then, the following inequalities
hold for all o € [i, %]

and

Theorem 19. Letm, r, H,, Pr, G, Q, L., S, be
defined as above. Then, the following inequalities

hold for all a € [%, %]

” riy)dv < Q(a)/

1

)

14

r(vam) [ av

1

<G (2a) /%2 r E/V) dv < L, (2a)

)

<Pr(2a) < (1-—- 2a)/ ” dv
+2a T(%l);rT(%z) /: Tl(jy)du
T(501) +7(522) [ (V)
< 5 L dv, (99)
T (\/7122) o Vy) dv
< 0@ 2 rE/y)d <g(2a)/%2 r(yl/)d
<S8 (2a) < (1 -2a)
<[5 v+ (vl
49 T(%l)—;—T(%Q) 2 V)dV
< Tla) +7(a) "Wy (100
and
r(vamm) [ ay
<o) [ ’”(VV)d,/ <G (20) /”2 rw),
<P (o) <Pr(2c)
<(1- 204)/%2 7'(1/)1/7“(1/)dy
+oa. T (51) 42— T (522) /}:2 r I(/l/)dy
CTba)trim) (210, g

Vs

=

Theorem 20. Let 7, r, H,, Pr, G, Q, L, S; be
defined as above. Then, the following inequalities
hold for all o € [%, %] :

() [ D
SQ(a)/:Tl(jy)duég@(l—a))/:r,(jy)dv
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<L (2(1—a) <P, (2(1-0q)) gg(a)/”T<”)du§5r(a)§(1—a)
21 (v)r(v) S
< (2a-1 dv ) r(v
T | « | éwmwr(@)} ) 4
+2(1—a)'T(%I>;T(%2) r(uy)dy <a- +T ) [rv),
(a) +7(0) [P ) . A v
< 1 : 2 /}t1 ” dv (102) §T( )_;_T(%Q 2r(y) dv. (105)
and 1

Theorem 22. Let , r, H,, Pr, G, Q, L, S, be

defined as above. Then, the following inequalities
Vo /% hold for all o € [2,1]:
SQ@@/ VM <g@( a»/mrfhu ﬂ¢ng/mrguu<Hmﬂl—®)
<SS 2(1—a) <2a-—-1 2 0 (y 2 (y
[ yetmas j(y) <oea-a) [ acow [ Wa
< v v ) “ ()7 (0)
“ o <Prla) <(1- a)/ dv
+2(1—a)~T(%1)+T(%2)/ r(y)dy o iy
2 oV +a-T(%1)+T(%2> /%21"(1/)(11/
o T0a) +7 () /”2 @, (103) ’ A v
: ? S < 70a) ;T(%z) 2 ngy)dlj (106)

Theorem 21. Let 7, r, H,, Pr, G, Q, L, S, be and
defined as above. Then, the following inequalities

o [P rW)
hold for all o« € [3, 3]: T (V) /%1 v v
<T.2(1-a) <G (2(1 a))/’” (V’/)d
o) T(V) o Fal
v | <o [ <7 )
Q) [ r(uy)d” <6@0 _a))/~2 r(uy)d” < (1—04)/%2 T,
<o [ W<t <P T trle) [P,
% s 2 Py v
(1—a)/ ( )Vr( )dl/ < 7'(%1)—;—7'(%2) 2y V)dy (107)
+a- /%2 r (V S
/%2 r(v) dv (104) Corollary 4. Lett, Q, G, H, P, L be defined as
oV above and 1 (V) = [~ then we have:
and
(i) The inequalities
rivam) [ W <o [THWa, WA SH@ <He)
1 %1%2 . (V) <g (204) <9 (Oé) < w (108)
<G(2(1-a) dv 2

Y hold for all o € [0, §].
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(ii) The inequalities

7 (V1) <H(a) < Q(a)
<G (2a) < L(2a) <P (2w)

< 1 -2« /%2T(l/)dlj
Ins9 — In 2 oV

7 (30) + 7 (522)

2

7 (301) + 7 (502)
2

+ 20 -

IN

(109)
hold for all o € [i, %]
(iii) The inequalities
T (r1502) < Q(a) < G (2a)
< L(2a) <P (2a)
( 1— 2« ) T
<
“ \Insy —Insg
)

T(%l —I—T(%Q)

+ 20 -

hold for all o € [é, %]
(iv) The inequalities
T (V) < Q(a) <G (2(1 - a))
<L2(1-a)<P2(1-w)
< < 200 — 1 ) ”QT(V)dV

In s — In s oV

+2(1—a).7(%1);7—(%2)

T (501) + 7 (522)
2

IN

(112)

hold for all o € [3,2].
(v) The inequalities

7 (o) < Q) <G (2(1 - a))
<G(@) < L() <P(a)

< 1—« /”QT(V)dV
In s — In sy oV

T (501) + 7 (5%2)
2
7 (3a1) + 7 (522)
- 2

+ o

(113)

hold for all o € [3,3].
(vi) The inequalities

r (Vo) < H2(1 - a))
<g2(1-a) < Q(a) <P(a)

1-— #2
o oo / ™4
In sz — In 2 oV

T (3a) + 7 ()

2

7 (501) + 7 (5%2)
2

A

+ o

(114)

hold for all o € [%, 1].

3. Conclusions

Overall, this paper aimed to introduce some new
mappings in connection with Hermite-Hadamard
and Fejér type integral inequalities which have
been proved using the GA-convex functions. As
a consequence, we obtained certain new inequali-
ties of the Fejér type that provided refinements
of the Hermite-Hadamard and Fejér type inte-
gral inequalities that have already been obtained.
We believe that these new techniques will be im-
portant tools for interested researcher for inves-
tigating various variational problems for differ-
ent types of convexities. We hope that this re-
search can motivate the researchers to demon-
strate new results for functions of two or more
variables by considering the GA-convexity and
coordinated GA-convex functions on a rectangle
from a plane.
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